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The present review is intended to encompass the applications of symmetry based approaches for solving non-Newtonian fluid flow
problems in various physical situations. Works which deal with the fundamental science of non-Newtonian fluids that are analyzed
using the Lie group method and conditional symmetries are reviewed. We provide the mathematical modelling, the symmetries
deduced, and the solutions obtained for all the models considered.This survey includes, as far as possible, all the articles published
until 2015. Only papers published by a process of peer review in archival journals are reviewed and are grouped together according
to the specific non-Newtonian models under investigation.

1. Introduction

Thescientific and applications appeal of non-Newtonian fluid
mechanics has necessitated a deeper study of its theory.There
has been considerable focus in the study of the physical
behavior and properties of non-Newtonian fluids over the
past several decades. One particular reason for this interest is
the wide range of applications of such models, both natural
and industrial. These applications range from the extrac-
tion of crude oil from petroleum products to the polymer
industry. Spin coating is a classic example where the coating
fluids are typically non-Newtonian. A non-Newtonian fluid
is one whose flow curve (shear stress versus shear rate) is
nonlinear or does not pass through the origin, that is, where
the apparent viscosity, shear stress divided by shear rate,
is not constant at a given temperature and pressure but is
dependent on flow conditions such as flow geometry and
shear rate and sometimes even on the kinematic history of
the fluid element under consideration. Such fluids may be
conveniently grouped into three general classes as follows:(1) Fluids for which the rate of shear at any point is
determined only by the value of the shear stress at that

point at that instant: these fluids are variously known as
time independent, purely viscous, inelastic, or generalized
Newtonian fluids (GNF).(2) More complex fluids on which the relation between
shear stress and shear rate depends: in addition, based upon
the duration of shearing and their kinematic history, they are
known as time-dependent fluids.(3) Those substances exhibiting characteristics of both
ideal fluids and elastic solids and showing partial elastic
recovery, after deformation, are categorized as viscoelastic
fluids.

Due to the complex physical structure of non-Newtonian
fluids, there is not a single constitutive expression which
describes the physical and mathematical properties of all
nonlinear fluids. For this reason, many non-Newtonian fluid
models for constitutive equations are available with most of
them being empirical and semiempirical.

There are three diverse motivations for analyzing the
flow behavior of non-Newtonian fluids: firstly, to extend the
results of the flow models of Newtonian fluids to various
classes of non-Newtonian fluids; secondly, to study the flow
structure of non-Newtonian fluids as they occur in industry
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under conditions which arise there; thirdly, to construct
solutions of complicated nonlinear equations as exact solu-
tions: these, when reported, facilitate the verification of
complicated numerical codes and are also helpful in stability
analysis. Consequently, the exact (closed-form) solutions
of the flow models of non-Newtonian fluids are physically
very significant. The most challenging task that we need to
address when dealing with flow problems of non-Newtonian
fluids is that the governing equations of these models are
of a high order, nonlinear, and complicated in nature. Such
fluids are modelled by constitutive equations which vary
greatly in complexity.Thus, the resulting nonlinear equations
are not easy to solve exactly. Several methods have been
developed in recent years to obtain the solutions of these
fluid models. Some of the techniques are the variational iter-
ation method, Adomian decomposition method, homotopy
analysis method, homotopy perturbation method, simplest
equation method, semi-inverse variational method, and the
exponential function method, amongst others.There are also
the Lie symmetry and conditional symmetry group methods
which are the main focus of this review.

Lie symmetry methods for differential equation were
originated in the 1870s and were introduced by the Norwe-
gian mathematician Marius Sophus Lie. Lie’s theory is useful
for solving differential equations that admit sufficient number
of symmetries in a systematic way. Lie group methods
are capable of handling a large number of equations. The
application of this method neither depends on the type of
the equation nor on the number of variables involved in
the equations. Lie’s theory is a general procedure which can
be applied to any class of differential equations. However,
if one peruses the literature on Lie’s methods, we observe
that this method and its extensions have rarely been applied
in comparison with the wealth of differential equations in
practical and theoretical problems.

The Lie symmetries of differential equations naturally
form a group. Such groups are called Lie groups and
are invertible point transformations of both the dependent
and independent variables of the differential equations. Lie
pointed out in his work that these groups are of great impor-
tance in understanding and constructing solutions of differ-
ential equations. Lie demonstrated that many techniques for
finding solutions can be unified and extended by considering
symmetry groups. Today, the Lie symmetry approach to
differential equations is widely applied in various fields of
mathematics, mechanics, physics, and the applied sciences
and many results published in these areas demonstrate that
Lie’s theory is an efficient tool for solving nonlinear problems
formulated in terms of differential equations. The primary
objective of the Lie symmetry analysis advocated by Lie
is to find one or several parameters of local continuous
transformations leaving the equations invariant and then
exploit them to obtain reductions and the so-called invariant
or similarity solutions, and the usefulness of this approach
has been widely illustrated by several researchers in different
contexts. An extension of this approach is the conditional
symmetry approach which is also very useful.

Motivated by the above-mentioned facts, the purpose of
the present survey is to provide a detailed review of those

studies which deal with the flow models of non-Newtonian
fluids and solved using the group theoretic approaches. We
have presented the mathematical modelling of each of the
problem under review together with the symmetries deduced
and the solutions obtained for that particular problem.

2. Symmetry Methods for
Differential Equations

In this section, we briefly discuss the main aspects of the Lie
symmetrymethod for differential equations with somewords
on conditional or nonclassical symmetries.

2.1. Symmetry Transformations of Differential Equations. A
transformation under which a differential equation remains
invariant (unchanged) is called a symmetry transformation
of the differential equation.

Consider a 𝑘th order (𝑘 ≥ 1) system of differential equa-
tions 𝐹𝜎 (𝑥, 𝑢, 𝑢(1), . . . , 𝑢(𝑘)) = 0, 𝜎 = 1, . . . , 𝑚, (1)

where 𝑢 = (𝑢1, . . . , 𝑢𝑚), called the dependent variable, is a
function of the independent variable 𝑥 = (𝑥1, . . . , 𝑥𝑛) and𝑢(1), 𝑢(2) up to 𝑢(𝑘) are the collection of all first-order and
second-order up to 𝑘th order derivatives of 𝑢.

A transformation of the variables 𝑥 and 𝑢, namely.

𝑥𝑖 = 𝑓𝑖 (𝑥, 𝑢) ,𝑢𝛼 = 𝑔𝛼 (𝑥, 𝑢) ,𝑖 = 1, . . . , 𝑛; 𝛼 = 1, . . . , 𝑚, (2)

is called a symmetry transformation of system (1) if (1) is
form-invariant in the new variables 𝑥 and 𝑢; that is,𝐹𝜎 (𝑥, 𝑢, 𝑢(1), . . . , 𝑢(𝑘)) = 0, 𝜎 = 1, . . . , 𝑚, (3)

whenever𝐺𝜎 (𝑥, 𝑢, 𝑢(1), . . . , 𝑢(𝑘)) = 0, 𝜎 = 1, . . . , 𝑚. (4)

For example, the first-order Abel equation of the second kind

𝑓𝑑𝑓𝑑𝑦 = 𝑦3 + 𝑦𝑓 (5)

has symmetry transformations𝑦 = 𝑎𝑦,𝑓 = 𝑎2𝑓,𝑎 ∈ R
+. (6)

2.2. Lie Symmetry Method for Partial Differential Equations.
Here we discuss the classical Lie symmetry method to obtain
all possible symmetries of a system of partial differential
equations.
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Let us consider a 𝑝th order system of partial differential
equations in 𝑛 independent variables 𝑥 = (𝑥1, . . . , 𝑥𝑛) and 𝑚
dependent variable 𝑢 = (𝑢1, . . . , 𝑢𝑚), namely.𝐸 (𝑥, 𝑢, 𝑢(1), . . . , 𝑢(𝑝)) = 0, (7)

where 𝑢𝛼(𝑘), 1 ≤ 𝑘 ≤ 𝑝, denotes the set of all 𝑘th order
derivative of 𝑢, with respect to the independent variables
defined by

𝑢𝛼(𝑘) = { 𝜕𝑘𝑢𝜕𝑥𝑖1 , . . . , 𝑥𝑖𝑘 } , (8)

with 1 ≤ 𝑖1, 𝑖2, . . . , 𝑖𝑘 ≤ 𝑛. (9)

For finding the symmetries of (7), we first construct the
group of invertible transformations depending on the real
parameter 𝑎, which leaves (7) invariant; namely,𝑥1 = 𝑓1 (𝑥, 𝑢, 𝑎) ,...𝑥𝑛 = 𝑓𝑛 (𝑥, 𝑢, 𝑎) ,𝑢𝛼 = 𝑔𝛼 (𝑥, 𝑢, 𝑎) .

(10)

The above transformations have the closure property, are
associative, admit inverses and identity transformation, and
are said to form a one-parameter group.

Since 𝑎 is a small parameter, transformations (10) can be
expanded in terms of a series expansion as𝑥1 = 𝑥1 + 𝑎𝜉1 (𝑥, 𝑢) + 𝑂 (𝑎2) ,...𝑥𝑛 = 𝑥𝑛 + 𝑎𝜉𝑛 (𝑥, 𝑢) + 𝑂 (𝑎2) ,

𝑢1 = 𝑢1 + 𝑎𝜂1 (𝑥, 𝑢) + 𝑂 (𝑎2) ,...𝑢𝑚 = 𝑢𝑚 + 𝑎𝜂𝑛 (𝑥, 𝑢) + 𝑂 (𝑎2) .

(11)

Transformations (11) are the infinitesimal transformations
and the finite transformations are found by solving the Lie
equations

𝜉1 (𝑥, 𝑢) = 𝑑𝑥1𝑑𝑎 ,
...

𝜉𝑛 (𝑥, 𝑢) = 𝑑𝑥𝑛𝑑𝑎 ,
𝜂 (𝑥, 𝑢) = 𝑑𝑢𝑑𝑎 ,

(12)

with the initial conditions

𝑥1 (𝑥, 𝑢, 𝑎)𝑎=0 = 𝑥1,...𝑥𝑛 (𝑥, 𝑢, 𝑎)|𝑎=0 = 𝑥𝑛,𝑢1 (𝑥, 𝑢, 𝑎)𝑎=0 = 𝑢1,...𝑢𝑚 (𝑥, 𝑢, 𝑎)|𝑎=0 = 𝑢𝑚,
(13)

where 𝑥 = (𝑥1, . . . , 𝑥𝑛) and 𝑢 = (𝑢1, . . . , 𝑢𝑚).
Transformations (10) can be denoted by the Lie symmetry

generator

𝑋 = 𝜉𝑖 (𝑥, 𝑢) 𝜕𝜕𝑥𝑖 + 𝜂𝛼 (𝑥, 𝑢) 𝜕𝜕𝑢𝛼 , (14)

where the functions 𝜉𝑖 (𝑖 = 1, . . . , 𝑛) and 𝜂𝛼 (𝛼 = 1, . . . , 𝑚)
are the coefficient functions of the operator 𝑋.

Operator (14) is a symmetry generator of (7) if

𝑋[𝑝]𝐸𝐸=0 = 0, (15)

where 𝑋[𝑝] represents the 𝑝th prolongation of the operator𝑋
and is given by

𝑋[1] = 𝑋 + 𝑛∑
𝑖=1

𝜁𝛼𝑥𝑖 𝜕𝜕𝑢𝑥𝑖 ,
𝑋[2] = 𝑋[1] + 𝑛∑

𝑖=1

𝑛∑
𝑗=1

𝜁𝛼𝑥𝑖𝑥𝑗 𝜕2𝜕𝑢𝑥𝑖𝑥𝑗 ,...𝑋[𝑝] = 𝑋[1] + ⋅ ⋅ ⋅ + 𝑋[𝑝−1]
+ 𝑛∑
𝑖1=1

⋅ ⋅ ⋅ 𝑛∑
𝑖𝑝=1

𝜁𝛼𝑥𝑖1 ⋅⋅⋅𝑥𝑖𝑝 𝜕𝑝𝜕𝑢𝑥𝑖1 ⋅⋅⋅𝑥𝑖𝑝 ,

(16)

with

𝑢𝑥𝑖 = 𝜕𝑢𝜕𝑥𝑖 ,
𝑢𝑥𝑖1 ⋅⋅⋅𝑥𝑖𝑘 = 𝜕𝑘𝑢𝜕𝑥𝑖1 ⋅ ⋅ ⋅ 𝑥𝑖𝑘 .

(17)
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In the above equations, the additional coefficient functions
satisfy the following relations:

𝜁𝛼𝑥𝑖 = 𝐷𝑥𝑖 (𝜂) − 𝑛∑
𝑗=1

𝑢𝑥𝑗𝐷𝑥𝑖 (𝜉𝑗) ,
𝜁𝛼𝑥𝑖𝑥𝑗 = 𝐷𝑥𝑗 (𝜂𝑥𝑖) − 𝑛∑

𝑘=1
𝑢𝑥𝑖𝑥𝑘𝐷𝑥𝑗 (𝜉𝑘) ,

...
𝜁𝛼𝑥𝑖1 ⋅⋅⋅𝑥𝑖𝑝 = 𝐷𝑥𝑖𝑝 (𝜂𝑥𝑖1 ⋅⋅⋅𝑥𝑖𝑝−1 ) − 𝑛∑

𝑗=1
𝑢𝑥𝑖1 ⋅⋅⋅𝑥𝑖𝑝−1𝑥𝑗𝐷𝑥𝑖𝑝 (𝜉𝑗) ,

(18)

where 𝐷𝑥𝑖 denotes the total derivative operator and is given
by

𝐷𝑥𝑖 = 𝜕𝜕𝑥𝑖 + 𝑢𝑥𝑖 𝜕𝜕𝑢 + 𝑛∑
𝑗=1

𝑢𝑥𝑖𝑥𝑗 𝜕𝜕𝑥𝑗 + ⋅ ⋅ ⋅ . (19)

The determining equation (15) results in a polynomial in
terms of the derivatives of the dependent variable 𝑢. After
separation of (15) with respect to the partial derivatives of𝑢 and their powers, one obtains an overdetermined system
of linear homogeneous partial differential equations for the
coefficient functions 𝜉𝑖’s and 𝜂𝛼’s. By solving the overdeter-
mined system, one has the following cases:

(i) There is no symmetry, whichmeans that the Lie point
symmetry generators given by 𝜉𝑖 and 𝜂𝛼 are all zero.

(ii) The point symmetry has 𝑟 ̸= 0 arbitrary constants;
in this case, we obtain 𝑟 generators of symmetry
which forms an 𝑟-dimensional Lie algebra of point
symmetries.

(iii) The point symmetry admits some finite number of
arbitrary constants and arbitrary functions, in which
case we obtain an infinite-dimensional Lie algebra.

2.3. Example on the Lie Symmetry Method. Here we illustrate
the use of the Lie symmetry method on the well-known
Korteweg-de Vries equation given by𝑓𝑡 + 𝑓𝑥𝑥𝑥 + 𝑓𝑓𝑥 = 0. (20)

We seek for an operator of the form

𝑋 = 𝜉1 (𝑡, 𝑥, 𝑓) 𝜕𝜕𝑡 + 𝜉2 (𝑡, 𝑥, 𝑓) 𝜕𝜕𝑥 + 𝜂 (𝑡, 𝑥, 𝑓) 𝜕𝜕𝑓 . (21)

Equation (21) is a symmetry generator of (20) if

𝑋[3] (𝑓𝑡 + 𝑓𝑥𝑥𝑥 + 𝑓𝑓𝑥)𝑓𝑡=−𝑓𝑥𝑥𝑥−𝑓𝑓𝑥 = 0. (22)

The third prolongation in this case is

𝑋[3] = 𝑋 + 𝜁𝑡 𝜕𝜕𝑓𝑡 + 𝜁𝑥 𝜕𝜕𝑓𝑥 + 𝜁𝑥𝑥𝑥 𝜕𝜕𝑓𝑥𝑥𝑥 . (23)

Therefore, the determining equation (22) becomes(𝜁𝑡 + 𝜁𝑥𝑥𝑥 + 𝑓𝑥𝜁 + 𝑓𝜁𝑥)𝑓𝑡=−𝑓𝑥𝑥𝑥−𝑓𝑓𝑥 = 0. (24)

Using the definitions of 𝜁𝑡, 𝜁𝑥, and 𝜁𝑥𝑥𝑥 into (24) lead to
an overdetermined system of linear homogenous system of
partial differential equations given by𝑓𝑡𝑥𝑥𝑓𝑥 : 𝜉1𝑓 = 0,

𝑓𝑡𝑥𝑥 : 𝜉1𝑥 = 0,𝑓2𝑥𝑥 : 𝜉2𝑓 = 0,𝑓𝑥𝑥𝑓𝑥 : 𝜂𝑓𝑓 = 0,𝑓𝑥𝑥 : 3𝜂𝑥𝑓 − 3𝜉2𝑥𝑥 = 0,𝑓𝑡 : −3𝜉2𝑥 + 𝜉1𝑡 = 0,𝑓𝑥 : 𝜂 − 𝑓𝜉2𝑥 + 3𝜂𝑥𝑥𝑓 − 𝜉2𝑥𝑥𝑓 + 𝑓𝜉1𝑡 − 𝜉2𝑡 = 0,𝐼 : 𝑓𝜂𝑥 + 𝜂𝑥𝑥𝑥 + 𝜂𝑡 = 0.

(25)

By solving system (25), we find four Lie point symmetries
which are generated by the following generators:

𝑋1 = 𝜕𝜕𝑡 ,
𝑋2 = 𝜕𝜕𝑥 ,
𝑋3 = 𝑡 𝜕𝜕𝑥 + 𝜕𝜕𝑓,
𝑋4 = −3𝑡 𝜕𝜕𝑡 − 𝑥 𝜕𝜕𝑥 + 2𝑓 𝜕𝜕𝑓.

(26)

2.4. Nonclassical Symmetry Method for Partial Differential
Equations. Here we present a brief version of the nonclassical
symmetry method for partial differential equations. In last
few years, the interest in nonclassical group method has
increased. There are mathematical problems appearing in
applications that do not admit Lie point symmetries but have
nonclassical symmetries. Therefore, this approach is helpful
in obtaining exact solutions.

We begin by considering a 𝑘th order partial differential
equation 𝐺 (𝑥, 𝑢, 𝑢(1), . . . , 𝑢(𝑘)) = 0, (27)

in 𝑛 independent variables 𝑥 = (𝑥1, . . . , 𝑥𝑛) and one
dependent variable 𝑢, with 𝑢(𝑘) denoting the derivatives of the𝑢 with respect to 𝑥 up to order 𝑘 defined by

𝑢(𝑘) = [ 𝜕𝑘𝑢𝜕𝑥𝑖1 , . . . , 𝑥𝑖𝑘 ] , (28)

with 1 ≤ 𝑖1, . . . , 𝑖𝑘 ≤ 𝑛. (29)
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Suppose that X is a field of vectors which consists of depend-
ent and independent variables:

X = 𝜉1 (𝑥, 𝑢) 𝜕𝜕𝑥1 + ⋅ ⋅ ⋅ + 𝜉𝑛 (𝑥, 𝑢) 𝜕𝜕𝑥𝑛 + 𝜂 (𝑥, 𝑢) 𝜕𝜕𝑢 , (30)

where 𝜉𝑖 and 𝜂 are the coefficient functions of the vector field
X.

Suppose that the vector fieldX is the nonclassical symme-
try generator of (27). Then the solution𝑢 = 𝑓 (𝑥1, 𝑥2, . . . , 𝑥𝑛) (31)

of (27) is an invariant solution of (27) under a one-parameter
subgroup generated by X if the condition

Φ (𝑥, 𝑢) = 𝜂 (𝑥, 𝑢) − 𝑛∑
𝑖=1

𝜉𝑖 (𝑥, 𝑢) 𝜕𝑢𝛼𝜕𝑥𝑖 = 0 (32)

holds togetherwith (27).The condition given in (32) is known
as an invariant surface condition.Thus, the invariant solution
of (27) is obtained by solving the invariant surface condition
(32) together with (27).

For (27) and (32) to be compatible, the 𝑘th prolongation
X[𝑘] of the generator Xmust be tangent to the intersection of𝐺 and the surface Φ; that is,

X[𝑘] (𝐺)𝐺∩Φ = 0. (33)

If (32) is satisfied, then the operator X is called a nonclassical
infinitesimal symmetry of the 𝑘th order partial differential
equation (27).

For the case of two independent variables, 𝑡 and 𝑦, two
cases arise, namely. when 𝜉1 ̸= 0 and 𝜉1 = 0.

When 𝜉1 ̸= 0, the operator is
X = 𝜕𝜕𝑡 + 𝜉2 (𝑡, 𝑦, 𝑢) 𝜕𝜕𝑦 + 𝜂 (𝑡, 𝑦, 𝑢) 𝜕𝜕𝑢 , (34)

and thus Φ = 𝑢𝑡 − 𝜂 + 𝜉2𝑢𝑦 = 0 (35)

is the invariant surface condition.
When 𝜉1 = 0, the operator is

X = 𝜕𝜕𝑦 + 𝜂 (𝑡, 𝑦, 𝑢) 𝜕𝜕𝑢 , (36)

and hence Φ = 𝑢𝑦 − 𝜂 = 0 (37)

is the invariant surface condition.

2.5. Example on the Nonclassical Symmetry Method. We
illustrate the use of the nonclassical symmetrymethod on the
well-known heat equation𝑢𝑡 = 𝑢𝑥𝑥. (38)

Consider the infinitesimal operator

𝑋 = 𝜉 (𝑡, 𝑥, 𝑢) 𝜕𝜕𝑥 + 𝜏 (𝑡, 𝑥, 𝑢) 𝜕𝜕𝑡 + 𝜂 (𝑡, 𝑥, 𝑢) 𝜕𝜕𝑢 . (39)

The invariant surface condition is

Φ (𝑡, 𝑥, 𝑢) = 𝜂 (𝑡, 𝑥, 𝑢) − 𝜉 (𝑡, 𝑥, 𝑢) 𝜕𝑢𝜕𝑥 − 𝜏 (𝑡, 𝑥, 𝑢) 𝜕𝑢𝜕𝑡= 0. (40)

One can assume without loss of generality that 𝜏 = 1, so that
(40) takes the form

Φ (𝑡, 𝑥, 𝑢) = 𝜂 (𝑡, 𝑥, 𝑢) − 𝜉 (𝑡, 𝑥, 𝑢) 𝜕𝑢𝜕𝑥 − 𝜕𝑢𝜕𝑡 = 0. (41)

The nonclassical symmetries determining equations are

𝑋[2]𝑢𝑡 − 𝑢𝑥𝑥Eq.(38)=0,Φ=0 = 0, (42)

where 𝑋[2] is the usual third prolongation of operator 𝑋.
Applying the method to the heat PDE (38) with 𝜏 = 1

yields 𝜉 = 𝜉 (𝑥, 𝑡) ,𝜂 = 𝐴 (𝑥, 𝑡) 𝑢 + 𝐵 (𝑥, 𝑡) , (43)

where 𝐴 𝑡 + 2𝐴𝜉𝑥 − 𝐴𝑥𝑥 = 0,𝐵𝑡 + 2𝐵𝜉𝑥 − 𝐵𝑥𝑥 = 0,𝜉𝑡 + 2𝜉𝜉𝑥 − 𝜉𝑥𝑥 + 2𝐴𝑥 = 0. (44)

The solution of system of (44) gives the following nonclassical
infinitesimals:

𝜉 = − 𝑤𝑡V − 𝑤V𝑡𝑤𝑥V − 𝑤V𝑥
,

𝜏 = 1,
𝜂 = V𝑡𝑤𝑥 − V𝑥𝑤𝑡𝑤𝑥V − 𝑤V𝑥

(𝑢 − 𝑢0) + 𝜉𝑓𝑥 + 𝑓𝑡,
(45)

where 𝑤, V, and 𝑓 satisfy the heat equation.

3. Power-Law Fluid Flow Problems

In this section, all those problems dealing with the flow of
a power-law fluid and solved by using the Lie symmetry
approach are discussed.

The Cauchy stress tensor for a power-law fluid is written
as

T = −𝑝I + 𝜇 (√ 12 trA21
𝑛−1)A1, (46)
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where 𝑝 is the fluid pressure, I is the identity tensor, 𝜇 is the
dynamic viscosity of the fluid, tr is the trace, and the first
Rivlin-Ericksen tensor A1 is given by

A1 = (gradV) + (gradV)𝑇 , (47)

in which V is the fluid velocity. It should be noted that 𝑛 is
the power-law index. If 𝑛 = 1, (46) represents a viscous fluid.
Furthermore, (46) represents shear thinning behavior when𝑛 < 1 and shear thickening for 𝑛 > 1.
3.1. Solution of the Rayleigh Problem for a Power-Law Non-
Newtonian Conducting Fluid via Group Method [1]. Abd-
el-Malek et al. [1] studied the magnetic Rayleigh problem
where a semi-infinite plate is given an impulsive motion and
thereafter moves with constant velocity in a non-Newtonian
power-law fluid of infinite extent. The governing nonlinear
model was solved by means of the Lie group approach.

The governing problem describing the flow model [1] is
given by

𝜕𝑢𝜕𝑡 − 𝛾 𝜕𝜕𝑦 {[(𝜕𝑢𝜕𝑦 )2](𝑛−1)/2 𝜕𝑢𝜕𝑦 } + 𝑀𝐻2𝑢 = 0, (48)

with the boundary and initial conditions𝑢 (0, 𝑡) = 𝑉,𝑢 (∞, 𝑡) = 0,𝑡 > 0,𝑢 (𝑦, 0) = 0, 𝑦 > 0.
(49)

Themethod of solution employed in [1] depends on the appli-
cation of a one-parameter group of transformations to the
partial differential equation (48). The one-parameter group,
which transforms the PDE (48) and the boundary conditions
(49), is of the form [1]

𝑦 = (ℎ𝑡)1/(𝑛+1) 𝑦,𝑡 = ℎ𝑡𝑡,𝑢 = 𝑢,
𝐻 = ( 1√ℎ𝑡) 𝐻.

(50)

Under transformations (50), the two independent variables
reduce by one and the partial differential equation (48)
is transformed into an ordinary differential equation. The
reduced ordinary differential equation was then solved
numerically.

3.2. Invariant Solutions of the Unidirectional Flow of an Elec-
trically Charged Power-Law Non-Newtonian Fluid over a Flat
Plate in Presence of a TransverseMagnetic Field [2]. Wafo Soh
[2] investigated a boundary value problem for a nonlinear
diffusion equation arising in the study of a charged power-law
non-Newtonian fluid through a time-dependent transverse

magnetic field. Two families of exact invariant solutions were
obtained by use of the Lie symmetry method.

The governing equation describing the flow model is
given by [2]𝜕𝑢𝜕𝑡 − 𝑛𝛾 (𝜕𝑢𝜕𝑦 )𝑛−1 𝜕2𝑢𝜕𝑦2 + 𝑀𝐻2 (𝑡) 𝑢 = 0. (51)

The relevant boundary and initial conditions are𝑢 (0, 𝑡) = 𝑉 (𝑡) , 𝑡 > 0,𝑢 (∞, 𝑡) = 0, 𝑡 > 0,𝑢 (𝑦, 0) = 0, 𝑦 > 0. (52)

The symmetry Lie algebra of PDE (51) is five-dimensional and
is spanned by the operators [2]

𝑋1 = 𝜕𝜕𝑦 ,
𝑋2 = 𝑦 𝜕𝜕𝑦 + 𝑛 + 1𝑛 − 1𝑢 𝜕𝜕𝑢 , 𝑛 ̸= 1,
𝑋3 = 𝐿2 (𝑡) 𝜕𝜕𝑢 ,
𝑋4 = 1𝐿𝑛 (𝑡) 𝜕𝜕𝑡 − 𝑀𝐻2𝐿𝑛 (𝑡)𝑢 𝜕𝜕𝑢 ,
𝑋5 = 𝐿𝑛 (𝑡)𝐿𝑛 (𝑡) 𝜕𝜕𝑡 − [𝑀𝐻2 𝐿𝑛 (𝑡)𝐿𝑛 (𝑡) + 1𝑛 − 1] 𝑢 𝜕𝜕𝑢 ,

𝑛 ̸= 1,

(53)

where

𝐿𝑛 (𝑡) = ∫𝑡
0

𝑑𝜏𝑒(1−𝑛)𝑀∫𝜏0 𝐻2(𝜆)𝑑𝜆. (54)

With the use of the above symmetries, the group invariant
solution for the PDE (51) found in [2] is𝑢 (𝑦, 𝑡) = 𝐿1/(1−𝑛)𝑛 (𝑡) 𝐿2 (𝑡) 𝜓 (𝑦) , (55)

with 𝜓(𝑦) given by𝜓 (𝑦)
= [(𝑛 − 1𝑛 + 1) ( 1 + 𝑛2𝛾𝑛 (1 − 𝑛))1/(1+𝑛) 𝑦 + 1](𝑛+1)/(𝑛−1) . (56)

3.3. Unsteady Boundary Layer Flow of Power-Law Fluid on
Stretching Sheet Surface [3]. Yürüsoy [3] treated the unsteady
boundary layer equations of a power-law fluid over a stretch-
ing sheet. By the use of similarity transformations, the
governing system of partial differential equations reduced to
a nonlinear ordinary differential equation system. Finally, the
resulting system of reduced ordinary differential equations
was solved using a combination of the Runge-Kutta algorithm
and shooting technique.



Mathematical Problems in Engineering 7

The governing equations describing the flow model [3]
are 𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 = 0,

𝜕𝑢𝜕𝑡 + 𝑢𝜕𝑢𝜕𝑥 + V
𝜕𝑢𝜕𝑦 = (2𝑚 + 1) 2𝑚  𝜕𝑢𝜕𝑦 2𝑚 𝜕2𝑢𝜕𝑦2 + 𝜕𝑈𝜕𝑡

+ 𝑈𝜕𝑈𝜕𝑥 ,
(57)

where 𝑢 and V are the velocity components inside the bound-
ary layer and 𝑈(𝑥, 𝑡) is the velocity outside the boundary
layer.

The boundary conditions for flow over a stretching sheet
are

𝑢 (𝑥, 0, 𝑡) = 𝐴 (𝑥, 𝑡) ,
V (𝑥, 0, 𝑡) = 0,𝑢 (𝑥, ∞, 𝑡) = 0. (58)

By use of the Lie group method, the similarity transforma-
tions for the reduction of the above system of PDEs are given
by [3]

𝜉 = 𝑦𝑡(2𝑚−1)/(2𝑚+2)𝑥−𝑚/(𝑚+1),
V = 𝑥𝑚/(𝑚+1)𝑡−(4𝑚+1)/(2𝑚+2)𝑔 (𝜉) ,
𝑢 = 𝑥𝑡 𝑓 (𝜉) ,

𝐴 (𝑥, 𝑡) = 𝜆𝑥𝑡 .
(59)

Transformation (59) transforms the two-dimensional un-
steady boundary layer equation problem into ordinary differ-
ential equations. The reduced ordinary differential equations
have been solved numerically using a variable step size Run-
ge-Kutta subroutine combined with a shooting technique.

3.4. Axisymmetric Spreading of aThin Power-Law Fluid under
Gravity on a Horizontal Plane [4]. Nguetchue andMomoniat
[4] studied a nonlinear PDE modelling the axisymmetric
spreading under gravity of a thin power-law fluid on a
horizontal surface. The model equation was reduced to a
nonlinear second-order ordinary differential equation for
the spatial variable. Then Lie symmetry analysis applied
to the nonlinear ordinary differential equation enabled its
linearization and solution.

The equation modelling the height of a thin power-law
fluid film on a horizontal plane in presence of gravity is given
by [4]

𝜕ℎ𝜕𝑡 = 1(𝛽 + 1) 𝑥 𝜕𝜕𝑥 [𝑥ℎ𝛽+1 (𝜕ℎ𝜕𝑥)𝛽−1] . (60)

Here ℎ(𝑥, 𝑡) is the film height and 𝛽 is the power-law fluid
parameter. The Lie point symmetry generator for the PDE
(60) is [4]

𝑋 = [(1 − 𝛽) 𝐴𝑡 + 𝐵] 𝜕𝜕𝑡 + 𝐴ℎ 𝜕𝜕ℎ . (61)

The invariant solution of PDE (60) corresponding to the
symmetry generator (61) found in [4] is

ℎ (𝑥, 𝑡) = 3𝐴1/3𝑥2/32 (3𝐴𝑡 − 𝐵)1/3 . (62)

3.5. Symmetry Reductions of a Flow with Power-Law Fluid
and Contaminant-Modified Viscosity [5]. Moitsheki et al. [5]
have analyzed a system dealing with nonreactive pollutant
transport along a single channel. Constitutive equations
obeying a power-law fluid are utilized in the description of
the mathematical problem. Invariant solutions which satisfy
physical boundary conditions have been constructed using
the Lie group approach.

The dimensionless governing equations that describe the
flow model are [5]

𝜕𝑢𝜕𝑡 = 𝐾 + 𝑀 𝜕𝜕𝑦 [𝑐𝜆 (𝜕𝑢𝜕𝑦 )𝑛−1 𝜕𝑢𝜕𝑦 ] ,
𝜕𝑐𝜕𝑡 = 1𝑅 𝜕𝜕𝑦 (𝑐𝜆 𝜕𝑐𝜕𝑦) + 𝑆 (𝑦, 𝑡) . (63)

Here 𝑅 is the Schmidt number and 𝐾 is the imposed constant
pressure axial gradient.TheLie point symmetries of the above
system corresponding to different forms of the source term𝑆(𝑦, 𝑡) are given in Table 1 of [5]. The invariant solutions of
system (63) found in [5] are of the form

𝑢 (𝑦, 𝑡) = 𝐾𝑡 + 4𝛾1𝑅𝛾3 [12cos(𝑦 + 𝑐22𝑐1 ) sin(𝑦 + 𝑐22𝑐1 )
+ (𝑦 + 𝑐24𝑐1 )] + 𝑐3,

𝑐 (𝑦, 𝑡) = 𝑡2𝛾2𝑅 sec2 (𝑦 + 𝑐22𝑐1 ) .
(64)

3.6. Scaling Group Transformation under the Effect ofThermal
RadiationHeat Transfer of aNon-Newtonian Power-LawFluid
over aVertical Stretching Sheet withMomentumSlip Boundary
Condition [6]. An analysis has been conducted to study
the problem of heat transfer of a power-law fluid over a
vertical stretching sheet with slip boundary condition by
Mutlag et al. [6]. The partial differential equations governing
the physical model have been converted into a set of non-
linear coupled ordinary differential equations using scaling
group of transformations. These reduced equations are then
solved numerically using the Runge-Kutta-Fehlberg fourth-
fifth order numerical method.
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The dimensionless forms of the governing equations of
the flow model [6] are

𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 = 0,
𝑢𝜕𝑢𝜕𝑥 + V

𝜕𝑢𝜕𝑦 = − 𝜕𝜕𝑦 −  𝜕𝑢𝜕𝑦 𝑛 𝜕2𝑢𝜕𝑦2 ± 𝜆𝑥𝜃,
𝜃𝑥𝑢 + 𝑢 𝜕𝜃𝜕𝑥 + V

𝜕𝜃𝜕𝑦 = 𝑅2/(1+𝑛)𝑒𝐿𝑈𝑟 [𝛼 + 16𝜎1𝑇3∞3𝜌𝑐𝑝𝑘1 ] 𝜕2𝜃𝜕𝑦2 .
(65)

The boundary conditions specified to solve the above system
of PDEs are

𝑢 = 𝑥 + 𝑎𝑈𝑛−2𝑟 𝑅1/(1+𝑛)𝑒𝐿𝑛 −𝜕𝑢𝜕𝑦 𝑛 𝜕𝑢𝜕𝑦 ,
V = 0,𝜃 = 1

at 𝑦 = 0,𝑢 = 0,𝜃 = 0
as 𝑦 → ∞.

(66)

The scaling symmetry operator for the system of PDEs (65) is
calculated as [6]

𝑋 = (𝑛 + 12𝑛 ) 𝜕𝜕𝑥 + (𝑛 − 12𝑛 ) 𝜕𝜕𝑦 + 𝑢 𝜕𝜕𝑢 . (67)

The corresponding similarity transformations are

𝜂 = 𝑦𝑥(1−𝑛)/(1+𝑛),𝜓 = 𝑥2𝑛/(1+𝑛)𝑓 (𝜂) ,𝜃 = 𝜃 (𝜂) . (68)

Transformation (67) transforms the system of PDEs (65)
into a nonlinear system of ODEs. The reduced ordinary
differential equations are solved numerically.

3.7. Lie Group Analysis of a Non-Newtonian Fluid Flow over
a Porous Surface [7]. Akgül and Pakdemirli [7] investigated
the two-dimensional unsteady squeezed flow over a porous
surface for a power-law non-Newtonian fluid. Lie Group
theory was applied on the model equations. Then, a partial
differential system with three independent variables was
converted into an ordinary differential system, via application
of two successive symmetry generators. The ordinary differ-
ential equations were then solved numerically.

The problem describing the flow model [7] is given by

𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 = 0,
𝜕𝑢𝜕𝑡 + 𝑢𝜕𝑢𝜕𝑥 + V

𝜕𝑢𝜕𝑦 = 𝐹 (𝑥, 𝑡) + 𝑛  𝜕𝑢𝜕𝑦 𝑛−1 𝜕2𝑢𝜕𝑦2 ,
𝜕𝑇𝜕𝑡 + 𝑢𝜕𝑇𝜕𝑥 + V

𝜕𝑇𝜕𝑦 = 1𝑃𝑟 𝜕2𝜃𝜕𝑦2 ,
(69)

with

𝑢 (𝑥, 0, 𝑡) = 𝑆 (𝑥, 𝑡) ,
V (𝑥, 0, 𝑡) = 𝑉,𝑇 (𝑥, 0, 𝑡) = 1,𝑢 (𝑥, ∞, 𝑡) = 𝑈 (𝑥, 𝑡) ,𝑇 (𝑥, ∞, 𝑡) = 0.

(70)

The symmetries for the system of PDEs (69) found in [7] are

𝜉1 = 32𝑎𝑥 + 𝑏 (𝑡) ,
𝜉2 = 𝑎2 𝑦,
𝜉3 = 𝑎𝑡 + 𝑑,
𝜂1 = 𝑎2 𝑢 + 𝑏,
𝜂2 = −𝑎2V,𝜂3 = 0.

(71)

Symmetries (71) are used to reduce the nonlinear system of
PDEs (69) to a nonlinear system of ODEs which was then
solved using a numerical approach.

3.8. Flow of Power-Law Fluid over a Stretching Surface: A Lie
Group Analysis [8]. The investigation of the boundary layer
flow of power-law fluid over a permeable stretching surface
wasmade by Jalil andAsghar [8].Theuse of Lie group analysis
reveals all possible similarity transformations of the problem.
The similarity transformations have been utilized to reduce
the governing system of nonlinear PDEs to a nonlinear
boundary value problem.

The governing equations of the flow model [8] are

𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 = 0,
𝑢𝜕𝑢𝜕𝑥 + V

𝜕𝑢𝜕𝑦 = − 𝜕𝜕𝑦 (−𝜕𝑢𝜕𝑦 )𝑛 . (72)
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The boundary conditions are

𝑢 = 𝑢𝑥 (𝑥) ,
V = 𝑉0V𝑤 (𝑥)𝑈0 (𝜌𝑈2−𝑛0 𝐿𝑛𝐾 )1/(𝑛+1)

at 𝑦 = 0,𝑢 = 0 as 𝑦 → ∞.
(73)

The form of the infinitesimals is found to be [8]

𝜉1 = 𝑎 + 𝑏 (𝑥) ,
𝜉2 = 𝑏 + (𝑛 − 2) 𝑐(𝑛 + 1) 𝑦 + 𝛾 (𝑥) ,
𝜑1 = 𝑐𝑢,
𝜑2 = (2𝑛 − 1) 𝑐 − 𝑛𝑏(𝑛 + 1) V + 𝑢𝛾 (𝑥) .

(74)

Symmetries (74) are used to compute the appropriate sim-
ilarity transformations which were then used to reduce the
nonlinear system of the above PDEs to a nonlinear boundary
value problem. The reduced boundary value problem was
solved numerically.

3.9. Group Invariant Solution for a Preexisting Fracture Driven
by a Power-Law Fluid in Impermeable Rock [9]. The effect of
power-law rheology on hydraulic fracturing has been studied
by Fareo and Mason [9]. With the aid of lubrication theory
and the PKN approximation, a partial differential equation
for the fracture half-width was derived. By using a linear
combination of the Lie symmetry generators of the governing
equation, the group invariant solution was obtained and the
problem was reduced to a boundary value problem for an
ordinary differential equation.

The mathematical problem describing the preexisting
fracture driven by a power-law fluid in impermeable rock [9]
is given by

𝜕ℎ𝜕𝑡 + 𝜕𝜕𝑥 [ℎ(2𝑛+1)/𝑛 (− 𝜕ℎ𝜕𝑥)1/𝑛] = 0, (75)

with

𝑑𝑉𝑑𝑡 = 2 (−𝜕ℎ (0, 𝑡)𝜕𝑥 )1/𝑛 ℎ(2𝑛+1)/𝑛 (0, 𝑡) ,
ℎ (𝐿 (𝑡) , 𝑡) = 0. (76)

The symmetry Lie algebra of (75) is spanned by the operators
[9]

𝑋1 = 𝜕𝜕𝑥 ,
𝑋2 = 𝜕𝜕𝑡 ,
𝑋3 = 𝑡 𝜕𝜕𝑡 − ( 𝑛𝑛 + 2) ℎ 𝜕𝜕ℎ ,
𝑋4 = 𝑥 𝜕𝜕𝑥 + (𝑛 + 1𝑛 + 2) ℎ 𝜕𝜕ℎ .

(77)

The group invariant solutions of the PDE (75) found in [9] are
of the form

ℎ (𝑥, 𝑡) = 1𝐿 (𝑡) [1 − 𝑢𝑛+1]1/(𝑛+2) ,
ℎ (𝑥, 𝑡) = 𝐿 (𝑡)1/(𝑛+2) [1 − 𝑢]1/(𝑛+2) , (78)

where the particular values of 𝐿(𝑡) are given in [9]. The Lie
symmetries given in (77) were also utilized to perform
various reductions of PDE (75) which was then solved
numerically.

4. Sisko Fluid Flow Problems

In this section, we investigate all those models which deal
with the flow of a Sisko fluid and solved with the aid of the
Lie group approach.

TheCauchy stress tensorT for a Sisko fluidmodel is given
by

T = −𝑝I + [𝑎 + 𝑏 √ 12 trA21
𝑛−1]A1, (79)

where V is the velocity vector, A1 is the first Rivlin-Ericksen
tensor, and 𝑎 and 𝑏 are the material constants. The model is
a combination of viscous and power-law models. For 𝑎 = 0,
the model exhibits power-law behavior whereas for 𝑏 = 0,
the flow is Newtonian and 𝑛 > 0 is a characteristic of the
non-Newtonian behavior of the fluid.

4.1. Rayleigh Problem for a MHD Sisko Fluid [10]. Molati
et al. [10] studied the problem of unsteady unidirectional
flow of an incompressible Sisko fluid bounded by a suddenly
moved plate. The fluid is magnetohydrodynamic (MHD) in
the presence of a time-dependent magnetic field applied in
the transverse direction of the flow. The nonlinear governing
flow model was solved analytically using the Lie symmetry
approach.

The problem describing the flow model [10] is given by

𝜕𝑢𝜕𝑡 = 𝜕2𝑢𝜕𝑦2 + 𝐿 𝜕𝜕𝑦 [(𝜕𝑢𝜕𝑦 )𝑛−1 𝜕𝑢𝜕𝑦 ] − 𝑀2𝐻2 (𝑡) 𝑢, (80)
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with 𝑢 (𝑡, 0) = 𝑔 (𝑡) , 𝑡 > 0,𝑢 (𝑡, 𝑦) → 0 as 𝑦 → ∞, 𝑡 > 0,𝑢 (0, 𝑦) = 0, 𝑦 > 0. (81)

The symmetry Lie algebra of the PDE (80) is three-dimen-
sional and spanned by the operators [10]

𝑋1 = 𝜕𝜕𝑦 ,
𝑋2 = (2𝑡 + 𝛽) 𝜕𝜕𝑡 + 𝑦 𝜕𝜕𝑦 + 𝑢 𝜕𝜕𝑢 ,
𝑋3 = (2𝑡 + 𝛽2 + 𝛽 )−𝑀2𝐻20 /2 𝜕𝜕𝑢 ,

(82)

where 𝐻0 = √2𝑡 + 𝛽𝐻 (𝑡) . (83)

The similarity solution from the invariants of 𝑋2 assumes the
form [10]𝑢 (𝑡, 𝑦) = (2𝑡 + 𝛽)1/2 𝐹 (𝛾)

with 𝛾 = 𝑦 (2𝑡 + 𝛽)−1/2 . (84)

Invariant (84) is used to reduce the PDE (80) into a nonlinear
ODE. The reduced ODE together with suitable boundary
conditions was solved by employing a numerical approach.

4.2. Reduction and Solutions for MHD Flow of a Sisko Fluid
in a Porous Medium [11]. Mamboundou et al. [11] obtained
the analytical solutions for magnetohydrodynamic (MHD)
flow of a Sisko fluid in a semi-infinite porous medium.
The governing nonlinear differential equation was solved by
employing the symmetry method.

The governing equation of the flow model [11] is𝜕𝑢𝜕𝑡 = 𝜕𝜕𝑦 [(1 + 𝑏 (𝜕𝑢𝜕𝑦 )𝑛−1) 𝜕𝑢𝜕𝑦 ]
− 1𝐾 [1 + 𝑏 (𝜕𝑢𝜕𝑦 )𝑛−1] − 𝑀2𝑢. (85)

The relevant boundary and initial conditions are𝑢 (0, 𝑡) = 𝑉 (𝑡) , 𝑡 > 0,𝑢 (∞, 𝑡) = 0, 𝑡 > 0,𝑢 (𝑦, 0) = ℎ (𝑦) , 𝑦 > 0. (86)

The above PDE admits the Lie point symmetry generators [11]

𝑋1 = 𝜕𝜕𝑡 ,
𝑋1 = 𝜕𝜕𝑦 . (87)

The travelling wave solutions of the PDE (85) were con-
structed corresponding to the symmetry generators (87) and
is given by [11]

𝑢 (𝑦, 𝑡) = exp [ 1𝑛𝐾 (1 − 𝑛 − 𝑛𝐾𝑀2) 𝑡 − 1√𝑛𝐾𝑦] . (88)

4.3. Stokes’ First Problem for Sisko Fluid over a Porous Wall
[12]. The study of time-dependent flow of an incompressible
Sisko fluid over a wall with suction or blowing was performed
by Hayat et al. [12]. The magnetohydrodynamic nature of the
fluid was taken into account by applying a variable magnetic
field.The resulting nonlinear problemwas solved by invoking
the symmetry approach.

The problem governing the flow model [12] in a nondi-
mensional form is given by

𝜕𝑢𝜕𝑡 − 𝑆𝜕𝑢𝜕𝑦 = 𝜕𝜕𝑦 [(1 + 𝐿  𝜕𝑢𝜕𝑦 𝑛−1) 𝜕𝑢𝜕𝑦 ]
− 𝑀2𝐻2 (𝑡) 𝑢, (89)

𝑢 (𝑡, 0) = 1, 𝑡 > 0, (90)

lim
𝑦→∞

𝑢 (𝑡, 𝑦) = 0, 𝑡 > 0, (91)𝑢 (𝑦, 0) = 0, 𝑦 > 0. (92)

The symmetry analysis of (89) revealed that extra symmetries
are admitted for the cases

𝐻 = 0,𝐻 = Constant,
𝐻 = ℎ0√𝑡 ,
𝐻 = ℎ0√𝛼𝑡 + 𝑡0 ,
𝐻 = ℎ0√2𝑡 + 𝑡0 , where ℎ0, 𝑡0 ∋ R.

(93)

The reductions of PDE (89) for these cases lead to nonlin-
ear ordinary differential equations. However, the imposed
boundary conditions are not invariant under the admitted
Lie point symmetries. Hence, the governing model was then
solved by making use of numerical techniques.

4.4. Boundary Layer Equations and Lie Group Analysis of a
Sisko Fluid [13]. Sari et al. [13] recently derived the boundary
layer equations for a Sisko fluid. Using Lie group theory, a
symmetry analysis of the equations was performed. A partial
differential system is transferred to an ordinary differential
system using symmetries and the resulting reduced equations
were numerically solved.
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The dimensionless form of the boundary layer equations
for a Sisko fluid is [13]

𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 = 0,
𝑢𝜕𝑢𝜕𝑥 + V

𝜕𝑢𝜕𝑦 = 𝑈𝑑𝑈𝑑𝑥 + 𝜀1 𝜕2𝑢𝜕𝑦2 + 𝜀2 (𝜕𝑢𝜕𝑦 )𝑛−1 𝜕2𝑢𝜕𝑦2 . (94)

The classical boundary conditions for the problem are [13]

𝑢 (𝑥, 0) = 0,
V (𝑥, 0) = 0,𝑢 (𝑥, ∞) = 𝑈 (𝑥) . (95)

The infinitesimals of the above system of PDEs are [13]

𝜉1 = 3𝑎𝑥 + 𝑏,𝜉2 = 𝑎𝑦,𝜂1 = 𝑎𝑢,𝜂2 = −𝑎V.
(96)

The corresponding similarity transformations are

𝜉 = 𝑦𝑥1/3 ,
𝑢 = 𝑥1/3𝑓 (𝜉) ,
V = 𝑔 (𝜉)𝑥1/3 .

(97)

Transformations (97) are used to reduce the above PDE sys-
tem to an ordinary differential system.The reduced ordinary
differential system was solved by using a numerical method.

4.5. Analytic Approximate Solutions for Time-Dependent Flow
and Heat Transfer of a Sisko Fluid [14]. The purpose of
this study was to find analytic approximate solutions for
unsteady flow and heat transfer of a Sisko fluid. Translational
symmetries were utilized in [14] to find a family of travelling
wave solutions of the governing nonlinear problem.

In dimensionless form, the governing problem takes the
form [14]

𝜕𝑢𝜕𝑡 = 𝜕𝜕𝑦 [(1 + 𝑏 (−𝜕𝑢𝜕𝑦 )𝑛−1) 𝜕𝑢𝜕𝑦 ] , (98)

𝜕𝜃𝜕𝑡 = 1𝑃𝑟 𝜕2𝜃𝜕𝑡2 + 𝐸𝑐 [1 + 𝑏 (−𝜕𝑢𝜕𝑦 )𝑛−1] (𝜕𝑢𝜕𝑦 )2 , (99)

with the boundary conditions

𝑢 (0, 𝑡) = 𝑉1 (𝑡) ,𝜃 (0, 𝑡) = 𝑉2 (𝑡) , 𝑡 > 0,𝑢 (∞, 𝑡) = 0,𝜃 (∞, 𝑡) = 0, 𝑡 > 0,
𝑢 (𝑦, 0) = ℎ1 (𝑦) ,
𝜃 (𝑦, 0) = ℎ2 (𝑦) ,𝑦 > 0.

(100)

Equation (98) admits the Lie point symmetry generators 𝑋 =𝜕/𝜕𝑡 and 𝑌 = 𝜕/𝜕𝑦. The generator 𝑋 − 𝑐𝑌 which represents a
family of travelling wave with constant wave speed 𝑐 has been
used in [14] to perform reduction of the above systemof PDEs
into nonlinear system of ODEs.The reduced system of ODEs
was solved by homotopy analysis method.

4.6. Self-Similar Unsteady Flow of a Sisko Fluid in a Cylindrical
Tube Undergoing Translation [15]. The governing equation
for unsteady flow of a Sisko fluid in a cylindrical tube due to
translation of the tube wall is modelled in [15].The reduction
of the nonlinear problem was carried out by using Lie group
approach. The partial differential equation is transformed
into an ordinary differential equation, which was integrated
numerically.

The unsteady flow of a Sisko fluid in a cylindrical tube due
to impulsive motion of tube is governed by [15]

𝜕𝑤𝜕𝑡 = 𝜕2𝑤𝜕𝑟2 + 𝑏𝑛𝜕2𝑤𝜕𝑟2 (𝜕𝑤𝜕𝑟 )𝑛−1
+ 1𝑟 [𝜕𝑤𝜕𝑟 + 𝑏 (𝜕𝑤𝜕𝑟 )𝑛] , (101)

subject to the boundary conditions

𝑤 (1, 𝑡) = 𝑉 (𝑡) , 𝑡 > 0,𝜕𝑤𝜕𝑟 (0, 𝑡) = 0, 𝑡 > 0,
𝑊 (𝑟, 0) = 𝑊 (𝑟) , 𝑦 > 0.

(102)
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The Lie point symmetries for the PDE (101) are spanned by
the operators [15]

𝑋1 = 𝜕𝜕𝑡 ,
𝑋2 = 𝑤 𝜕𝜕𝑤,
𝑋3 = 2𝑡 𝜕𝜕𝑡 + 𝑟 𝜕𝜕𝑟 + 𝑤 𝜕𝜕𝑤,
𝑋4 = (𝑤 + 𝑏𝑟) 𝜕𝜕𝑤,
𝑋5 = 𝑑 (𝑡, 𝑟) 𝜕𝜕𝑤,

(103)

where 𝑑(𝑡, 𝑟) satisfies the linear partial differential equation
(101). The operator 𝑋3 has been used in [15] to deduce the
similarity transformations

𝑤 (𝑟, 𝑡) = 𝑟𝑓 (𝜍) , 𝜍 = 𝑟√𝑡 . (104)

The similarity transformations (104) are employed to reduce
the partial differential equation (101) into a nonlinear ordi-
nary differential equation. The reduced ordinary differential
together with suitable boundary and initial conditions was
solved by shooting method.

5. Jeffrey Fluid Flow Problems

Herewe discuss the problems dealingwith the flowof a Jeffrey
fluid that are solved using the Lie group approach.

The constitutive equations for an incompressible Jeffrey
fluid model are

T = −𝑝I + S, (105)

with

S = 𝜇1 + 𝜆1 [ ̇𝛾 + 𝜆2 ̈𝛾] , (106)

where T and S are the Cauchy stress tensor and the extra
stress tensor, respectively, 𝑝 is the pressure, I is the identity
tensor, 𝜆1 is the ratio of relaxation to retardation times, 𝜆2 is
the retardation time, ̇𝛾 is the shear rate, and the dots over the
quantities indicate differentiation with respect to time.

5.1. Lie Point Symmetries and Similarity Solutions for an
Electrically Conducting Jeffrey Fluid [16]. The only model
available in the literature dealing with the flow of a Jeffrey
fluid and solved by employing the Lie symmetry approach
was studied by Mekheimer et al. [16]. In their work, the
equations for the two-dimensional incompressible fluid flow
of an electrically conducting Jeffrey fluid are studied. A Lie
symmetry analysis was performed and the group invariant
solutions were derived.

The governing equations of the model [16] are

𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 = 0,
𝜕𝑢𝜕𝑡 + 𝑢𝜕𝑢𝜕𝑥 + V

𝜕𝑢𝜕𝑦 + 𝜕𝑝𝜕𝑥 = 𝜖1 (𝜕𝑆𝑥𝑥𝜕𝑥 + 𝜕𝑆𝑥𝑦𝜕𝑦 ) − 𝜖2𝑢,
𝜕V𝜕𝑡 + 𝑢 𝜕V𝜕𝑥 + V

𝜕V𝜕𝑦 + 𝜕𝑝𝜕𝑦 = 𝜖1 (𝜕𝑆𝑥𝑦𝜕𝑥 + 𝜕𝑆𝑦𝑦𝜕𝑦 ) ,
(107)

with

𝑆𝑥𝑥 = 21 + 𝜆1 [1 + 𝜆2 ( 𝜕𝜕𝑡 + 𝑢 𝜕𝜕𝑥 + V
𝜕𝜕𝑦)] 𝜕𝑢𝜕𝑥 ,

𝑆𝑥𝑦 = 11 + 𝜆1 [1 + 𝜆2 ( 𝜕𝜕𝑡 + 𝑢 𝜕𝜕𝑥 + V
𝜕𝜕𝑦)]

⋅ (𝜕𝑢𝜕𝑦 + 𝜕V𝜕𝑥) ,
𝑆𝑦𝑦 = 21 + 𝜆1 [1 + 𝜆2 ( 𝜕𝜕𝑡 + 𝑢 𝜕𝜕𝑥 + V

𝜕𝜕𝑦)] 𝜕V𝜕𝑦 .
(108)

The relevant boundary conditions are of the form [16]

𝑢 (𝑥, 0, 0) = 𝑈0,𝑢 (𝑥, ∞, 𝑡) = 0,𝜕𝑢 (𝑥, 0, 0)𝜕𝑦 = 0,
V (𝑥, 0, 0) = −𝑉0,𝑝 (𝑥, ∞, 0) = 𝑃0,

(109)

where 𝑈0 is the velocity of the plate, 𝑉0 is the magnetic fluid
penetrating into the plate, and 𝑃0 is the pressure deep in the
magnetic fluid. The symmetries of the system of PDEs (107)
found in [16] are

𝜉1 = 𝛾 (𝑡) ,𝜉2 = 𝑎1,𝜉3 = 𝑎2,𝜂1 = 𝛾 (𝑡) ,𝜂2 = 0,𝜂3 = 𝛿 (𝑡) − 𝑥 (𝛾 (𝑡) + 𝜖2𝛾 (𝑡)) ,
(110)

where 𝑎1 and 𝑎2 are the arbitrary constants and 𝛾(𝑡) and 𝛿(𝑡)
are the arbitrary functions of the variable 𝑡 only. With the use
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of symmetries given in (110), the group invariant solutions for
the system of PDEs (107) are [16]

𝑢 (𝑥, 𝑦, 𝑡) = 𝑈0(𝛼2 − 𝛼1) [𝛼2 exp [𝛼1 (𝑦 − 𝐶𝑡)]
− 𝛼1 exp [𝛼2 (𝑦 − 𝐶𝑡)]] ,

V (𝑥, 𝑦, 𝑡) = 𝑈0(𝛼2 − 𝛼1) [𝛼2 exp [𝛼1 (𝑦 − 𝐶𝑡)]
− 𝛼1 exp [𝛼2 (𝑦 − 𝐶𝑡)]] − (𝑈0 + 𝑃0) ,

𝑝 (𝑥, 𝑦, 𝑡) = 𝑈0(𝛼2 − 𝛼1) (1 + 𝜆1)𝛼1𝜖1 + (1 + 𝜆1
− 2𝜖1𝛼21𝜆2) (𝐶 + 𝑈0 + 𝑉0) × 𝛼2 exp [𝛼1 (𝑦 − 𝐶𝑡)]
− [𝛼2𝜖1 + (1 + 𝜆1 − 2𝜖1𝛼21𝜆2) (𝐶 + 𝑈0 + 𝑉0)× 𝛼1 exp [𝛼2 (𝑦 − 𝐶𝑡)]] + 𝑃0.

(111)

6. Williamson Fluid Flow Problems

In this section, we investigate the problems which deal with
the flow of a Williamson fluid which are solved using the Lie
symmetry approach.

The Cauchy stress tensor T for a Williamson fluid model
is given by

T = [𝜇∞ + 𝜇0 − 𝜇∞1 + 𝜆  ̇𝛾] ̇𝛾, (112)

where

̇𝛾 = [[[[[
2𝜕𝑢𝜕𝑥 𝜕𝑢𝜕𝑦 + 𝜕V𝜕𝑥𝜕𝑢𝜕𝑦 + 𝜕V𝜕𝑥 2 𝜕V𝜕𝑦

]]]]]
,

 ̇𝛾 = [2 (𝜕𝑢𝜕𝑥)2 + 2 ( 𝜕V𝜕𝑦)2 + (𝜕𝑢𝜕𝑦 + 𝜕V𝜕𝑥)2]1/2 .
(113)

Here 𝜇0 and 𝜇∞ are the limiting viscosities at zero and at
infinite shear rate, respectively, and 𝜆 is a rheological param-
eter.

6.1. Boundary LayerTheory and Symmetry Analysis of aWilli-
amson Fluid [17]. The first study available in the literature
dealing with the flow of aWilliamson fluid and solved by em-
ploying the Lie group approachwas performed byAksoy et al.
[17]. In [17], the boundary layer equations for a Williamson
fluid are derived for the first time. Using Lie group theory,
a symmetry analysis of the equations was performed. The
partial differential system was converted to an ordinary dif-
ferential system via symmetries and the resulting equations
were numerically solved.

The governing problem of the flow model [17] is

𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 = 0,
𝑢𝜕𝑢𝜕𝑥 + V

𝜕𝑢𝜕𝑦
= 𝑈𝑑𝑈𝑑𝑥 + 𝑘2 𝜕2𝑢𝜕𝑦2

+ (𝑘1 − 𝑘2) [1 + 𝑘3  𝜕𝑢𝜕𝑦 ]−1 𝜕2𝑢𝜕𝑦2
− (𝑘1 − 𝑘2) 𝑘3 [1 + 𝑘3  𝜕𝑢𝜕𝑦 ]−2 𝜕2𝑢𝜕𝑦2 𝜕𝑢𝜕𝑦 ,

(114)

where 𝜀1 = 𝑘1𝛿2, 𝜀2 = 𝑘2𝛿2, and 𝜀3 = 𝑘1𝛿. The classical
boundary conditions for the problem are

𝑢 (𝑥, 0) = 0,
V (𝑥, 0) = 0,𝑢 (𝑥, ∞) = 𝑈 (𝑥) . (115)

The infinitesimals of the above system of PDEs are [17]

𝜉1 = 3𝑎𝑥 + 𝑏,𝜉2 = 𝑎𝑦,𝜂1 = 𝑎𝑢,𝜂2 = −𝑎V.
(116)

The corresponding similarity transformations are

𝜉 = 𝑦𝑥1/3 ,
𝑢 = 𝑥1/3𝑓 (𝜉) ,
V = 𝑔 (𝜉)𝑥1/3 .

(117)

The similarity transformations (117) are used to reduce the
above PDE system into a system of nonlinear ordinary dif-
ferential equations. The reduced ordinary differential system
was solved by using numerical techniques.

6.2. Boundary Layer Flow ofWilliamson FluidwithChemically
Reactive Species Using Scaling Transformation and Homotopy
Analysis Method [18]. The study of Williamson fluid flow
with a chemically reactive species wasmade recently by Khan
et al. [18]. The governing equations of Williamson model
in two-dimensional flows were constructed by using scaling
group transformation. The series solution of the system of
reduced nonlinear ordinary differential equations (ODEs)
was obtained by using homotopy analysis method.
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The equations governing the model [18] are𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 = 0,
𝑢𝜕𝑢𝜕𝑥 + V

𝜕𝑢𝜕𝑦 = − 𝑑𝑝𝑑𝑥 + 1𝑅𝑒 𝜕2𝑢𝜕𝑦2 + 2 𝑅𝑒𝑊𝑒 (𝜕𝑢𝜕𝑦 ) 𝜕2𝑢𝜕𝑦2 ,
𝑢𝜕𝐶𝜕𝑥 + V

𝜕𝐶𝜕𝑦 = 𝛾𝜕2𝐶𝜕𝑦2 ,
(118)

where 𝑊𝑒 is the Weissenberg number and 𝑅𝑒 is a Reynolds
number. The boundary conditions for the problem are

𝑢 (𝑥, 0) = 0,
V (𝑥, 0) = 0,𝑢 (𝑥, ∞) = 𝑈 (𝑥) ,𝐶 (𝑥, 0) = 1,𝐶 (𝑥, ∞) = 0.

(119)

The Lie point symmetries of the system of PDEs (118) are [18]

𝜉1 = 3𝑎𝑥 + 𝑏,𝜉2 = 𝑎𝑦,𝜂1 = 𝑎𝑢,𝜂2 = −𝑎V,𝜂3 = 𝑎𝑈,𝜂4 = 𝑎𝐶.
(120)

The corresponding similarity transformations are

𝜂 = 𝑦𝑥1/3 ,
𝑢 = 𝑥1/3𝑓 (𝜂) ,
V = 𝑔 (𝜂)𝑥1/3 ,

𝑈 = 𝑥1/3,𝐶 = 𝜙 (𝜂) .
(121)

The similarity transformations (121) are utilized in [18] to
reduce the above PDE system into a system of nonlinear ordi-
nary differential equations.The reduced ordinary differential
systemwas solved analytically by homotopy analysis method.

7. Second-Grade Fluid Flow Problems

In this section, we present the studies related to flow of a
second-grade fluidmodel that are solved by the Lie symmetry
reduction method.

The constitutive equation for an incompressible homoge-
neous Rivlin-Ericksen fluid of second grade is given by the
following relation:

T = −𝑝I + 𝜇A1 + 𝛼1A2 + 𝛼2A21, (122)

where 𝑝 is the pressure of the fluid, I is the identity tensor,𝜇 is the dynamic viscosity, and 𝛼𝑖 (𝑖 = 1, 2) are the
materialmoduli and denote the first and secondnormal stress
coefficients which are not always constants.

7.1. Lie Group Analysis of Creeping Flow of a Second-Grade
Fluid [19]. Yürüsoy et al. [19] considered the steady plane
creeping flow equations of a second-grade fluid in Cartesian
coordinates. Lie group theory was applied to the equations of
motion. The symmetries of the equations were found. Two
different types of exact solutions were constructed for the
model equation.

The equations governing the creeping flow of a second-
grade fluid are [19]𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 = 0,

− 𝜕𝑝𝜕𝑥 + 𝜖 (𝜕2𝑢𝜕𝑥2 + 𝜕2𝑢𝜕𝑦2) + 𝜖1 [5𝜕𝑢𝜕𝑥 𝜕2𝑢𝜕𝑥2 + 𝜕𝑢𝜕𝑥 𝜕2𝑢𝜕𝑦2
+ 𝑢𝜕3𝑢𝜕𝑥3 + V

𝜕3𝑢𝜕𝑦3 + 𝑢 𝜕3𝑢𝜕𝑦2𝜕𝑥 + 2 𝜕V𝜕𝑥 𝜕2V𝜕𝑥2
+ 𝜕𝑢𝜕𝑦 𝜕2𝑢𝜕𝑦𝜕𝑥 + 𝜕𝑢𝜕𝑦 𝜕2V𝜕𝑥2 + V

𝜕3𝑢𝜕𝑥2𝜕𝑦] = 0,
− 𝜕𝑝𝜕𝑦 + 𝜖 ( 𝜕2V𝜕𝑥2 − 𝜕2𝑢𝜕𝑥𝜕𝑦) + 𝜖1 [5𝜕𝑢𝜕𝑥 𝜕2𝑢𝜕𝑥𝜕𝑦 − 𝜕𝑢𝜕𝑥 𝜕2V𝜕𝑥2

− V
𝜕3𝑢𝜕𝑥𝜕𝑦2 + 𝑢 𝜕3V𝜕𝑥3 − V

𝜕3𝑢𝜕𝑥3 + 2𝜕𝑢𝜕𝑦 𝜕2𝑢𝜕𝑦2 − 𝜕V𝜕𝑥 𝜕2𝑢𝜕𝑥2
+ 𝜕V𝜕𝑥 𝜕2𝑢𝜕𝑦2 − 𝑢 𝜕3𝑢𝜕𝑥2𝜕𝑦] = 0,

(123)

where

𝜖 = 1𝑅𝑒 = 𝜇𝜌𝑈𝐿,
𝜖1 = 𝛼1𝜌𝐿2 . (124)

The Lie point symmetries of the above system of PDEs (123)
are [19] 𝜉1 = 𝑎𝑥 + 𝑏,𝜉2 = 𝑎𝑦 + 𝑐,𝜂1 = 𝑎𝑢,𝜂2 = 𝑎V,𝜂3 = 𝑑.

(125)
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With the use of Lie point symmetries (125), the group
invariant solutions for the system of PDEs (123) are [19]

𝑢 (𝑥, 𝑦) = 𝑐1 (𝛼𝜖1𝜖 )2 exp [− ( 𝜖𝛼𝜖1) (𝑦 − 𝑚𝑥)]+ 𝑐2 (𝑦 − 𝑚𝑥) + 𝑐3,
V (𝑥, 𝑦) = 𝑚 [𝑐1 (𝛼𝜖1𝜖 )2 exp [− ( 𝜖𝛼𝜖1) (𝑦 − 𝑚𝑥)]

+ 𝑐2 (𝑦 − 𝑚𝑥) + 𝑐3] + 𝛼,
𝑝 (𝑥, 𝑦) = 2 (1 + 𝑚2)2 𝜖1𝑐1 (𝛼𝜖1𝜖 )

⋅ (12 𝛼𝜖1𝜖 𝑐1 exp [− ( 𝜖𝛼𝜖1) (𝑦 − 𝑚𝑥)]
−𝑐2 exp [− ( 𝜖𝛼𝜖1) (𝑦 − 𝑚𝑥)] ) + 𝑐4.

(126)

7.2. Similarity Solutions for Creeping Flow and Heat Transfer
in Second-Grade Fluids [20]. The steady plane creeping
flow and heat transfer equations of a second-grade fluid in
Cartesian coordinates are modelled by Yürüsoy [20]. Lie
group theory was employed for the equations of motion. The
symmetries of the equations were deduced. The equations
admit a scaling symmetry, translation symmetries, and an
infinite parameter dependent symmetry.New exact analytical
solutions are found for the model equations.

The equations of the flow model [20] are

0 = 𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 ,
0 = − 𝜕𝑝𝜕𝑥 + (𝜕2𝑢𝜕𝑥2 + 𝜕2𝑢𝜕𝑦2) + 𝛿 [5𝜕𝑢𝜕𝑥 𝜕2𝑢𝜕𝑥2 + 𝜕𝑢𝜕𝑥 𝜕2𝑢𝜕𝑦2

+ 𝑢𝜕3𝑢𝜕𝑥3 + V
𝜕3𝑢𝜕𝑦3 + 𝑢 𝜕3𝑢𝜕𝑦2𝜕𝑥 + 2 𝜕V𝜕𝑥 𝜕2V𝜕𝑥2

+ 𝜕𝑢𝜕𝑦 𝜕2𝑢𝜕𝑦𝜕𝑥 + 𝜕𝑢𝜕𝑦 𝜕2V𝜕𝑥2 + V
𝜕3𝑢𝜕𝑥2𝜕𝑦] ,

0 = −𝜕𝑝𝜕𝑦 + ( 𝜕2V𝜕𝑥2 − 𝜕2𝑢𝜕𝑥𝜕𝑦) + 𝛿 [5𝜕𝑢𝜕𝑥 𝜕2𝑢𝜕𝑥𝜕𝑦
− 𝜕𝑢𝜕𝑥 𝜕2V𝜕𝑥2 − V

𝜕3𝑢𝜕𝑥𝜕𝑦2 + 𝑢 𝜕3V𝜕𝑥3 − V
𝜕3𝑢𝜕𝑥3 + 2𝜕𝑢𝜕𝑦 𝜕2𝑢𝜕𝑦2

− 𝜕V𝜕𝑥 𝜕2𝑢𝜕𝑥2 + 𝜕V𝜕𝑥 𝜕2𝑢𝜕𝑦2 − 𝑢 𝜕3𝑢𝜕𝑥2𝜕𝑦] ,
0 = 𝜕2𝜃𝜕𝑥2 + 𝜕2𝜃𝜕𝑦2 + 𝛿∗1 [4 (𝜕𝑢𝜕𝑥)2 + (𝜕𝑢𝜕𝑦 + 𝜕V𝜕𝑥)2]

+ 𝛿∗2 [𝜕2𝑢𝜕𝑥2 (4𝑢𝜕𝑢𝜕𝑥 − V
𝜕V𝜕𝑥 − V

𝜕𝑢𝜕𝑦 )
+ 𝜕2𝑢𝜕𝑦2 (V 𝜕V𝜕𝑥 + V

𝜕𝑢𝜕𝑦 ) + 𝜕2V𝜕𝑥2 (𝑢𝜕𝑢𝜕𝑦 + 𝑢 𝜕V𝜕𝑥)
+ 𝜕2𝑢𝜕𝑥𝜕𝑦 (4V𝜕𝑢𝜕𝑥 + 𝑢 𝜕V𝜕𝑥 + 𝑢𝜕𝑢𝜕𝑦 )] .

(127)

The infinitesimals for the system of PDEs (127) are [20]𝜉1 = 𝑎𝑥 + 𝑏,𝜉2 = 𝑎𝑦 + 𝑐,𝜂1 = 𝑎𝑢,𝜂2 = 𝑎V,𝜂3 = 𝑑,
𝜂4 = 2𝑎𝜃 + 𝛾 (𝑥, 𝑦) , with

𝜕2𝛾𝜕𝑥2 + 𝜕2𝛾𝜕𝑦2 = 0.
(128)

The invariant solutions for the system of PDEs (127) deduced
in [20] are

𝑢 (𝑥, 𝑦) = (𝑎𝛿)2 exp[−(𝑦 − 𝑚𝑥)𝑎𝛿 ] + 𝑐2 (𝑦 − 𝑚𝑥)
+ 𝑐3,

V (𝑥, 𝑦) = 𝑚 [𝑐1 (𝑎𝛿)2 exp[−(𝑦 − 𝑚𝑥)𝑎𝛿 ] + 𝑐2 (𝑦
− 𝑚𝑥) + 𝑐3] + 𝛼,

𝑝 (𝑥, 𝑦) = 2 (1 + 𝑚2)2 𝛿𝑐1 (𝑎𝛿) [12 (𝑎𝛿) 𝑐1
⋅ exp[−2 (𝑦 − 𝑚𝑥)𝑎𝛿 ] − 𝑐2 exp[−(𝑦 − 𝑚𝑥)𝑎𝛿 ]]
+ 𝑐4,

𝜃 (𝑥, 𝑦) = −𝑚4 + 2𝑚2 + 11 + 𝑚2 [𝛿∗1 {𝑐1 (𝑎𝛿)44
⋅ exp[−2 (𝑦 − 𝑚𝑥)𝑎𝛿 ] − 2𝑐1𝑐2 (𝑎𝛿)3
⋅ exp[−(𝑦 − 𝑚𝑥)𝑎𝛿 ] + 𝑐22 (𝑦 − 𝑚𝑥)22 }
+ 𝛼𝛿∗2 {𝑐1𝑐2 (𝑎𝛿)2 exp[−(𝑦 − 𝑚𝑥)𝑎𝛿 ] − 𝑐21 (𝑎𝛿)34
⋅ exp[−2 (𝑦 − 𝑚𝑥)𝑎𝛿 ]}] + 𝑐5 (𝑦 − 𝑚𝑥) + 𝑐6.

(129)

7.3. Lie Symmetry Analysis and Some New Exact Solutions
for Rotating Flow of a Second-Order Fluid on a Porous Plate
[21]. The Lie symmetry analysis and the basic similarity
reductions are performed for the rotating flow of a second-
order fluid on a porous plate by Fakhar et al. [21]. Two new
exact solutions to these equations were generated from the
similarity transformations.
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The equations governing the rotating flow of a second-
order fluid on a porous plate are [21]

𝜕2𝑢𝜕𝑡𝜕𝑧 − 𝑊0 𝜕2𝑢𝜕𝑧2 − 2Ω 𝜕V𝜕𝑧
= ]

𝜕3𝑢𝜕𝑧3 + 𝛽 ( 𝜕4𝑢𝜕𝑡𝜕𝑧3 − 𝑊0 𝜕4𝑢𝜕𝑧4) ,
𝜕2V𝜕𝑡𝜕𝑧 − 𝑊0 𝜕2V𝜕𝑧2 + 2Ω𝜕𝑢𝜕𝑧

= ]
𝜕3V𝜕𝑧3 + 𝛽 ( 𝜕4V𝜕𝑡𝜕𝑧3 − 𝑊0 𝜕4V𝜕𝑧4) ,

(130)

where 𝑢 and V are the velocity components.
The Lie point symmetries for the above system of PDEs

are spanned by the operators [21]

𝑋1 = 𝜕𝜕𝑡 ,
𝑋2 = 𝜕𝜕𝑧 ,
𝑋3 = 𝑢 𝜕𝜕𝑢 + V

𝜕𝜕V ,
𝑋4 = V

𝜕𝜕𝑢 − 𝑢 𝜕𝜕V ,
𝑋5 = 𝑓1 (𝑡, 𝑧) 𝜕𝜕𝑢 ,
𝑋5 = 𝑓2 (𝑡, 𝑧) 𝜕𝜕V .

(131)

With the use of symmetries (131), two different types of exact
solutions were deduced and these are given by

𝑢 (𝑡, 𝑧) = 2𝑖𝑐1𝑒𝜆1(𝑡−𝑧) sin [𝜇1 (𝑡 − 𝑧)] ,
V (𝑡, 𝑧) = 2𝑖𝑐1𝑒𝜆1(𝑡−𝑧) sin [𝜇1 (𝑡 − 𝑧)] ,𝑢 (𝑡, 𝑧)= 𝑒𝑡−𝑧 [𝐴1 sin (𝑧 − 2𝑡 − 𝜃1) + 𝐴0 sin (𝑧 − 𝜃0)] ,
V (𝑡, 𝑧)= 𝑒𝑡−𝑧 [− {𝐴1 cos (𝑧 − 2𝑡 − 𝜃1) + 𝐴0 cos (𝑧 − 𝜃0)}] .

(132)

7.4. SomeNewExact Solutions forMHDAlignedCreeping Flow
and Heat Transfer in Second-Grade Fluids by Using Lie Group
Analysis [22]. Afify [22] carried out the Lie group analysis
and the basic similarity reductions for theMHD aligned flow
and heat transfer in a second-grade fluid. Two new exact
solutions were constructed for the model equations.

The equations governing the model [22] are

0 = 𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 ,
0 = − 𝜕𝑝𝜕𝑥 + (𝜕2𝑢𝜕𝑥2 + 𝜕2𝑢𝜕𝑦2) + 𝛿 [5𝜕𝑢𝜕𝑥 𝜕2𝑢𝜕𝑥2 + 𝜕𝑢𝜕𝑥 𝜕2𝑢𝜕𝑦2

+ 𝑢𝜕3𝑢𝜕𝑥3 + V
𝜕3𝑢𝜕𝑦3 + 𝑢 𝜕3𝑢𝜕𝑦2𝜕𝑥 + 2 𝜕V𝜕𝑥 𝜕2V𝜕𝑥2 + 𝜕𝑢𝜕𝑦 𝜕2𝑢𝜕𝑦𝜕𝑥

+ 𝜕𝑢𝜕𝑦 𝜕2V𝜕𝑥2 + V
𝜕3𝑢𝜕𝑥2𝜕𝑦] − 𝛿3 (𝜕𝐻2𝜕𝑥 − 𝜕𝐻1𝜕𝑦 ) ,

0 = −𝜕𝑝𝜕𝑦 + ( 𝜕2V𝜕𝑥2 − 𝜕2𝑢𝜕𝑥𝜕𝑦) + 𝛿 [5𝜕𝑢𝜕𝑥 𝜕2𝑢𝜕𝑥𝜕𝑦
− 𝜕𝑢𝜕𝑥 𝜕2V𝜕𝑥2 − V

𝜕3𝑢𝜕𝑥𝜕𝑦2 + 𝑢 𝜕3V𝜕𝑥3 − V
𝜕3𝑢𝜕𝑥3 + 2𝜕𝑢𝜕𝑦 𝜕2𝑢𝜕𝑦2

− 𝜕V𝜕𝑥 𝜕2𝑢𝜕𝑥2 + 𝜕V𝜕𝑥 𝜕2𝑢𝜕𝑦2 − 𝑢 𝜕3𝑢𝜕𝑥2𝜕𝑦] − 𝛿3𝐻1 (𝜕𝐻2𝜕𝑥
− 𝜕𝐻1𝜕𝑦 ) ,

0 = 𝜕𝐻1𝜕𝑥 + 𝜕𝐻2𝜕𝑦 ,
0 = 𝜕2𝜃𝜕𝑥2 + 𝜕2𝜃𝜕𝑦2 + 𝛿∗1 [4 (𝜕𝑢𝜕𝑥)2 + (𝜕𝑢𝜕𝑦 + 𝜕V𝜕𝑥)2]

+ 𝛿∗2 [𝜕2𝑢𝜕𝑥2 (4𝑢𝜕𝑢𝜕𝑥 − V
𝜕V𝜕𝑥 − V

𝜕𝑢𝜕𝑦 )
+ 𝜕2𝑢𝜕𝑦2 (V 𝜕V𝜕𝑥 + V

𝜕𝑢𝜕𝑦 ) + 𝜕2V𝜕𝑥2 (𝑢𝜕𝑢𝜕𝑦 + 𝑢 𝜕V𝜕𝑥)
+ 𝜕2𝑢𝜕𝑥𝜕𝑦 (4V𝜕𝑢𝜕𝑥 + 𝑢 𝜕V𝜕𝑥 + 𝑢𝜕𝑢𝜕𝑦 )] ,

𝜕3𝐻1𝜕𝑥2𝜕𝑦 + 𝜕3𝐻1𝜕𝑦3 − 𝜕3𝐻1𝜕𝑥3 − 𝜕3𝐻2𝜕𝑥𝜕𝑦2 = 𝛿4 [V𝜕𝐻1𝜕𝑥2
+ 𝜕2V𝜕𝑥2𝐻1 + V

𝜕2𝐻1𝜕𝑦2 + 𝜕2V𝜕𝑦2𝐻1 − 𝑢𝜕𝐻2𝜕𝑥2 − 𝜕2𝑢𝜕𝑥2𝐻2
− 𝑢𝜕2𝐻2𝜕𝑦2 − 𝜕2𝑢𝜕𝑦2𝐻2] .

(133)

The symmetries for the system of PDEs (133) are [22]𝜉1 = 𝑎𝑥 + 𝑏,𝜉2 = 𝑎𝑦 + 𝑐,𝜂1 = 𝑎𝑢,𝜂2 = 𝑎V,𝜂3 = 𝑑,
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𝜂4 = 2𝑎𝜃 + 𝛾 (𝑥, 𝑦) , with
𝜕2𝛾𝜕𝑥2 + 𝜕2𝛾𝜕𝑦2 = 0,

𝜂5 = 𝑎𝐻1 + 𝑛,𝜂6 = 𝑎𝐻2 + 𝑠.
(134)

With the use of the symmetries given in (134), the invariant
solutions for the system of PDEs (133) are [22]𝑢 (𝑥, 𝑦) = 𝑎1 (𝑦 − 𝑚𝑥) + 𝑎2,

V (𝑥, 𝑦) = 𝑚 [𝑎1 (𝑦 − 𝑚𝑥) + 𝑎2] ,𝐻1 (𝑥, 𝑦) = 𝑎3 (𝑦 − 𝑚𝑥)2 + 𝑎4 (𝑦 − 𝑚𝑥) + 𝑎5,𝐻2 (𝑥, 𝑦) = 𝑚 [𝑎3 (𝑦 − 𝑚𝑥)2 + 𝑎4 (𝑦 − 𝑚𝑥) + 𝑎5] ,
𝑝 (𝑥, 𝑦) = −𝛿32 (1 + 𝑚2)

⋅ (𝑎3 (𝑦 − 𝑚𝑥)2 + 𝑎4 (𝑦 − 𝑚𝑥) + 𝑎5)2 + 𝑎6,
𝜃 (𝑥, 𝑦) = − [[

𝛿∗1 𝑎21 (1 + 𝑚2) (𝑦 − 𝑚𝑥)22 ]]+ 𝑎7 (𝑦 − 𝑚𝑥) + 𝑎8.

(135)

The same model was investigated again very recently by
Khan et al. [23].The travelling wave symmetry reduction was
performed in [23] to reduce the governing system of PDEs
(133) and thereafter the same family of exact solutions was
found as in [22].

7.5. Symmetry Analysis for Steady Boundary Layer Stagnation-
Point Flow of Rivlin-Ericksen Fluid of Second-Grade Subject
to Suction [24]. Abd-el-Malek and Hassan [24] studied the
steady two-dimensional boundary layer stagnation-point
flow of Rivlin-Ericksen fluid of second grade with a uniform
suction that is carried out via symmetry approach. By using
the Lie group method for the given system of nonlinear
partial differential equations, the symmetries of the equations
were obtained. Using these symmetries, the solution of the
given equations was constructed.

Thedimensionless formof the governing equations is [24]𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 = 0,
𝑢𝜕𝑢𝜕𝑥 + V

𝜕𝑢𝜕𝑦
= 𝑈𝑑𝑈𝑑𝑥 + 𝜕2𝑢𝜕𝑦2

+ 𝑘 [ 𝜕𝜕𝑥 (𝑢𝜕2𝑢𝜕𝑦2) + 𝜕𝑢𝜕𝑦 𝜕2V𝜕𝑦2 + V
𝜕3𝑢𝜕𝑦3 ] ,

𝑢𝜕𝑇𝜕𝑥 + V
𝜕𝑇𝜕𝑦 = 1𝑃𝑟 𝜕2𝑇𝜕𝑦2 .

(136)

The relevant boundary conditions are

𝑢 = 0,
V = −V0√𝑎] ,
𝑇 = 1

at 𝑦 = 0,𝑢 → 𝑥,𝜕𝑢𝜕𝑦 = 0,
𝑇 → 0

as 𝑦 → ∞.

(137)

The system of nonlinear partial differential equations (136)
has the three-parameter Lie group of point symmetries
generated by [24]

𝑋1 = 𝑥 𝜕𝜕𝑥 + Ψ 𝜕𝜕Ψ + 𝑈 𝜕𝜕𝑈,
𝑋2 = 𝜕𝜕Ψ,
𝑋3 = 𝜕𝜕𝑦 ,

(138)

where Ψ denotes the stream function. The symmetries given
in (138) are used to reduce the nonlinear system of PDEs
(136) to a nonlinear system of ODEs. The resulting system of
nonlinear differential equationswas solved numerically using
a shooting method coupled with a Runge-Kutta scheme.

7.6. Application of the Lie Groups of Transformations for an
Approximate Solution of MHD Flow of a Second-Grade Fluid
[25]. Islam et al. [25] investigated the problem of steady
boundary layer flow of a viscous incompressible electrically
conducting second-grade fluid over a stretching sheet. The
Lie symmetry method was utilized to reduce the governing
partial differential equation into an ordinary differential
equation and then numerical solutions were obtained.

The governing equations of the model [25] are

𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 = 0, (139)

𝑢𝜕𝑢𝜕𝑥 + V
𝜕𝑢𝜕𝑦

= 𝜕2𝑢𝜕𝑦2 − 𝑘 [ 𝜕𝜕𝑥 (𝑢𝜕2𝑢𝜕𝑦2) + 𝜕𝑢𝜕𝑦 𝜕2V𝜕𝑦2 + V
𝜕3𝑢𝜕𝑦3 ]

− 𝑀𝑢,
(140)
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where 𝑀 is known as a Hartman number. The imposed
boundary conditions are

𝑢 = 0,
V = 0,

at 𝑦 = 0,𝑢 → 0, as 𝑦 → ∞.
(141)

The generator of the one-parameter infinitesimal Lie group of
point transformations found in [25] is

𝑋1 = 𝑥 𝜕𝜕𝑥 + 𝜓 𝜕𝜕𝜓, (142)

where 𝜓 is the stream function. The Lie point symmetry has
been utilized to reduce the above nonlinear systemof PDEs to
a nonlinear boundary value problem.The resulting nonlinear
boundary value problem was solved numerically.

8. Modified Second-Grade Fluid
Flow Problems

In this section, we analyze the problems dealing with the flow
of a modified second-grade fluid which are solved using the
Lie symmetry approach.

The Cauchy stress tensor for a modified second-grade
fluid model is given by

T = −𝑝I + 𝜇Π𝑚/2A1 + 𝛼1A2 + 𝛼2A21, (143)

where 𝑝 is the pressure, I is the identity matrix,A1 andA2 are
the first and second Rivlin-Ericksen tensors, respectively, and𝜇, 𝑚, 𝛼1, and 𝛼2 are material moduli that may be constants or
temperature dependent. For both the models, when 𝑚 = 0,𝛼1 = 𝛼2 = 0, the fluid is Newtonian and hence 𝜇 represents
the usual viscosity. The situation when 𝑚 = 0 corresponds to
the second-grade fluid and that of 𝛼1 = 𝛼2 = 0 to the power-
law fluid. The tensor Π is defined as

Π = 12 trA21. (144)

8.1. Boundary Layer Equations and Stretching Sheet Solutions
for the Modified Second-Grade Fluid [26]. The boundary
layer equations for a modified second-grade fluid model
were derived by Aksoy et al. [26]. The symmetries of the
boundary layer equations were calculated using the Lie
group approach. With the use of one of the symmetries,
the partial differential system was transferred to an ordinary
differential system. The ordinary differential equations were
then numerically integrated for the stretching sheet boundary
conditions.

The boundary layer equations for a modified second-
grade fluid model are [26]𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 = 0,

𝑢𝜕𝑢𝜕𝑥 + V
𝜕𝑢𝜕𝑦

= 𝑈𝑑𝑈𝑑𝑥 + (𝑚 + 1) (𝜕𝑢𝜕𝑦 )𝑚 𝜕2𝑢𝜕𝑦2
+ 𝑘1 [V𝜕3𝑢𝜕𝑦3 + 𝑢 𝜕3𝑢𝜕𝑥𝜕𝑦2 + 𝜕𝑢𝜕𝑥 𝜕2𝑢𝜕𝑦2 − 𝜕𝑢𝜕𝑦 𝜕2𝑢𝜕𝑥𝜕𝑦] ,

(145)

For 𝑚 = 0, the equations represent the boundary layers of
a standard second-grade fluid and for 𝑘1 = 0, the equations
represent the boundary layers of a power-law fluid.

The Lie point symmetries for the above system of PDEs
are spanned by the operators [26]𝜉1 = (1 − 𝑚) 𝑎𝑥 + 𝑏,𝜉2 = 𝑐 (𝑥) ,𝜂1 = 𝑎𝑢,𝜂2 = 𝑐 (𝑥) 𝑢 + 𝑎𝑚V.

(146)

The symmetry operators (146) are used to reduce the above
PDE system into a system of nonlinear ODEs. The reduced
ordinary differential systems were solved by using a numeri-
cal approach for the specific boundary conditions.

9. Power-Law Second-Grade Fluid
Flow Problems

Here we discuss the problems dealing with the flow of a
power-law second-grade fluid model solved using the Lie
symmetry method.

The Cauchy stress tensor for a modified second-grade
fluid model is given by

T = −𝑝I + Π𝑚/2 (𝜇A1 + 𝛼1A2 + 𝛼2A21) , (147)

where 𝑝 is the pressure, I is the identity matrix,A1 andA2 are
the first and second Rivlin-Ericksen tensors, respectively, and𝜇, 𝑚, 𝛼1, and 𝛼2 are the material constants.

9.1. Symmetries of Boundary Layer Equations of Power-Law
Fluids of SecondGrade [27]. Theonlymodel available dealing
with the flow of a power-law second-grade fluid and solved
by employing the Lie group method was investigated by
Pakdemirli et al. [27]. They derived the boundary layer
equations for an incompressible power-law second-grade
fluid. Symmetries of the boundary layer equations are found
by using Lie theory. By using one of the symmetries, namely,
the scaling symmetry, the partial differential system was
transformed into an ordinary differential system, which was
then numerically integrated under the classical boundary
layer conditions.
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The equations governing the flow model [27] are𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 = 0,
𝑢𝜕𝑢𝜕𝑥 + V

𝜕𝑢𝜕𝑦 = 𝑈𝑑𝑈𝑑𝑥 + (𝑚 + 1) (𝜕𝑢𝜕𝑦 )𝑚 𝜕2𝑢𝜕𝑦2
+ 𝑘1 (𝜕𝑢𝜕𝑦 )𝑚−1 {𝑚 [𝜕2𝑢𝜕𝑦2 (𝑢 𝜕𝑢𝜕𝑥𝜕𝑦 + V

𝜕2𝑢𝜕𝑦2
+ 2𝜕𝑢𝜕𝑥 𝜕𝑢𝜕𝑦 − 2 (𝜕𝑢𝜕𝑦 )2 𝜕2𝑢𝜕𝑥𝜕𝑦)] + 𝜕𝑢𝜕𝑦 (V𝜕3𝑢𝜕𝑦3
+ 𝑢 𝜕3𝑢𝜕𝑥𝜕𝑦2 + 𝜕𝑢𝜕𝑥 𝜕2𝑢𝜕𝑦2 − 𝜕𝑢𝜕𝑦 𝜕2𝑢𝜕𝑥𝜕𝑦)} .

(148)

For 𝑚 = 0, the equations represent the boundary layers of a
second-grade fluid and for 𝑘1 = 0, the equations represent the
boundary layers of a power-law fluid.

The symmetries for the system of PDEs (148) are [27]

𝜉1 = 𝑚 + 2𝑚 𝑎1𝑥 + 𝑎3,𝜉2 = 𝑎1𝑦 + 𝑎2 (𝑥) ,
𝜂1 = 𝑚 + 2𝑚 𝑎1𝑢,
𝜂2 = 𝑎2 (𝑥) 𝑢 + 𝑎1V.

(149)

The infinitesimals given in (149) are used to reduce the above
systemof PDEs into a systemof nonlinearODEs.The reduced
ordinary differential system was solved by using a numerical
approach for the classical boundary conditions.

10. Maxwell Fluid Flow Problems

In this section, we present those problems which are related
to flow of a Maxwell fluid and solved by using the Lie group
method.

The Cauchy stress tensor T in an incompressible Maxwell
fluid is given by

T = −𝑝I + S,
S + 𝜆 (Ṡ − LS − SL𝑇) = 𝜇A, (150)

where −𝑝I is the indeterminate part of the stress due to the
constraint of incompressibility, S is the extra stress tensor, A
is the first Rivlin-Ericksen tensor, L is the velocity gradient, 𝜇
is the dynamic viscosity, 𝜆 is the relaxation time, and the dot
denotes the material time differentiation.

10.1. Lie Group Analysis and Similarity Solutions for Hydro-
magnetic Maxwell Fluid through a Porous Medium [28]. The
only model available dealing with the flow of a Maxwell fluid
and solved by employing the Lie group approach was studied
byMekheimer et al. [28].The equations of a two-dimensional
incompressible fluid flow for hydromagnetic Maxwell fluid
through a porous medium were investigated in [28]. Lie

group analysis was employed and group invariant solutions
were obtained.

The equations governing the two-dimensional motion of
an incompressible hydromagnetic Maxwell fluid through a
porous medium are written as [28]𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 = 0,

(1 + 𝜆 𝜕𝜕𝑡) [𝜕𝑢𝜕𝑡 + 𝑢𝜕𝑢𝜕𝑥 + V
𝜕𝑢𝜕𝑦 ] + (1 + 𝜆 𝜕𝜕𝑡) 𝜕𝑝𝜕𝑥

− 1𝑅∇2𝑢 + (1 + 𝜆 𝜕𝜕𝑡) [𝑀𝜃 (𝑢 − 𝑚V)] + 1𝑅𝑘𝑢 = 0,
(1 + 𝜆 𝜕𝜕𝑡) [𝜕V𝜕𝑡 + 𝑢 𝜕V𝜕𝑥 + V

𝜕V𝜕𝑥] + (1 + 𝜆 𝜕𝜕𝑡) 𝜕𝑝𝜕𝑦
− 1𝑅∇2V + (1 + 𝜆 𝜕𝜕𝑡) [𝑀𝜃 (V + 𝑚𝑢)] + 1𝑅𝑘V = 0,

(151)

where 𝑅 = 𝜌𝐿𝑈/𝜇 is the Reynolds number, 𝑀 = 𝜎𝐵20/𝜌𝑈 is
theHartmann number, and 𝐿,𝑈 are the dimensionless length
and velocity, respectively.

The infinitesimals for the system of PDEs (151) calculated
in [28] are 𝜉1 = 𝑎2 − 𝑎1𝑦,𝜉2 = 𝑎3 + 𝑎1𝑥,𝜉3 = 𝑎4,𝜂1 = −𝑎1V,𝜂2 = 𝑎2𝑢,𝜂2 = 𝛿 (𝑡) ,

(152)

where 𝑎𝑖 (𝑖 = 1, . . . , 5) are arbitrary constants and 𝛿(𝑡) is an
arbitrary function of the variable 𝑡 only.

With the use of symmetries given in (152), the group
invariant solutions for the above system of PDEswith suitable
choice of boundary conditions found in [28] are

𝑢 (𝑥, 𝑦, 𝑡) = 𝑈0(𝛼2 − 𝛼1) [𝛼2 exp [𝛼1 (𝑦 + 𝑊𝑡)]
− 𝛼1 exp [𝛼2 (𝑦 + 𝑊𝑡)]] ,

V (𝑥, 𝑦, 𝑡) = 𝑉0(𝛼2 − 𝛼1) [𝛼2 exp [𝛼1 (𝑦 + 𝑊𝑡)]
− 𝛼1 exp [𝛼2 (𝑦 + 𝑊𝑡)]] ,

𝑝 (𝑥, 𝑦, 𝑡) = 𝑚𝑀𝜃𝑈0𝛼1𝛼2 (𝛼2 − 𝛼1) [−𝛼21 exp [𝛼2 (𝑦 + 𝑊𝑡)]
+ 𝛼22 exp [𝛼1 (𝑦 + 𝑊𝑡)]] − [𝑝0 − 𝑝𝑎
+ 𝑚𝑀𝜃𝑈0𝛼1𝛼2 (𝛼1 + 𝛼2)] exp[−(𝑦 + 𝑊𝑡)𝐶𝜆 ] + 𝑃0.

(153)



20 Mathematical Problems in Engineering

11. Micropolar Fluid Flow Problems

In this section, we recall the flowproblems ofmicropolar fluid
solved by the Lie group approach.

The field equations of the micropolar fluid dynamics are

divV = 0,
𝜌𝑑V𝑑𝑡 = −grad𝑝 − 𝑘 curl k − (𝜇 + 𝑘) curl curl k,
𝜌𝑗𝜕k𝜕𝑡 = 2𝑘V + 𝑘 curlV − 𝛾 curl curl k+ (𝛼 + 𝛽 + 𝛾) grad (div k) ,

(154)

where V is the velocity vector, k is the microrotation vector,𝑝 is the pressure of the fluid, 𝜌 and 𝑗 are the fluid density and
the microgyration parameter, and (𝜇, 𝑘) and (𝛼, 𝛽, 𝛾) are the
viscosity and gyroviscosity coefficients, respectively.

The stress tensor 𝜏𝑖𝑗 and the couple stress tensor 𝑀𝑖𝑗 are
given by𝜏𝑖𝑗 = −𝑝𝛿𝑖𝑗 + (2𝜇 + 𝑘) 𝑒𝑖𝑗 + 𝑘𝜀𝑖𝑗𝑚 (𝜛𝑚 − V𝑚) ,𝑀𝑖𝑗 = 𝛼V𝑘,𝑘𝛿𝑖𝑗 + 𝛽V𝑖,𝑗 + 𝛾V𝑗,𝑖, (155)

where 𝜛 is the vorticity vector, 𝛿𝑖𝑗 is the Kronecker delta, and𝜀𝑖𝑗𝑚 is the alternating symbol.

11.1. Symmetries and Solution of a Micropolar Fluid Flow
through a Cylinder [29]. Calmelet-Eluhu and Rosenhaus
[29] considered the system of equations of motion for a
micropolar fluid inside a cylinder. Classical Lie symmetries
of the system of equations are studied and various classes
of invariant solutions corresponding to different symmetry
subgroups were obtained.

The equations governing the flow of a micropolar fluid
inside a cylinder subject to longitudinal and rotational mot-
ion are [29]1𝑟 𝑈2𝜃 = 𝑃𝑟,

𝑈𝜃,𝑡 = −𝐾𝑊𝑧,𝑟 + (1 + 𝐾) (𝑈𝜃,𝑟𝑟 + 1𝑟 𝑈𝜃,𝑟 − 1𝑟2𝑈𝜃) ,
𝑈𝑧,𝑡 = 𝐾 (1𝑟 𝑊𝜃 + 𝑊𝜃,𝑟) + (1 + 𝐾) (𝑈𝑧,𝑟𝑟 + 1𝑟 𝑈𝑧,𝑟) ,
𝐽𝑊𝑟,𝑡 − 𝐽𝑈𝜃𝑊𝜃𝑟= −2𝐾𝑊𝑟 + 𝐶 (𝑊𝑟,𝑟𝑟 + 1𝑟 𝑊𝑟,𝑟 − 1𝑟2𝑊𝑟) ,
𝐽𝑊𝜃,𝑡 + 𝐽𝑈𝜃𝑊𝑟𝑟= −2𝐾𝑊𝜃 − 𝐾𝑈𝑟,𝑧 + Γ (𝑊𝜃,𝑟𝑟 + 1𝑟 𝑊𝜃,𝑟 − 1𝑟2𝑊𝜃) ,
𝐽𝑊𝑧,𝑡= −2𝐾𝑊𝑧 + 𝐾 (𝑈𝜃,𝑟 + 1𝑟 𝑈𝜃)

+ Γ (𝑊𝑧,𝑟𝑟 + 1𝑟 𝑊𝑧,𝑟) ,

(156)

where the dimensionless micropolar parameters are

𝐺 = 𝛼 + 𝛽𝜇𝑅2 ,
𝐽 = 𝑗𝑅2 ,

𝐾 = 𝑘𝜇 ,
Γ = 𝛾𝜇𝑅2 ,
𝐶 = Γ + 𝐺.

(157)

The system of PDEs (156)-(157) is invariant under the algebra
of the following operators [29]:

𝑋1 = 𝜕𝜕𝑡 ,
𝑋2 = 𝑊𝑟 𝜕𝜕𝑊𝑟 + 𝑊𝜃 𝜕𝜕𝑊𝜃 + 𝑈𝑧 𝜕𝜕𝑈𝑧 . (158)

The symmetries given in (158) have been employed to
construct the group invariant solutions given by [29]

𝑊𝑟 = ∞∑
𝑛=1

𝑎𝑛𝑙𝑛𝑏𝑛 𝐽1 (𝑝𝑛𝑟) 𝑒−𝜆𝑛𝑡,
𝑊𝜃 = ∞∑

𝑛=1
𝑎𝑛𝑙𝑛𝐽1 (𝑝𝑛𝑟) 𝑒−𝜆𝑛𝑡,

𝑈𝑧 = 𝑉 + ∞∑
𝑛=1

𝑙𝑛 𝐽0 (𝑝𝑛) − 𝐽0 (𝑝𝑛𝑟)𝑝𝑛 𝑒−𝜆𝑛𝑡,
𝑈𝜃 = 𝑤𝑟,
𝑊𝑧 = 𝑤 (1 − 𝑒(−2𝐾/𝑟)𝑡) .

(159)

11.2. Analytic Solution for Flow of a Micropolar Fluid [30].
Shahzad et al. [30] discussed the time-independent equations
for the two-dimensional incompressible micropolar fluid.
Using group methods, the equations are reduced to ordinary
differential equations and then solved analytically.

The governing problem of the flow model [30] is

𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 = 0,
𝑢𝜕𝑢𝜕𝑥 + V

𝜕𝑢𝜕𝑦 = (𝜖1 + 𝜖2) (𝜕2𝑢𝜕𝑥2 + 𝜕2𝑢𝜕𝑦2) + 𝜖3 𝜕𝜎𝜕𝑦
− 𝜖4 𝜕𝑝𝜕𝑥 ,
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𝑢𝜕𝑢𝜕𝑥 + V
𝜕𝑢𝜕𝑦 = (𝜖1 + 𝜖2) ( 𝜕2V𝜕𝑥2 + 𝜕2V𝜕𝑦2) − 𝜖3 𝜕𝜎𝜕𝑥

− 𝜖4 𝜕𝑝𝜕𝑦 ,
𝑢𝜕𝜎𝜕𝑥 + V

𝜕𝜎𝜕𝑦 = 𝜖5 (𝜕2𝜎𝜕𝑥2 + 𝜕2𝜎𝜕𝑦2 ) − 𝜖6𝜎
+ 𝜖7 ( 𝜕V𝜕𝑥 − 𝜕𝑢𝜕𝑦 ) ,

(160)

with 𝑢 (𝑥, 0) = 𝑈0,𝑢 (𝑥, ∞) = 0,𝜕𝑢𝜕𝑥 (0, 𝑦) = 0,
V (𝑥, 0) = −𝑉0,𝜎 (𝑥, 0) = 0,𝜎 (𝑥, ∞) = 0,𝑝 (𝑥, ∞) = 𝑝0,

(161)

where 𝑈0 is the velocity of the plate, 𝑉0 is the magnetic fluid
penetrating into the plate, and 𝑝0 is the pressure deep in the
magmatic fluid. The infinitesimals for the system of PDEs
(160) are [26] 𝜉1 = 𝑏,𝜉2 = 𝑐,𝜂1 = 0,𝜂2 = 0,𝜂3 = 𝑑,𝜂2 = 𝑒.

(162)

The infinitesimals given in (162) have been used to construct
the group invariant solutions given as [30]

𝑢 (𝑥, 𝑦) = −𝑈0(𝛾2 − 𝛾1) (𝛾1𝑒−𝛼𝑦 − 𝛾2𝑒−𝛽𝑦) ,
V (𝑥, 𝑦) = 𝑚 [ −𝑈0(𝛾2 − 𝛾1) (𝛾1𝑒−𝛼𝑦 − 𝛾2𝑒−𝛽𝑦)] − 𝑚𝑈0

− 𝑉0,
𝜎 (𝑥, 𝑦) = 𝑈0(𝛾2 − 𝛾1) (𝑒−𝛼𝑦 − 𝑒−𝛽𝑦) ,
𝑝 (𝑥, 𝑦) = 𝑝0,

(163)

where

𝛾1 = 𝜖5 (1 + 𝑚2) 𝛼2 − 𝜖6 + 𝐶1𝛼−𝜖7 (1 + 𝑚2) 𝛼 ,
𝛾2 = 𝜖5 (1 + 𝑚2) 𝛽2 − 𝜖6 + 𝐶1𝛽−𝜖7 (1 + 𝑚2) 𝛽 . (164)

11.3. Lie Group Analysis of Unsteady MHD Mixed Convection
Boundary Layer Flow of aMicropolar Fluid along a Symmetric
Wedge with Variable Surface Temperature Saturated Porous
Medium [31]. The problem of unsteady mixed convection
along a symmetric wedge in the presence of magnetic field
was investigated by Mansour et al. [31]. Lie group theory
was employed to reduce the governing system of nonlinear
partial differential equations. The family of reduced ordinary
differential equations was solved numerically using a fourth-
order Runge-Kutta algorithm with a shooting technique.

The equations governing the unsteady MHD mixed
convection boundary layer flow of a micropolar fluid along a
symmetric wedgewith variable surface temperature saturated
porous medium are [31]𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 = 0,

𝜕𝑢𝜕𝑡 + 𝑢𝜕𝑢𝜕𝑥 + V
𝜕𝑢𝜕𝑦 = 𝑚𝑥2𝑚−1 + (1 + Δ) 𝜕2𝑢𝜕𝑦2 + Ω𝜃

+ Δ𝜕𝑁𝜕𝑦
− [𝑀 + 1𝐷𝑎] (𝑢 − 𝑥𝑚) ,

𝜕𝑁𝜕𝑡 + 𝑢𝜕𝑁𝜕𝑥 + V
𝜕𝑁𝜕𝑦 = 𝜆𝜕2𝑁𝜕𝑦2 − Δ𝐵 [𝜕𝑢𝜕𝑦 + 2𝑁] ,

𝜕𝜃𝜕𝑡 + 𝑢 𝜕𝜃𝜕𝑥 + V
𝜕𝜃𝜕𝑦 = 1𝑃𝑟 𝜕2𝜃𝜕𝑦2 .

(165)

In the above equations, 𝑃𝑟 is the Prandtl number, Ω is
the mixed convection parameter, 𝜆 is the microrotation
parameter, 𝑀 is the magnetic parameter, Δ is the vortex-
viscosity parameter, and 𝐷𝑎 is the permeability parameter.

The relevant boundary conditions are𝑢 = V = 0,
𝑁 = −𝑛𝜕𝑢𝜕𝑦 ,
𝑇 = 𝑥2𝑚−1

at 𝑦 = 0,𝑢 = 𝑥𝑚,𝑁 → 0,𝑇 → 𝑇∞
as 𝑦 → ∞.

(166)
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The system of PDEs (165) is invariant under the algebra
spanned by the following generators [31]:

𝑋1 = 𝑥 𝜕𝜕𝑥 ,
𝑋2 = 𝑥 𝜕𝜕𝑦 + 𝑢 𝜕𝜕V ,
𝑋3 = 𝑦 𝜕𝜕𝑦 ,
𝑋4 = 𝑡 𝜕𝜕𝑡 ,
𝑋5 = 𝜕𝜕𝑡 ,
𝑋6 = 𝑢 𝜕𝜕𝑢 ,
𝑋7 = V

𝜕𝜕V ,
𝑋8 = 𝑁 𝜕𝜕𝑁,
𝑋9 = 𝜃 𝜕𝜕𝜃 ,

𝑋ℎ1(𝑡) = ℎ1 (𝑡) 𝜕𝜕𝑥 + ℎ1 (𝑡) 𝜕𝜕𝑢 .

(167)

The operators given in (167) are used to reduce the above
system of PDEs into a system of nonlinear ODEs. The
reduced ordinary differential system was solved numerically
using a fourth-order Runge-Kutta algorithmand the shooting
technique.

11.4. Group Properties and Invariant Solutions of PlaneMicrop-
olar Flows [32]. The study dealing with the plane micropolar
flows from the viewpoint of Lie groups was made by Sac-
comandi [32]. An exact steady state solution for the plane
flow of an incompressible micropolar fluid was deduced by
employing the theory of Lie groups.

The equations governing themotion of an incompressible
two-dimensional micropolar fluid are𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 = 0,

𝜌 (𝜕𝑢𝜕𝑡 + 𝑢𝜕𝑢𝜕𝑥 + V
𝜕𝑢𝜕𝑦 ) − (𝜇 + 𝑘) (𝜕2𝑢𝜕𝑥2 + 𝜕2𝑢𝜕𝑦2)

− 𝑘𝜕𝑏𝜕𝑦 + 𝜕𝑝𝜕𝑥 = 0,
𝜌 (𝜕V𝜕𝑡 + 𝑢 𝜕V𝜕𝑥 + V

𝜕V𝜕𝑦) − (𝜇 + 𝑘) ( 𝜕2V𝜕𝑥2 + 𝜕2V𝜕𝑦2)
+ 𝑘 𝜕𝑏𝜕𝑥 + 𝜕𝑝𝜕𝑦 = 0,

𝑝𝐼 (𝜕𝑏𝜕𝑡 + 𝑢 𝜕𝑏𝜕𝑥 + V
𝜕𝑏𝜕𝑦) + 2𝑘𝑏 − 𝑘 ( 𝜕V𝜕𝑥 − 𝜕𝑢𝜕𝑦 )

− 𝛼 ( 𝜕2𝑏𝜕𝑥2 + 𝜕2𝑏𝜕𝑦2) = 0.
(168)

The infinitesimals for the system of PDEs (168) are [32]𝜉1 = 𝛼,𝜉2 = −𝛾𝑦 + 𝑓 (𝑡) ,𝜉3 = 𝛾𝑥 + 𝑔 (𝑡) ,𝜂1 = −𝛾V + 𝑓 (𝑡) ,𝜂2 = 𝛾𝑢 + 𝑔 (𝑡) ,𝜂3 = 𝑗 (𝑡) − 𝑥𝑓 (𝑡) − 𝑦𝑔 (𝑡) ,
𝜂4 = 𝜆 exp(− 2𝑘𝑝𝐼𝑡) ,

(169)

where , 𝛾, and 𝜆 are three arbitrary parameters and 𝑓(𝑡), 𝑔(𝑡),
and 𝑗(𝑡) are arbitrary smooth functions of 𝑡.

With the use of symmetries given in (169), the group
invariant solutions for the above system of PDEs are [32]𝑢 = 𝑓 (𝑡) − (𝑦 − 𝐺 (𝑡)) (𝑐1𝜍−1 + 𝑐7 ln (𝜍) + 𝑐8) ,
V = 𝑔 (𝑡) + (𝑥 − 𝐹 (𝑡)) (𝑐1𝜍−1 + 𝑐7 ln (𝜍) + 𝑐8) ,
𝑝 = 𝑝 (−𝑥𝑓 (𝑡) − 𝑦𝑔 (𝑡) − 12𝑐1𝜍−1

+ (𝑐27 − 𝑐7𝑐8 + 12𝑐28) 𝜍 + 𝑐1𝑐6 ln (𝜍)
− (𝑐27 − 𝑐7𝑐8) 𝜍 ln (𝜍) + 12𝑐1𝑐7 [ln (𝜍)]2
+ 12𝑐27 𝜍 [ln (𝜍)]2) − 4 (𝜇 + 𝑘) tan−1 [ 𝑥 − 𝐹 (𝑡)𝑦 − 𝐺 (𝑡)]
+ 2𝑘𝑐5 (tan−1 [ 𝑥 − 𝐹 (𝑡)𝑦 − 𝐺 (𝑡)] + tan−1 [𝑦 − 𝐺 (𝑡)𝑥 − 𝐹 (𝑡) ])
+ 𝐾 (𝑡) ,

(170)

where 𝜍 = [𝑥 − 𝐹 (𝑡)]2 + [𝑦 − 𝐺 (𝑡)]2 . (171)

12. Eyring-Powell Fluid Flow Problems

Here, we review the flowmodels of Eyring-Powell fluid which
are solved using the Lie symmetry method.

The stress tensor of the Eyring-Powell non-Newtonian
fluid model is

𝜏𝑖𝑗 = 𝜇 𝜕𝑉𝑖𝜕𝑥𝑗 + 1𝛽 sinh−1 [1𝑐 ( 𝜕𝑉𝑖𝜕𝑥𝑗)] , (172)
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where

sinh−1 [1𝑐 ( 𝜕𝑉𝑖𝜕𝑥𝑗)] ≈ 1𝑐 ( 𝜕𝑉𝑖𝜕𝑥𝑗) − 16 (1𝑐 𝜕𝑉𝑖𝜕𝑥𝑗)3 ;
 1𝑐 𝜕𝑉𝑖𝜕𝑥𝑗

 ≪ 1. (173)

In the above equations, 𝜇 is the dynamic viscosity, 𝑥𝑗 is the
number of space variables on which the velocity components
depend, and 𝛽 and 𝑐 are the Eyring-Powell fluid parameters.

12.1. Similarity Solutions for Boundary Layer Equations of a
Powell-Eyring Fluid [33]. A study is available in the literature
dealing with the flow of Eyring-Powell fluid and solved by
employing the Lie symmetry approachwhich is very recent by
Hayat et al. [33]. They derived the boundary layer equations
for the first time for the Eyring-Powell fluid model. Using
a scaling symmetry of the equations, the partial differential
system was transformed to an ordinary differential system.
The resulting equations were numerically solved using a finite
difference algorithm.

The dimensionless form of the boundary layer equations
for Eyring-Powell fluid is [33]𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 = 0,

𝑢𝜕𝑢𝜕𝑥 + V
𝜕𝑢𝜕𝑦 = − 𝜕𝑝𝜕𝑥 + (𝜀1 + 𝜀2𝜀3) 𝜕2𝑢𝜕𝑦2

− 12𝜀2𝜀23 (𝜕𝑢𝜕𝑦 )2 𝜕2𝑢𝜕𝑦2 .
(174)

The classical boundary conditions for the problem are𝑢 (𝑥, 0) = 0,
V (𝑥, 0) = 0,𝑢 (𝑥, ∞) = 𝑈 (𝑥) . (175)

By the use of the Lie group method, the similarity transfor-
mation used for the reduction of the above system of PDEs is
[33]

𝜉 = 𝑦𝑥1/3 ,
𝑢 = 𝑥1/3𝑓 (𝜉) ,
V = 𝑔 (𝜉)𝑥1/3 ,

𝑈 = 𝑥1/3.
(176)

The transformation given in (176) transforms the two-
dimensional unsteady boundary layer equation problem of
Eyring-Powell fluid to ordinary differential equations. The
reduced ordinary differential equations were solved numer-
ically by using a finite difference method.

12.2. Flow and Heat Transfer of Powell-Eyring Fluid over a
Stretching Surface: A Lie Group Analysis [34]. The flow and
heat transfer analysis of Powell-Eyring fluid over a permeable
stretching surface was studied by Jalil and Asghar [34]. By
using the Lie group analysis, the symmetries of the equations
were obtained. Four finite parameter and one infinite param-
eter Lie group of transformations were found. Similarity
transformations for the model were derived with the help of
these symmetries.The governing systemof partial differential
equations was transformed to a system of ordinary differen-
tial equations by using the similarity transformations. The
reduced equations were solved numerically using the Keller-
box method.

The two-dimensional laminar flow of a steady, incom-
pressible Powell-Eyring fluid over a semi-infinite surface
stretching is governed by [34]

𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 = 0,
𝑢𝜕𝑢𝜕𝑥 + V

𝜕𝑢𝜕𝑦 = (1 + 𝜀) 𝜕2𝑢𝜕𝑦2 − 𝜀𝛿 (𝜕𝑢𝜕𝑦 )2 𝜕2𝑢𝜕𝑦2 ,
𝑢𝜕𝑇𝜕𝑥 + V

𝜕𝑇𝜕𝑦 = 1𝑃𝑟 𝜕2𝑇𝜕𝑦2 .
(177)

The corresponding boundary conditions are

𝑢 = 𝑢𝑤 (𝑥) ,
V = V𝑤 (𝑥) ,𝑇 = 𝑇𝑤 (𝑥)

at 𝑦 = 0,𝑢 = 0,𝑇 = 0
as 𝑦 → ∞.

(178)

The infinitesimals for the system of PDEs (177) are [34]

𝜉1 = 𝑎 + 𝑏𝑥,
𝜉2 = 𝑏3𝑦 + 𝛾 (𝑥) ,
𝜂1 = 𝑏3𝑢,
𝜂2 = −𝑏3V + 𝑢𝛾 (𝑥) ,
𝜂3 = 𝑐 + 𝑚𝑇.

(179)
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With the use of the symmetries given in (179), the similarity
transformations used for the reduction of above system of
PDEs are [34]

𝜂 = 𝑦𝑥−1/3(𝑎 + 𝑏𝑥)1/3 ,
𝑢 = 𝑢𝑤 (𝑥) 𝑓 (𝜂) ,
V = V𝑤 (𝑥) ℎ (𝜂) ,𝑇 = 𝑇𝑤 (𝑥) 𝜃 (𝜂) .

(180)

The similarity transformation given in (180) transforms the
above system of PDEs into nonlinear system of ODEs. The
reduced ordinary differential equations were solved numeri-
cally by using a Keller-box method.

12.3. Self-Similar Solutions for the Flow and Heat Transfer of
Powell-Eyring Fluid over a Moving Surface in a Parallel Free
Stream [35]. The boundary layer flow and heat transfer of
Powell-Eyring fluid over a continuously moving permeable
surface were studied by Jalil et al. [35]. The boundary layer
equations were transformed to self-similar nonlinear ordi-
nary differential equations using group of transformations.
Numerical results of the resulting equations were obtained
using the Keller-box method.

The dimensionless form of the boundary layer equations
is [35]

𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 = 0,
𝑢𝜕𝑢𝜕𝑥 + V

𝜕𝑢𝜕𝑦 = 𝑢𝑒 𝑑𝑢𝑒𝑑𝑥 + (1 + 𝜀) 𝜕2𝑢𝜕𝑦2
− 𝜀𝛿 (𝜕𝑢𝜕𝑦 )2 𝜕2𝑢𝜕𝑦2 ,

𝑢𝜕𝑇𝜕𝑥 + V
𝜕𝑇𝜕𝑦 = 1𝑃𝑟 𝜕2𝑇𝜕𝑦2 .

(181)

The boundary conditions for the problem are

𝑢 = 𝛾𝑢𝑤 (𝑥) ,
V = 𝑠V𝑤 (𝑥) ,𝑇 = 𝑇𝑤 (𝑥)

at 𝑦 = 0,𝑢 = 𝑢𝑒 (𝑥) ,𝑇 = 0
as 𝑦 → ∞,

(182)

where 𝜀 and 𝛿 are the fluid parameters, 𝛾 is the velocity ratio,
and 𝑠 is a nondimensional constant. The symmetries for the
system of PDEs (181) are [35]𝜉1 = 𝑎𝑥,

𝜉2 = 𝑎3 𝑦,
𝜂1 = 𝑎3 𝑢,
𝜂2 = −𝑎3V,𝜂3 = 𝑎3 𝑢𝑒 + 𝑚𝑇.

(183)

Using the symmetries given in (183), the transformations
used for the reduction of above system of PDEs are [35]

𝜂 = 𝑦𝑥−1/3,𝑢 = 𝑥1/3𝑓 (𝜂) ,
V = 𝑥−1/3ℎ (𝜂) ,𝑇 = 𝑥𝑚𝜃 (𝜂) ,𝑢𝑒 = 𝑘𝑥1/3.

(184)

The above system of PDEs is transformed into nonlinear
system of ODEs under the transformation given in (184).
The reduced ODEs system was solved numerically by using
a Keller-box method.

13. Oldroyd-B Fluid Flow Problems

In this section, we discuss the studies related to flow of an
Oldroyd-B fluid that are solved with the aid of the Lie group
method.

The constitutive equation of Oldroyd-B fluid is written as

S + 𝜆1 𝛿S𝛿𝑡 = 𝜇 (1 + 𝜆1 𝛿𝛿𝑡)A1, (185)

where 𝜇 is the viscosity and 𝜆1 and 𝜆2 are material time
constants referred to the characteristic relaxation and char-
acteristic retardation times. It is assumed that 𝜆1 ≥ 𝜆2 ≥ 0.
The tensor A1 and 𝐿 are defined as

A1 = 𝐿 + 𝐿𝑇,𝐿 = gradV. (186)

The operator 𝛿/𝛿𝑡 operating on any tensor S is defined by𝛿S𝛿𝑡 = 𝜕S𝜕𝑡 + V ⋅ ∇S − S𝐿 − 𝐿𝑇S. (187)

13.1. Similarity Solutions and Conservation Laws for Rotating
Flows of an Oldroyd-B Fluid [36]. The similarity reduc-
tion arising from the classical Lie point symmetries of the
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unsteady hydromagnetic flows of a rotating Oldroyd-B fluid
under influence of Hall currents is carried out by Fakhar et
al. [36]. They employed different combinations of translation
and rotational symmetries and obtained a class of new exact
solutions under certain initial and boundary conditions.

The unsteady hydromagnetic flow of a rotating Oldroyd-
B fluid under influence of a Hall current is governed by the
following system [36]:𝑢𝑧𝑡 = 2ΩV𝑧 − 𝜆1 (𝑢𝑧𝑡𝑡 − 2ΩV𝑧𝑡)

− 𝑀1 + 𝑚2 (𝑢𝑧 + 𝜆1𝑢𝑧𝑡)
+ 𝑚𝑀1 + 𝑚2 (V𝑧 + 𝜆1V𝑧𝑡) + V𝑢𝑧𝑧𝑧 + V𝜆2𝑢𝑧𝑧𝑧𝑡,

V𝑧𝑡 = −2Ω𝑢𝑧 − 𝜆1 (V𝑧𝑡𝑡 + 2Ω𝑢𝑧𝑡)
− 𝑀1 + 𝑚2 (V𝑧 + 𝜆1V𝑧𝑡)
− 𝑚𝑀1 + 𝑚2 (𝑢𝑧 + 𝜆1𝑢𝑧𝑡) + VV𝑧𝑧𝑧 + V𝜆2V𝑧𝑧𝑧𝑡.

(188)

The symmetry Lie algebra for the above system of PDEs is
spanned by the following operators [36]:

𝑋1 = 𝜕𝜕𝑡 ,
𝑋2 = 𝜕𝜕𝑧 ,
𝑋3 = 𝑢 𝜕𝜕𝑢 + V

𝜕𝜕V ,
𝑋4 = V

𝜕𝜕𝑢 − 𝑢 𝜕𝜕V ,
𝑋5 (𝑓1) = 𝑓1 (𝑧, 𝑡) 𝜕𝜕𝑢 ,
𝑋6 (𝑓2) = 𝑓2 (𝑧, 𝑡) 𝜕𝜕V .

(189)

The symmetry Lie operators given in (189) were employed to
construct the group invariant solutions given by [36]

(𝑢
V
) = (𝛾01𝛾02) + (𝛾11𝛾12) 𝑒(1/𝑏𝜆1)(𝑎𝑧−𝑏𝑡) + [[[[

cos
𝑎𝛽𝑏 (𝑧 − 𝑏𝑎𝑡) − sin

𝑎𝛽𝑏 (𝑧 − 𝑏𝑎𝑡)
sin

𝑎𝛽𝑏 (𝑧 − 𝑏𝑎𝑡) cos
𝑎𝛽𝑏 (𝑧 − 𝑏𝑎𝑡) ]]]] (𝛾21𝛾22) 𝑒(𝑎𝛼/𝑏)(𝑧−(𝑏/𝑎)𝑡), (190)

where 𝑐𝑗 = 𝛾𝑗1 + 𝑖𝛾𝑗2 (𝑗 = 0, 1, 2) and
𝜆1 = 1𝑏𝑘1 ,
𝑏 = 𝛼 + 𝑖𝛽𝑘2 ,
𝛼 = 𝑀1 + 𝑚2 ,
𝛽 = 𝑚𝛼 + 2Ω.

(191)

14. Third-Grade Fluid Flow Problems

In this section, we provide a review of those problems which
are related to the flow of a third-grade fluid model.

The constitutive relation for an incompressible third-
grade fluid is

T = −𝑝I + 𝜇A1 + 𝛼1A2 + 𝛼2A21 + 𝛽1A3+ 𝛽2 (A1A2 + A2A1) + 𝛽3 (trA21)A1. (192)

In the above relation, 𝑝 is the pressure, I is the identity tensor,𝜇 is the dynamic viscosity, 𝛼𝑖 (𝑖 = 1, 2) and 𝛽𝑖 (𝑖 = 1–3)
are the material constants, and A𝑖 (𝑖 = 1–3) are the Rivlin-
Ericksen tensors.

Moreover, the Clausius-Duhem inequality and the result
that the Helmholtz free energy is minimum in equilibrium
provide the following restrictions:

𝜇 ≥ 0,𝛼1 ≥ 0,𝛼1 + 𝛼2 ≤ √24𝜇𝛽3,𝛽1 = 𝛽2 = 0,𝛽3 ≥ 0.
(193)

Therefore, the constitutive relation for a thermodynamically
compatible fluid of grade three becomes

T = −𝑝I + 𝜇A1 + 𝛼1A2 + 𝛼2A21 + 𝛽3 (trA21)A1. (194)

14.1. Exact Flow of aThird-Grade Fluid on a Porous Wall [37].
The flow of a third-grade fluid occupying the space over a
wall was studied byHayat et al. [37].The governing nonlinear
partial differential equation was solved analytically using the
Lie group method.
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The equation governing the flow model [37] is

𝜌 [𝜕𝑢𝜕𝑡 − 𝑊0 𝜕𝑢𝜕𝑦 ] = 𝜇𝜕2𝑢𝜕𝑦2 + 𝛼1 𝜕3𝑢𝜕𝑦2𝜕𝑡 − 𝛼1𝑊0 𝜕3𝑢𝜕𝑦3
+ 6𝛽3 (𝜕𝑢𝜕𝑦 )2 𝜕2𝑢𝜕𝑦2 . (195)

We know that from basics of Lie symmetry methods that
if a differential equation is explicitly independent of any
dependent or independent variable, then this differential
equation remains invariant under the translation symmetry
corresponding to that particular variable. The above PDE
(195) admits Lie point symmetry generators, 𝜕/𝜕𝑡 (time trans-
lation) and 𝜕/𝜕𝑦 (space-translation in 𝑦). Thus, a travelling
wave solution was obtained in [37] corresponding to the
generator 𝜕/𝜕𝑡 + 𝑀𝜕/𝜕𝑦. After performing the successive
symmetry reductions, the governing PDE (195) admits exact
solution of the form [37]

𝑢 (𝑦, 𝑡) = 1Δ2𝛼1 [(𝑀 + 𝑊0) exp( Δ (𝑀𝑡 − 𝑦)2𝛼1 (𝑀 + 𝑊0))]
× [−𝐴1
+ 𝜀 (2Δ + 3𝜇) 𝐴31 exp (Δ (𝑀𝑡 − 𝑦) /2𝛼1 (𝑀 + 𝑊0))3𝜇2 + 16𝛼1𝜌 (𝑀 + 𝑊0)2
− 𝜀𝐴3] ,

(196)

where

Δ = 𝜇 + √𝜇2 + 4𝛼1𝜌 (𝑀 + 𝑊0)2. (197)

The same problem was investigated later by Fakhar [38]. In
[38], translational type symmetries were utilized to perform
the travelling wave reduction on the governing model and
the reduced model was solved using a power series method.
Fakhar et al. [39] investigated the same model again. They
made use of translational symmetries to reduce the governing
model and presented some numerical solutions for a partic-
ular choice of boundary conditions.

14.2. Similarity Solutions of Boundary Layer Equations for a
Special Non-Newtonian Fluid in a Special Coordinate System
[40]. Yürüsoy [40] derived the boundary layer equations for
a third-grade non-Newtonian fluid. By using Lie groupmeth-
ods, infinitesimal generators of the boundary layer equations
were calculated. The equations were transformed into an
ordinary differential system and then the numerical solutions
of the resultant nonlinear differential equations were found
by using a combination of a Runge-Kutta algorithm and a
shooting technique.

The governing problem describing the flow model [40] is

𝜕𝑊𝜙𝜕𝜙 + 𝜕𝑊𝜓𝜕𝜓 = 0,
𝑊𝜙 𝜕𝑊𝜙𝜕𝜙 + 𝑊𝜓 𝜕𝑊𝜙𝜕𝜓 + (𝑊2

𝜙 − 1) 𝑑𝑄𝐵𝑑𝜙
= 𝜕2𝑊𝜙𝜕𝜓2 + 6𝑘4𝑞𝐵𝜙𝜕2𝑊𝜙𝜕𝜓2 (𝜕𝑊𝜙𝜕𝜓 )2 ,

(198)

with

𝑊𝜙 (𝜙, 0) = 𝑊𝜓 (𝜓, 0) = 0,𝑊𝜙 (𝜙, ∞) = 1, (199)

where 𝑄𝐵 = 𝑞𝐵/𝑞𝐵 and 𝑘 is a third-grade fluid parameter.
The infinitesimals for the system of PDEs (198) are [40]

𝜉1 = 2𝑎𝜙 + 𝑏,𝜉2 = 𝑎𝜓,𝜂1 = 0,𝜂2 = −𝑎𝑊
𝜓.

(200)

The infinitesimals given in (200) were used to reduce the
above system of PDEs to a system of nonlinear ODEs. The
reduced ordinary differential system was solved by using a
numerical approach for the classical boundary conditions
given in (199).

14.3. Couette Flow of a Third-Grade Fluid with Variable
Magnetic Field [41]. The study dealing with the analytic
solution for the time-dependent flow of an incompressible
third-grade fluid under the influence of a magnetic field of
variable strength wasmade by Jalil et al. [35]. Group theoretic
methods were employed to analyze the nonlinear problem
and a solution for the velocity field was obtained analytically.

The governing equation of the problem [41] is

𝜕𝑢𝜕𝑡 = ]𝑟 𝜕𝜕𝑟 (𝑟𝑢𝑟) + 𝛼𝑟 𝜕𝜕𝑟 (𝑟𝑢𝑡𝑟) + 2Γ𝑟 𝜕𝜕𝑟 (𝑟𝑢3𝑟)− 𝐻2 (𝑡) + 𝑘, (201)

where 𝛼 = 𝛼1/𝜌, Γ = 𝛽3/𝜌, 𝑀 = 𝜎𝜇2/𝜌, and ] is the
kinematic viscosity.

The Lie point symmetries for the PDE (201) are [41]

𝑋1 = 𝜕𝜕𝑢 ,
𝑋2 = 𝜕𝜕𝑡 − 𝐻2 (𝑡) 𝜕𝜕𝑢 . (202)
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With the use of the symmetries in (202), the group invariant
solution for the PDE (201) was calculated in [41] and is given
by

𝑢 (𝑥, 𝑡) = ∫ 54𝑐𝑥 + 6 2/3√(48 + 81𝑐2𝑥2) − 126 (54𝑐𝑥 + 6 1/3√(48 + 81𝑐2𝑥2)) 𝑑𝑥 + 𝑐1
− 2𝑐𝑡 − ∫ 𝐻2 (𝑡) 𝑑𝑡.

(203)

14.4. Hall Effects on Unsteady Magnetohydrodynamic Flow
of a Third-Grade Fluid [42]. The model of unsteady MHD
flow of an incompressible third-grade fluid bounded by an
infinite porous plate in the presence of Hall current was
investigated by Fakhar et al. [42]. Similarity transformations
were employed to reduce the governing partial differential
equation into two nonlinear ordinary differential equations.
The numerical solutions of the reduced equations were
presented by the use of finite difference schemes.

The equation governing the unsteady MHD flow of an
incompressible electrically conducting third-grade fluid in
the presence of Hall current is written as [42]𝜕𝐹𝜕𝑡 − 𝜕𝐹𝜕𝑦 = 𝜕2𝐹𝜕𝑦2 + 𝛼 ( 𝜕3𝑢𝜕𝑦2𝜕𝑡 − 𝜕3𝐹𝜕𝑦3 )

+ 𝜀 (𝜕𝐹𝜕𝑦 )2 𝜕2𝐹𝜕𝑦2 − 𝜅𝐹, (204)

where 𝜅 = (𝑘/(1 − 𝑖𝜓)) and 𝐹 = 𝑢 + 𝑖𝑤.
In [42], the travelling wave symmetries were utilized to

reduce the above PDE into two nonlinear ODEs.The reduced
ODEs were solved for the particular choice of boundary
conditions using the finite difference method.

Fakhar et al. [43] recently revisited the above problem. In
[43], they performed the complete Lie group analysis of (204).
The Lie point symmetries of PDE (204) found in [43] are

𝑋1 = 𝜕𝜕𝑦 ,
𝑋2 = 𝜕𝜕𝑡 ,
𝑋3 = 𝑒(−𝜅/(1+𝜓2))𝑡 [𝑒−𝑖((𝜅𝜓/(1+𝜓2))𝑡)𝑡 𝜕𝜕𝐹

+ 𝑒𝑖((𝜅𝜓/(1+𝜓2))𝑡) 𝜕𝜕𝐹] ,
𝑋4 = −𝑒(−𝜅/(1+𝜓2))𝑡 [𝑒−𝑖((𝜅𝜓/(1+𝜓2))𝑡) 𝜕𝜕𝐹

+ 𝑒𝑖((𝜅𝜓/(1+𝜓2))𝑡) 𝜕𝜕𝐹] .

(205)

The symmetry Lie generators given in (205) were used to
reduce the above PDE into two nonlinear ODEs.The reduced
ODEs were solved by making use of the homotopy analysis
method.

14.5. Unsteady Solutions in a Third-Grade Fluid Filling the
Porous Space [44]. An analysis wasmade of the unsteady flow
of a third-grade fluid in a porousmedium byHayat et al. [44].
Reduction and exact solutions of the governing model were
obtained by employing the Lie group theoretic approach.

The problem governing the model [44] is

𝜕𝑢𝜕𝑡 = 𝜇∗ 𝜕2𝑢𝜕𝑦2 + 𝛼 𝜕3𝑢𝜕𝑦2𝜕𝑡 + 𝛾1 (𝜕𝑢𝜕𝑦 )2 𝜕2𝑢𝜕𝑦2
− 𝛾2𝑢 (𝜕𝑢𝜕𝑦 )2 − 𝜙1𝑢. (206)

The relevant boundary and initial conditions are

𝑢 (0, 𝑡) = 𝑢0𝑉 (𝑡) , 𝑡 > 0,𝑢 (∞, 𝑡) = 0, 𝑡 > 0,𝑢 (𝑦, 0) = 𝑔 (𝑦) , 𝑦 > 0, (207)

where

𝜇∗ = 𝜇𝜌 + 𝛼1 (𝜙/𝑘) ,
𝛼 = 𝛼1𝜌 + 𝛼1 (𝜙/𝑘) ,
𝛾1 = 6𝛽3𝜌 + 𝛼1 (𝜙/𝑘) ,
𝛽∗ = 2𝛽3 (𝜙/𝑘)𝜌 + 𝛼1 (𝜙/𝑘) ,
𝜙1 = 𝜇 (𝜙/𝑘)𝜌 + 𝛼1 (𝜙/𝑘) .

(208)

The complete Lie symmetry analysis of (206) resulted in [44].

Case 1 (𝜙1 ̸= 𝜇∗/𝛼). For this case, a two-dimensional Lie
algebra is generated by

𝑋1 = 𝜕𝜕𝑡 ,
𝑋2 = 𝜕𝜕𝑦 . (209)

Case 2 (𝜙1 = 𝜇∗/𝛼). Here a three-dimensional Lie algebra is
generated by

𝑋1 = 𝜕𝜕𝑡 ,
𝑋2 = 𝜕𝜕𝑦 ,
𝑋3 = 𝑒2(𝜇∗/𝛼)𝑡 𝜕𝜕𝑡 − 𝜇∗𝛼 𝑢𝑒2(𝜇∗/𝛼)𝑡 𝜕𝜕𝑢 .

(210)
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With the use of the symmetries given above, two types of
group invariant solutions have been found in [44] and are

𝑢 (𝑦, 𝑡) = 𝑢0 exp(√𝛾2 (𝑦 + 𝑐𝑡)−√𝛾1 ) .
𝑢 (𝑦, 𝑡) = exp[− {(𝜇∗𝛼 ) 𝑡 + (√ 𝛾2𝛾1) 𝑦}] . (211)

14.6.The Rayleigh Problem for aThird-Grade Electrically Con-
ducting Fluid in a Magnetic Field [45]. The influence of a
magnetic field on the flow of an incompressible third-grade
electrically conducting fluid bounded by a rigid plate was
investigated by Hayat et al. [45]. The Lie group approach was
employed to perform the reduction of the model equation
and thereafter numerical solutions were obtained.

The governing problem describing the flow model [45] is𝜕𝑢𝜕𝑡 = ]
𝜕2𝑢𝜕𝑦2 + 𝛼 𝜕3𝑢𝜕𝑦2𝜕𝑡 + 𝜖 (𝜕𝑢𝜕𝑦 )2 𝜕2𝑢𝜕𝑦2 − 𝑀𝐻2 (𝑡) 𝑢, (212)

with 𝑢 (0, 𝑡) = 𝑢0𝑉 (𝑡) , 𝑡 > 0,𝑢 (𝑦, 𝑡) → 0 as 𝑦 → ∞, 𝑡 > 0,𝑢 (𝑦, 0) = 𝑔 (𝑦) , 𝑦 > 0. (213)

The symmetry Lie algebra of the PDE (212) is spanned by the
following operators [45]:𝑋1 = 𝜕𝜕𝑦 ,

𝑋2 = 𝑒2𝛽𝑡 𝜕𝜕𝑡 − 𝛽𝑢𝑒2𝛽𝑡 𝜕𝜕𝑢 ,
𝑋3 = 𝐿 (𝑡) 𝜕𝜕𝑢 ,

(214)

where 𝐿 (𝑡) = exp(−𝑀 ∫𝑡
𝑜

𝐻2 (𝑠) 𝑑𝑠) . (215)

The point symmetries given in (214) were used to reduce
the PDE (212) into a nonlinear ODE. The reduced ODE was
solved numerically with suitable invariant boundary condi-
tions.

14.7. A Note on the Interplay between Symmetries, Reduction,
and Conservation Laws of Stokes’ First Problem for Third-
Grade Rotating Fluids [46]. Fakhar et al. [46] studied the
equations governing the Stokes’ first problem for a third-
grade rotating fluid. Lie symmetry formulation was used to
perform various reductions of the governing system.

The system of equations describing the Stokes’ first
problem for a third-grade rotating fluid is [46]𝑢𝑡 − 2𝐶V = 𝑢𝑥𝑥 + 𝑎𝑢𝑡𝑥𝑥 + 2𝑏 𝜕𝜕𝑥 (𝑢3𝑥 + 𝑢𝑥V2𝑥) ,

V𝑡 + 2𝐶𝑢 = V𝑥𝑥 + 𝑎V𝑡𝑥𝑥 + 2𝑏 𝜕𝜕𝑥 (V3𝑥 + V𝑥𝑢2𝑥) . (216)

The symmetries for the above system of PDEs were
calculated in [46] and are given by

𝑋1 = 𝜕𝜕𝑥 ,
𝑋2 = 𝜕𝜕𝑡 ,
𝑋3 = 𝑢 𝜕𝜕V − V

𝜕𝜕𝑢 ,
𝑋4 = − sin (2𝐶𝑡) 𝜕𝜕V + cos (2𝐶𝑡) 𝜕𝜕𝑢 ,
𝑋5 = cos (2𝐶𝑡) 𝜕𝜕V + sin (2𝐶𝑡) 𝜕𝜕𝑢 .

(217)

The five Lie symmetries given in (217) were used to reduce the
PDE system (216) to a system of ODEs.

14.8. Group Invariant Solutions for the Unsteady MHD Flow
of a Third-Grade Fluid in a Porous Medium [47]. Aziz et al.
[47] investigated the governing nonlinear partial differential
equation for the unidirectional flow of a third-grade fluid by
using the symmetry approach.Three types of analytical solu-
tions were obtained for the governing model by employing
the Lie symmetry method.

The problem governing the unsteady magnetohydrody-
namic flow of a third-grade fluid in a porous medium is [47]𝜕𝑢𝜕𝑡 = 𝜇∗ 𝜕2𝑢𝜕𝑦2 + 𝛼∗ 𝜕3𝑢𝜕𝑦2𝜕𝑡 + 𝛽 (𝜕𝑢𝜕𝑦 )2 𝜕2𝑢𝜕𝑦2

− 𝛽∗𝑢 (𝜕𝑢𝜕𝑦 )2 − 𝜙∗𝑢 − 𝑀2
∗𝑢. (218)

The relevant time and space dependent velocity boundary
conditions are 𝑢 (𝑦, 0) = 𝑔 (𝑦) , 𝑦 > 0,𝑢 (0, 𝑡) = 𝑉 (𝑡) , 𝑡 > 0,𝑢 (∞, 𝑡) = 0, 𝑡 > 0, (219)

where 𝜇∗ = 𝜇1 + 𝛼1𝜙 ,
𝛼∗ = 𝛼11 + 𝛼1𝜙 ,
𝛽 = 3𝛽31 + 𝛼1𝜙 ,

𝛽∗ = 𝛽3𝜙1 + 𝛼1𝜙 ,
𝜙∗ = 𝜙1 + 𝛼1𝜙 ,

𝑀2
∗ = 𝑀21 + 𝛼1𝜙 .

(220)
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The Lie point symmetries for the PDE (218) are [47]

𝑋1 = 𝜕𝜕𝑡 ,
𝑋2 = 𝜕𝜕𝑦 ,
𝑋3 = − ( 1𝜙∗ + 𝑀2

∗
) 𝑒2(𝜙∗+𝑀2∗)𝑡 𝜕𝜕𝑡 + 𝑢𝑒2(𝜙∗+𝑀2∗)𝑡 𝜕𝜕𝑢 ,

where 𝜙∗ + 𝑀2
∗ = 𝜇∗𝛼∗ .

(221)

With the use of the symmetries given in (221), three types of
invariant solutions were obtained in [47] for PDE (218) and
are given by

𝑢 (𝑦, 𝑡) = exp(√𝛽∗ (𝑦 − 𝑐𝑡)−√𝛽 ) ,
𝑢 (𝑦, 𝑡) = exp[− {(𝜙∗ + 𝑀2

∗) 𝑡 + √ 𝛽∗𝛽 𝑦}] ,
𝑢 (𝑦) = V0 exp(−√𝛽∗√𝛽 𝑦) .

(222)

14.9. MHD Flow of a Third-Grade Fluid in a Porous Half
Space with Plate Suction or Injection [48]. Themodelling and
solution of the unsteady flow of an incompressible third-
grade fluid over a porous plate within a porous medium
were performed by A. Aziz and T. Aziz [48]. Lie group
theory was employed to find the symmetries of the model
equation. These symmetries were applied to transform the
original third-order partial differential equation to third-
order ordinary differential equations.These third-order ordi-
nary differential equations were solved analytically.

The governing problem describing the flow model [48] is

𝜕𝑢𝜕𝑡 = 𝜇∗ 𝜕2𝑢𝜕𝑦2 + 𝛼∗ 𝜕3𝑢𝜕𝑦2𝜕𝑡 − 𝛼∗𝑊0 𝜕3𝑢𝜕𝑦3
+ 𝛾 (𝜕𝑢𝜕𝑦 )2 𝜕2𝑢𝜕𝑦2 − 𝛾∗𝑢 (𝜕𝑢𝜕𝑦 )2
+ 𝑊0 𝜕𝑢𝜕𝑦 − 𝜙∗𝑢 − 𝑀2

∗𝑢,
(223)

𝑢 (0, 𝑡) = 𝑉 (𝑡) , 𝑡 > 0, (224)

𝑢 (𝑦, 𝑡) → 0 as 𝑦 → ∞, 𝑡 > 0, (225)

𝑢 (𝑦, 0) = 𝑓 (𝑦) , 𝑦 > 0, (226)

where

𝜇∗ = 1(1 + 𝛼𝜙) ,
𝛼∗ = 𝛼(1 + 𝛼𝜙) ,
𝛾 = 3𝛽(1 + 𝛼𝜙) ,

𝛾∗ = 𝛽𝜙(1 + 𝛼𝜙) ,
𝜙∗ = 𝜙(1 + 𝛼𝜙) ,

𝑀2
∗ = 𝑀2(1 + 𝛼𝜙) .

(227)

The symmetry Lie algebra of the PDE (225) is spanned by the
following generators [48].

Case 1 (when (𝜙∗ + 𝑀2
∗) ̸= 𝜇∗/𝛼∗). For this case, we find a

two-dimensional Lie algebra generated by

𝑋1 = 𝜕𝜕𝑡 ,
𝑋2 = 𝜕𝜕𝑦 . (228)

Case 2 (when (𝜙∗ + 𝑀2
∗) = 𝜇∗/𝛼∗). Here we obtain a three-

dimensional Lie algebra generated by

𝑋1 = 𝜕𝜕𝑡 ,
𝑋2 = 𝜕𝜕𝑦 ,
𝑋3 = −𝑒2(𝜙∗+𝑀2∗)𝑡 𝜕𝜕𝑡 + 𝑊0𝑒2(𝜙∗+𝑀2∗)𝑡 𝜕𝜕𝑦

+ 𝑢 (𝜙∗ + 𝑀2
∗) 𝑒2(𝜙∗+𝑀2∗)𝑡 𝜕𝜕𝑢 .

(229)

The generators given above were utilized to obtain three
different types of group invariant solutions [48]

𝑢 (𝑦, 𝑡) = exp(−√𝛾∗ (𝑦 − 𝑐𝑡)√𝛾 ) .
𝑢 (𝑦, 𝑡) = exp(−√𝛾∗ (𝑦 + 𝑐𝑡)√𝛾 ) .
𝑢 (𝑦, 𝑡) = 𝑢𝑜

⋅ exp[− {(√ 𝛾∗𝛾 𝑊0 + 𝜙∗ + 𝑀2
∗) 𝑡 + √ 𝛾∗𝛾 𝑦}] .

(230)
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Remark 1. A revisit has beenmade by Aziz et al. [49] for three
flowproblems [44, 47, 48] related to a third-grade fluidmodel
and discussed earlier. A conditional symmetry approach was
employed in [49] to construct some new exact solutions of
these models. All possible nonclassical symmetry generators
were calculated in [49] for these problems. The concept of
conditional/nonclassical symmetry was not previously used
to find conditionally invariant solutions of non-Newtonian
fluid flow problems. This is the first time that a complete
nonclassical symmetry analysis was performed to tackle a
nonlinear problem dealing with the flow models of non-
Newtonian fluids.

For the flow model [44], the following nonclassical
symmetry generators were found in [49]

𝑋1 = [exp(− 2𝐾∗ 𝑡) − 𝐾∗] 𝜕𝜕𝑡 + 𝑢 𝜕𝜕𝑢 ,
𝑋2 = −𝐾∗ 𝜕𝜕𝑡 + exp(− 2𝐾∗ 𝑡) 𝜕𝜕𝑦 + 𝑢 𝜕𝜕𝑢 ,
𝑋3 = 𝜕𝜕𝑡 + 𝜃𝑢 𝜕𝜕𝑢 ,
𝑋4 = 𝜕𝜕𝑡 + 𝜆 (𝑡) 𝑢 𝜕𝜕𝑢 ,

(231)

where 𝜆(𝑡) is any function of time 𝑡. Thus, infinitely many
nonclassical symmetry generators were obtained for any
arbitrary value of the function 𝜆(𝑡). With the use of the
nonclassical symmetries given in (231), the following new
invariant solutions were obtained in [49] for the model [44]

𝑢 (𝑡) = 𝑢0 exp[− 𝑡(𝜅/𝜙] + 𝛼1/𝜇)] ,
𝑢 (𝑦, 𝑡)

= exp[− {( 𝛽 − 𝜇∗𝛽∗𝐾∗𝐾∗𝛽 − 𝛼∗𝐾∗𝛽∗) 𝑡 + √ 𝛽∗𝛽 𝑦}] ,
𝑢 (𝑦, 𝑡) = exp[𝛾 (𝑡) − √ 1𝐾∗𝜇∗𝑦]

where 𝛾 (𝑡) = ∫ 𝜆 (𝑡) 𝑑𝑡,
𝑢 (𝑦, 𝑡) = [𝑎3 exp( 2𝐾∗ 𝑡)]−1/2 exp(−√𝛽∗√𝛽 𝑦) .

(232)

For the model [46], the following nonclassical symmetry
generators were found in [49]

𝑋1 = [exp(− ( 1𝐾∗ + 𝑀2
∗) 2𝑡) − (𝐾∗ + 𝑀2

∗)] 𝜕𝜕𝑡+ 𝑢 𝜕𝜕𝑢 ,
𝑋2 = − (𝐾∗ + 𝑀2

∗) 𝜕𝜕𝑡+ exp(− ( 1𝐾∗ + 𝑀2
∗) 2𝑡) 𝜕𝜕𝑦 + 𝑢 𝜕𝜕𝑢 ,

𝑋3 = 𝜕𝜕𝑡 + 𝜆𝑢 𝜕𝜕𝑢 ,
𝑋4 = 𝜕𝜕𝑡 + 𝛿 (𝑡) 𝑢 𝜕𝜕𝑢 ,

(233)

where 𝛿(𝑡) is any arbitrary function of time. With the use
of the symmetries given in (233), the following new exact
solutions were found in [49] for the model [46]

𝑢 (𝑦, 𝑡) = exp[− (1 + 𝐾𝑀2𝐾 + 𝛼 ) 𝑡] ,
𝑢 (𝑦, 𝑡) = exp[− {(𝛽 + 𝐾∗𝛽𝑀2

∗ − 𝜇∗𝛽∗𝐾∗𝐾∗𝛽 − 𝛼∗𝐾∗𝛽∗ ) 𝑡
+ (√ 𝛽∗𝛽 ) 𝑦}] ,

𝑢 (𝑦, 𝑡) = exp[[𝜁 (𝑡) − √( 1𝐾∗𝜇∗ + 𝑀2
∗𝜇∗ )𝑦]]

where 𝜁 (𝑡) = ∫ 𝛿 (𝑡) 𝑑𝑡,
𝑢 (𝑦, 𝑡) = [𝑏3 exp( 1𝐾∗ + 𝑀2

∗) 2𝑡]−1/2 exp(−√𝛽∗√𝛽
⋅ 𝑦) .

(234)

For the flow model [48], the only nonclassical symmetry
operator found in [49] is

𝜒 = 𝜕𝜕𝑡 + 𝜖𝑢 𝜕𝜕𝑢 . (235)

With the use of the symmetry given above, the new group
invariant solution of the flow model [48] found in [49] is
given by

𝑢 (𝑦, 𝑡) = exp[− {( 1𝛽 − 𝛼∗𝛽∗)
⋅ ( 𝛽𝐾∗ + 𝛽𝑀2

∗ − 𝜇∗𝛽∗ + 𝑊√ 𝛽∗𝛽 (𝛽 − 𝛼∗𝛽∗)) 𝑡
+ √ 𝛽∗𝛽 𝑦}] .

(236)

15. Fourth-Grade Fluid Flow Problems

In this section, all those problems dealing with the flow of
a fourth-grade non-Newtonian fluid model investigated by
using Lie symmetry approach are revisited.
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For a fourth-grade fluid model, the Cauchy stress tensor
satisfies the constitutive equations

T = −𝑝I + 𝑛∑
𝑗=1

S𝑗 with 𝑛 = 4, (237)

where 𝑝 is the pressure, I is the identity tensor, and S𝑗 is the
extra stress tensor with components

S1 = 𝜇A1,
S2 = 𝛼1A2 + 𝛼2A21,
S3 = 𝛽1A3 + 𝛽2 (A1A2 + A2A1) + 𝛽3 (trA21)A1,
S4 = 𝛾1A4 + 𝛾2 (A3A1 + A1A3) + 𝛾3A22+ 𝛾4 (A2A21 + A21A2) 𝛾5 (trA2)A2+ 𝛾6 (trA2)A21+ [𝛾7trA3 + 𝛾8tr (A2A1)]A1.

(238)

Here 𝜇 is the dynamic viscosity, 𝛼𝑖 (𝑖 = 1, 2), 𝛽𝑖 (𝑖 = 1, 2, 3),
and 𝛾𝑖 (𝑖 = 1, 2, . . . , 8) are the material constants, and A1 to
A4 are the Rivlin-Ericksen tensors.

15.1. The Unsteady Flow of a Fourth-Grade Fluid Past a Porous
Plate [50]. Hayat et al. [50] examined the unsteady flow
of a hydrodynamic fluid past a porous plate. The solution
of the governing nonlinear problem was obtained by the
implementation of the Lie group method.

The problem governing the unsteady flow model of a
fourth-grade fluid past a porous plate is [50]

𝜌 [𝜕𝑢𝜕𝑡 − 𝑊𝜕𝑢𝜕𝑦 ] = 𝜇𝜕2𝑢𝜕𝑦2 + 𝛼1 [ 𝜕3𝑢𝜕𝑦2𝜕𝑡 − 𝑊𝜕3𝑢𝜕𝑦3 ]
+ 𝛽1 [ 𝜕4𝑢𝜕𝑦2𝜕𝑡2 − 2𝑊 𝜕4𝑢𝜕𝑦3𝜕𝑡 + 𝑊2

0
𝜕4𝑢𝜕𝑦4 ] + 6 (𝛽2

+ 𝛽3) (𝜕𝑢𝜕𝑦 )2 𝜕2𝑢𝜕𝑦2 + 𝛾1 [ 𝜕5𝑢𝜕𝑦2𝜕𝑡3 − 3𝑊 𝜕5𝑢𝜕𝑦3𝜕𝑡2
+ 3𝑊2 𝜕5𝑢𝜕𝑦4𝜕𝑡 − 𝑊3 𝜕5𝑢𝜕𝑦5 ] + Γ 𝜕𝜕𝑦 [(𝜕𝑢𝜕𝑦 )2 𝜕2𝑢𝜕𝑦𝜕𝑡]
− Γ𝑊 𝜕𝜕𝑦 [(𝜕𝑢𝜕𝑦 )2 𝜕2𝑢𝜕𝑦2 ] ,

(239)

where Γ = 2(3𝛾2 + 𝛾3 + 𝛾4 + 𝛾5 + 3𝛾7 + 𝛾8). The relevant initial
and boundary conditions are𝑢 (0, 𝑡) = 0,𝑢 (𝑦, 𝑡) → 𝑈 as 𝑦 → ∞,𝜕𝑢𝑛𝜕𝑦𝑛 → 0 as 𝑦 → ∞ (𝑛 = 1, 2, 3) . (240)

Equation (239) admits the Lie point symmetry generators𝐺 = 𝜕/𝜕𝑡 (time translation) and 𝑋 = 𝜕/𝜕𝑦 (translation in 𝑦).
The invariant solution corresponding to the generator 𝐺+𝑐𝑋
which represents a travelling wave solution with constant
wave speed 𝑐 has been considered in [50]. The final form of
the travelling wave solution found in [50] is

𝑢 (𝑦, 𝑡) = −𝑈 exp(−2𝑐 (𝛽2 + 𝛽3) (𝑡 − 𝑇)Γ (𝑐 + 𝑊) )
⋅ [exp(2 (𝛽2 + 𝛽3) 𝑦Γ (𝑐 + 𝑊) ) − 1] . (241)

The same model was recently discussed by Aziz and
Mahomed [51] by considering a different set of boundary
and initial conditions and they found some more physically
meaningful exact solutions. The closed-form travelling wave
and the steady state solutions found in [51] are

𝑢 (𝑦, 𝑡) = exp[ −𝛽 (𝑦 + 𝑐𝑡)6Γ (𝑐 − 𝑊0)] , with 𝑐 > 𝑊0,
𝑢 = 𝐻 (𝑦) = exp( 𝛽𝑦3Γ𝑊0) . (242)

15.2. TravellingWave Solutions to Stokes’ Problem for a Fourth-
Grade Fluid [52]. A nonlinear partial differential equation
modelling the flow of a fourth-grade fluid was derived by
Hayat et al. [52]. Travelling wave solutions admitted by the
model equation were deduced by employing the Lie symme-
try approach.

The nonlinear governing PDE for the unsteady flow of a
fourth-grade fluid over a flat rigid plate is [52]

𝜌𝜕𝑢𝜕𝑡 = 𝜇𝜕2𝑢𝜕𝑦2 + 𝛼 𝜕3𝑢𝜕𝑦2𝜕𝑡 + 𝛽 𝜕4𝑢𝜕𝑦2𝜕𝑡2
+ 𝛽∗ (𝜕𝑢𝜕𝑦 )2 𝜕2𝑢𝜕𝑦2 + 𝛾 𝜕5𝑢𝜕𝑦2𝜕𝑡3
+ Γ 𝜕𝜕𝑦 [(𝜕𝑢𝜕𝑦 )2 𝜕2𝑢𝜕𝑦𝜕𝑡] ,

(243)

where 𝛽∗ = (𝛽2 + 𝛽3) and Γ = 2(3𝛾2 + 𝛾3 + 𝛾4 + 𝛾5 + 3𝛾7 + 𝛾8).
It can be seen that the PDE (243) admits Lie point

symmetry generators

𝑋1 = 𝜕𝜕𝑡 ,
𝑋2 = 𝜕𝜕𝑦 . (244)

With the use of symmetry generators given in (244), the exact
travelling wave solutions found in [52] are given by

𝑢 (𝑦, 𝑡) = exp[𝛽∗ (𝑦 − 𝑐𝑡)6𝑐Γ ] . (245)

The same PDE (243) was investigated recently by Aziz and
Mahomed [53] with a suitable choice of physically realistic



32 Mathematical Problems in Engineering

boundary conditions. Both forward and the backward wave
front type travelling wave solutions were found in [53] with
the aid of the Lie group approach and are given by

𝑢 (𝑦, 𝑡) = exp[−𝛽 (𝑦 + 𝑐𝑡)6𝑐𝛾 ] with 𝑐 > 0.
𝑢 (𝑦, 𝑡) = exp[𝛽 (𝑦 − 𝑐𝑡)6𝑐𝛾 ] with 𝑐 > 0. (246)

A conditional/nonclassical symmetry solution of PDE (243)
was also found by Aziz and Mahomed [53] and is given by

𝑢 (𝑦, 𝑡) = exp[[− {{{( 𝛽6𝛾) 𝑡
+ √( (−𝛽/6𝛾)1 − 𝛼 (𝛽/6𝛾) + 𝛽1 (𝛽/6𝛾)2 − 𝛾1 (𝛽/6𝛾)3)𝑦}}}]] . (247)

15.3. Effect of Magnetic Field on the Flow of a Fourth-Order
Fluid [54]. A study was conducted by Hayat et al. [54] to
examine the flow engendered in a semi-infinite expanse of
an incompressible non-Newtonian fluid by an infinite rigid
plate moving with an arbitrary velocity in its own plane.
The fluid was considered to be fourth-order and electrically
conducting. A magnetic field was applied in the transverse
direction to the flow. The nonlinear problem was solved for
a constant magnetic field analytically using Lie reduction
methods.

The governing problem describing the flow model [54] is
given by𝜕𝑢𝜕𝑡 = 𝜕2𝑢𝜕𝑦2 + 𝛼1 𝜕3𝑢𝜕𝑦2𝜕𝑡 + 𝛽1 𝜕4𝑢𝜕𝑦2𝜕𝑡2 + 𝛽 (𝜕𝑢𝜕𝑦 )2 𝜕2𝑢𝜕𝑦2

+ 𝛾1 𝜕5𝑢𝜕𝑦2𝜕𝑡3 + 𝛾 𝜕𝜕𝑦 [(𝜕𝑢𝜕𝑦 )2 𝜕2𝑢𝜕𝑦𝜕𝑡]
− 𝜌𝑀𝐻2𝑢,

(248)

with 𝑢 (0, 𝑡) = 𝑢0𝑉 (𝑡) , 𝑡 > 0,𝑢 (∞, 𝑡) = 0, 𝑡 > 0,𝑢 (𝑦, 0) = 𝑔 (𝑦) , 𝑦 > 0, (249)

where 𝑢0 is the reference velocity.
Note that (248) has two translation symmetry generators:

namely.

𝑋1 = 𝜕𝜕𝑡 ,
𝑋2 = 𝜕𝜕𝑦 . (250)

Thus, a travelling wave solution was obtained in [54] for
the above problem using the translational symmetries and is

given by

𝑢 (𝑦, 𝑡) = 𝑢0 exp [ 𝛽𝑦3𝑐𝛾 − 𝛽𝑡3𝛾] , (251)

provided that

−𝑐𝜌 ( 𝛽3𝑐𝛾) = 𝜇 ( 𝛽3𝑐𝛾)2 − 𝛼1𝑐 ( 𝛽3𝑐𝛾)3
+ 𝛽1𝑐2 ( 𝛽3𝑐𝛾)4 − 𝛾1𝑐3 ( 𝛽3𝑐𝛾)5
− 𝜌𝑀𝐻2 = 0.

(252)

15.4. A Note on Some Solutions for the Flow of a Fourth-Grade
Fluid in a Porous Space [55]. Hayat et al. [55] investigated
the time-independent unidirectional flow of a fourth-grade
fluid filling the porous half space. Flow modelling was based
upon amodifiedDarcy’s law. Travelling wave and conditional
symmetry solutions were developed for the governingmodel.

The flow problem governing the time-dependent flow of
a fourth-grade fluid in a porous space is given by [55]𝜕𝑢𝜕𝑡 = 𝜇∗ 𝜕2𝑢𝜕𝑦2 + 𝛼∗ 𝜕3𝑢𝜕𝑦2𝜕𝑡 + 𝛽 𝜕4𝑢𝜕𝑦2𝜕𝑡2

+ 𝛽∗ (𝜕𝑢𝜕𝑦 )2 𝜕2𝑢𝜕𝑦2 + 𝛾 𝜕5𝑢𝜕𝑦2𝜕𝑡3
+ 𝛾∗ 𝜕𝜕𝑦 [(𝜕𝑢𝜕𝑦 )2 𝜕2𝑢𝜕𝑦𝜕𝑡] − 𝜙1𝑢 − 𝜙2𝑢𝜕2𝑢𝜕𝑡2
− 𝜙3𝑢 (𝜕𝑢𝜕𝑦 )2 − 𝜙4𝑢𝜕3𝑢𝜕𝑡3
− 𝜙5𝑢 (𝜕𝑢𝜕𝑦 ) ( 𝜕2𝑢𝜕𝑦𝜕𝑡) ,

(253)

where 𝜇∗ = 𝜇(𝜌 + 𝛼 (𝜙/𝜅)) ,
𝛼∗ = 𝛼1(𝜌 + 𝛼 (𝜙/𝜅)) ,
𝛽 = 𝛽1(𝜌 + 𝛼 (𝜙/𝜅)) ,

𝛽∗ = 6 (𝛽2 + 𝛽3)(𝜌 + 𝛼 (𝜙/𝜅)) ,
𝛾 = 𝛾1 (𝜙/𝜅)(𝜌 + 𝛼 (𝜙/𝜅)) ,

𝛾∗ = Γ(𝜌 + 𝛼 (𝜙/𝜅)) ,
𝛾∗ = 2 (3𝛾2 + 𝛾3 + 𝛾4 + 𝛾5 + 3𝛾7 + 𝛾8)(𝜌 + 𝛼 (𝜙/𝜅)) ,
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𝜙1 = 𝜇𝜑 (𝜙/𝜅)(𝜌 + 𝛼 (𝜙/𝜅)) ,
𝜙2 = 𝛽1 (𝜙/𝜅)(𝜌 + 𝛼 (𝜙/𝜅)) ,
𝜙3 = 2 (𝛽2 + 𝛽3) (𝜙/𝜅)(𝜌 + 𝛼 (𝜙/𝜅)) ,
𝜙4 = 𝛾1 (𝜙/𝜅)(𝜌 + 𝛼 (𝜙/𝜅)) ,
𝜙5 = 2 (3𝛾2 + 𝛾3 + 𝛾4 + 𝛾5 + 3𝛾7 + 𝛾8) (𝜙/𝜅)(𝜌 + 𝛼 (𝜙/𝜅)) .

(254)

The relevant initial and boundary conditions are

𝑢 (0, 𝑡) = 𝑢0𝑉 (𝑡) , 𝑡 > 0,𝑢 (∞, 𝑡) = 0, 𝑡 > 0,𝑢 (𝑦, 0) = 𝑓 (𝑦) , 𝑦 > 0,𝜕𝑢 (𝑦, 0)𝜕𝑡 = 𝑔 (𝑦) , 𝑦 > 0,
𝜕2𝑢 (𝑦, 0)𝜕𝑡2 = ℎ (𝑦) , 𝑦 > 0.

(255)

With the use of translational symmetry generators, the
travelling wave solution for the PDE (253) found in [55] is
given by

𝑢 (𝑦, 𝑡) = 𝑢0 exp [− 𝜙2𝑐𝜙4 (𝑦 + 𝑐𝑡)] . (256)

The nonclassical symmetry generator for the PDE (253)
found in [55] is given by

𝑋 = 𝜕𝜕𝑡 − 𝜙2𝜙4 𝑢 𝜕𝜕𝑢 . (257)

With the use of nonclassical symmetry operator (257), the
conditionally invariant solution found in [55] is given by

𝑢 (𝑦, 𝑡) = exp(−𝜙2𝜙4 𝑡) 𝐵 (𝑦) , (258)

where

𝐵 (𝑦) (𝜙1 − 𝜙2𝜙4) = (−𝛾1𝜙32𝜙34 + 𝛽2𝜙22𝜙24 − 𝛼𝜙2𝜙24 ) , (259)

with 𝐵 (0) = 1,𝐵 (𝑙) = 0, 𝑙 > 0. (260)

15.5. Invariant Solutions for the Unsteady Magnetohydrody-
namics (MHD) Flow of a Fourth-Grade Fluid Induced due
to the Impulsive Motion of a Flat Porous Plate [56]. An
analysis is carried out recently by Aziz et al. [56] to investigate
the time-dependent flow of an incompressible electrically
conducting fourth-grade fluid over an infinite porous plate.
The governing nonlinear problem was solved by invoking
the Lie group theoretic approach and a numerical technique.
Travelling wave solutions of the forward and backward type,
together with a steady state solution, were obtained in [56].

The governing PDE for the flow model [56] is given by𝜕𝑢𝜕𝑡 = 𝑊𝜕𝑢𝜕𝑦 + 𝜕2𝑢𝜕𝑦2 + 𝛼1 [ 𝜕3𝑢𝜕𝑦2𝜕𝑡 − 𝑊𝜕3𝑢𝜕𝑦3 ]
+ 𝛽1 [ 𝜕4𝑢𝜕𝑦2𝜕𝑡2 − 2𝑊 𝜕4𝑢𝜕𝑦3𝜕𝑡 + 𝑊2

0
𝜕4𝑢𝜕𝑦4 ]

+ 𝛽 (𝜕𝑢𝜕𝑦 )2 𝜕2𝑢𝜕𝑦2 + 𝛾 [ 𝜕5𝑢𝜕𝑦2𝜕𝑡3 − 3𝑊 𝜕5𝑢𝜕𝑦3𝜕𝑡2
+ 3𝑊2 𝜕5𝑢𝜕𝑦4𝜕𝑡 − 𝑊3 𝜕5𝑢𝜕𝑦5 ]
+ 2Γ 𝜕𝜕𝑦 [(𝜕𝑢𝜕𝑦 )2 𝜕2𝑢𝜕𝑦𝜕𝑡]
− 2Γ𝑊 𝜕𝜕𝑦 [(𝜕𝑢𝜕𝑦 )2 𝜕2𝑢𝜕𝑦2 ] − 𝑀2𝑢.

(261)

The relevant boundary and initial conditions are [56]𝑢 (0, 𝑡) = 𝑉 (𝑡) , 𝑡 > 0,𝑢 (∞, 𝑡) = 0, 𝑡 > 0,𝑢 (𝑦, 0) = 𝑓 (𝑦) , 𝑦 > 0,𝜕𝑢𝜕𝑡 (𝑦, 0) = 𝑔 (𝑦) , 𝑦 > 0,
𝜕2𝑢𝜕𝑡2 (𝑦, 0) = ℎ (𝑦) , 𝑦 > 0.

(262)

With the use of translational symmetry generators, the back-
ward type travelling wave solution for the PDE (261) found in
[56] is given by

𝑢 (𝑦, 𝑡) = exp[(− 𝑀2(𝑚 − 𝑊) + 𝛾𝛽5(6Γ)5 (𝑚 − 𝑊)3
− 𝛽1𝛽4(6Γ)4 (𝑚 − 𝑊)3 + 𝛼𝛽3(6Γ)3 (𝑚 − 𝑊)3
− 𝛽2(6Γ)2 (𝑚 − 𝑊)3) (𝑦 + 𝑚𝑡)] .

(263)

The forward type travelling wave solution for the PDE (261)
is given by

𝑢 (𝑦, 𝑡) = exp[ 𝛽 (𝑦 − 𝑚𝑡)6Γ (𝑚 + 𝑊)] . (264)
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Finally the stead-state solution of the problem found in [56]
is 𝑢 = 𝑅 (𝑦) = exp( 𝛽𝑦6Γ𝑊) . (265)

15.6. Group Theoretical Analysis and Invariant Solutions for
Unsteady Flow of a Fourth-Grade Fluid over an Infinite Plate
Undergoing ImpulsiveMotion in a Darcy PorousMedium [57].
An incompressible time-dependent flow of a fourth-grade
fluid in a porous half space has been investigated very recently
by Aziz et al. [57].The partial differential equation governing
the motion was reduced to ordinary differential equations
by means of Lie group theoretic analysis. Various new
classes of group invariant solutions were developed for the
model problem by employing the classical and nonclassical
symmetry methods. Travelling wave solutions, steady state
solution, and conditional symmetry solutions were obtained
in [57] as closed-form exponential functions.

The governing PDE for the flow model [57] is given by𝜕𝑢𝜕𝑡 = 𝜇∗ 𝜕2𝑢𝜕𝑦2 + 𝛼∗ 𝜕3𝑢𝜕𝑦2𝜕𝑡 + 𝛽 𝜕4𝑢𝜕𝑦2𝜕𝑡2
+ 𝛽∗ (𝜕𝑢𝜕𝑦 )2 𝜕2𝑢𝜕𝑦2 + 𝛾∗ 𝜕5𝑢𝜕𝑦2𝜕𝑡3
+ 2Γ∗ 𝜕𝜕𝑦 [(𝜕𝑢𝜕𝑦 )2 𝜕2𝑢𝜕𝑦𝜕𝑡] − 𝜅1𝑢 − 𝜅2 𝜕2𝑢𝜕𝑡2
− 𝜅3𝑢 (𝜕𝑢𝜕𝑦 )2 − 𝜅4 𝜕3𝑢𝜕𝑡3
− 𝜅5𝑢 (𝜕𝑢𝜕𝑦 ) ( 𝜕2𝑢𝜕𝑦𝜕𝑡) .

(266)

The relevant space and time-dependent velocity boundary
and initial conditions are [57]𝑢 (0, 𝑡) = 𝑉 (𝑡) , 𝑡 > 0,𝑢 (∞, 𝑡) = 0, 𝑡 > 0,𝑢 (𝑦, 0) = 𝑓 (𝑦) , 𝑦 > 0,𝜕𝑢 (𝑦, 0)𝜕𝑡 = 𝑔 (𝑦) , 𝑦 > 0,

𝜕2𝑢 (𝑦, 0)𝜕𝑡2 = ℎ (𝑦) , 𝑦 > 0,
(267)

where𝑓(𝑦) = 𝐼(𝑦)/𝑈0,𝑔(𝑦) = 𝐽(𝑦)/𝑈0, and ℎ(𝑦) = 𝐾(𝑦)/𝑈0.
The Lie point symmetries for the PDE (266) are [57]

𝑋1 = 𝜕𝜕𝑡 ,
𝑋2 = 𝜕𝜕𝑦 ,
𝑋3 = −exp(𝜅3𝑡𝜅5 ) 𝜕𝜕𝑡 + (𝜅3𝜅5) exp(𝜅3𝑡𝜅5 ) 𝑢 𝜕𝜕𝑢 ,

(268)

provided that

3Γ∗ (𝜅3𝜅5) − 𝛽∗ = 0,
6𝜅4 (𝜅3𝜅5) − 𝜅2 = 0,
6𝛾∗ (𝜅3𝜅5) − 𝛽 = 0,

𝜅4 (𝜅3𝜅5)3 + 𝜅2 (𝜅3𝜅5)2 + (𝜅3𝜅5) − 3𝜅1 = 0,
4𝜅4 (𝜅3𝜅5)2 + 3𝜅2 (𝜅3𝜅5) − 2 = 0,

4𝛾∗ (𝜅3𝜅5)2 + 3𝛽 (𝜅3𝜅5) − 2𝛼∗ = 0,
𝛾∗ (𝜅3𝜅5)3 + 𝛽 (𝜅3𝜅5)2 + 𝛼∗ (𝜅3𝜅5) − 3𝜇∗ = 0.

(269)

Here 𝑋1 is translation in time, 𝑋2 is translation in space, and𝑋3 has path curves which are equivalent to a combination
of translations in 𝑡 and scaling in 𝑢. With the use of the
symmetries given in (268), the following exact solutions were
found in [57] for the model [57]

𝑢 (𝑦, 𝑡)
= exp[[[− {{{{{(𝜅3𝜅5) 𝑡 + √ (𝜅1 − 𝜅2𝛽2∗/9Γ2∗)(𝜇∗ − 𝛽3/36𝛾2∗) 𝑦}}}}}]]] ,

𝑢 (𝑦) = exp(−√ 𝜅3𝛽∗𝑦) ,
𝑢 (𝑦, 𝑡)

= exp[[[− {{{{{
𝛽∗ + √𝛽2∗ + 12𝑚Γ∗ (𝜅3 + 𝜅5𝑚)6Γ∗𝑚 }}}}}

⋅ (𝑦 + 𝑚𝑡)]]] , 𝑚 > 0.

(270)

The nonclassical symmetry generator for the PDE (266)
found in [57] is given by

𝜒 = 𝜕𝜕𝑡 − 𝑢 𝜕𝜕𝑢 . (271)
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With the use of nonclassical symmetry operator (271), the
conditionally invariant solutions found in [57] are given by

𝑢 (𝑦, 𝑡) = exp[− {𝑡 + √( 𝜅3 − 𝜅5𝛽∗ − 6Γ∗)𝑦}] ,
𝑢 (𝑦, 𝑡) = exp[− {𝑡 + √( 𝜅1 + 𝜅2 − 𝜅4 − 1𝜇∗ − 𝛼∗ + 𝛽 − 𝛾∗)𝑦}] . (272)

16. Couple Stress Fluid Flow Problems

In this section, we provide a review of those problems which
deal with the flow of non-Newtonian couple stress fluid and
solved using the classical Lie group approach.

The governing equations for the flowof an incompressible
couple stress fluid are

∇ ⋅ q = 0,
𝜌 [ 𝜕𝜕𝑡 + (q ⋅ ∇) q] = −∇𝑝 − 𝜇∇ × ∇ × q − 𝜂∇ × ∇

× ∇ × ∇ × q,
(273)

where 𝜌 is the density, q is the velocity vector, 𝑝 is the fluid
pressure, 𝜇 is the fluid viscosity, and 𝜂 is the couple stress fluid
parameter.

The force stress tensor T and the couple stress tensor M
that arise in the theory of couple stress fluids are given by

T = (−𝑝 + 𝜆1div q) I + 𝜇 [grad q + (grad q)𝑇]
+ 12 I × [divM + 𝜌𝐶] ,

M = 𝑚I + 2𝜂 grad (curl q) + 2𝜂𝑙 (grad (curl q))𝑇 ,
(274)

where 𝑚 is 1/3 trace of M and 𝜌𝐶 is the body couple
tensor. The quantity 𝜆1 is the material constant and 𝜂𝑙 is
the constant associated with couple stresses. These material
constants satisfy the inequalities𝜇 ≥ 0,3𝜆 + 2𝜇 ≥ 0,𝜂 ≥ 0,𝜂𝑙 ≤ 𝜂.

(275)

16.1. Flow and Heat Transfer of Couple Stress Fluid in a Porous
Channel with Expanding and Contracting Walls [58]. The
study related to an incompressible laminar flow of a couple
stress fluid in a porous channel with expanding or contracting
walls was considered by Srinivasacharya et al. [58]. With the
use of similarity transformations, the governing equations
were reduced to nonlinear ordinary differential equations.
The resulting equations were solved numerically using a
quasi-linearization technique.

The equations governing the flow model [58] are

𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 = 0,
𝜌 [𝑢𝜕𝑢𝜕𝑥 + V

𝜕𝑢𝜕𝑦 ] = − 𝜕𝑝𝜕𝑥 + 𝜇∇2𝑢 − 𝜂∇4𝑢,
𝜌 [𝑢 𝜕V𝜕𝑥 + V

𝜕V𝜕𝑦] = −𝜕𝑝𝜕𝑦 + 𝜇∇2V − 𝜂∇4V,
𝜌𝐶 [𝑢𝜕𝑇𝜕𝑥 + V

𝜕𝑇𝜕𝑦 ]
= 𝜇 [2 (𝜕𝑢𝜕𝑥)2 + 2 ( 𝜕V𝜕𝑦)2 + (𝜕𝑢𝜕𝑦 + 𝜕V𝜕𝑥)2]

+ 𝜂 [(∇2V)2 + (∇2𝑢)2] + 𝑘∇2𝑇.

(276)

The boundary conditions on the velocity profile and temper-
ature are

𝑢 (𝑥, 𝑦) = 0,
V (𝑥, 𝑦) = V𝑤 = −𝐴𝛼,∇ × 𝑞 = 0,𝑇 (𝑥, 𝑦) = 𝑇1,

at 𝑦 = 𝑎 (𝑡) ,𝑢 (𝑥, 𝑦) = 0,
V (𝑥, 𝑦) = 0,∇ × 𝑞 = 0,𝑇 (𝑥, 𝑦) = 𝑇2,

at 𝑦 = 0.

(277)

With the use of classical Lie similarity approach, the solution
for the above system of PDEs is written as [58]

𝑢 = 𝑢𝑥𝜌𝑎2𝐹1 (𝜂, 𝑡) ,
V = −𝑢𝑥𝜌𝑎 𝐹 (𝜂, 𝑡) ,

where 𝜂 = 𝑦𝑎 .
(278)

The similarity transformation given in (278) was used to
reduce the above system of PDEs into a system of nonlinear
ODEs. The reduced ordinary differential system was solved
by using numerical methods for the boundary conditions
given in (277).
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17. Upper Convected Maxwell (UCM)
Fluid Flow Problems

In this section, we discuss the studies related to flow of an
upper convectedMaxwell fluid and solved with the use of the
Lie symmetry method.

The normalizedmomentum equation for unsteady flow is

𝜕𝑢𝜕𝑡 + V𝑤
𝜕𝑢𝜕𝑦 = 1𝑅𝑒 𝜕𝜏𝑥𝑦,𝑝𝜕𝑦 , (279)

with the polymer shear stress (𝜏𝑥𝑦 = 𝜏𝑦𝑥) given by the UCM
differential constitutive equation having a relaxation time 𝜆
and a viscosity coefficient 𝜂𝑝, as mentioned above.

For aUCMfluid, the polymer extra stress tensor is written
in index notation and in nondimensional form as

𝜏𝑖𝑗,𝑝 + 𝐷𝑒 [𝜕𝜏𝑖𝑗,𝑝𝜕𝑡 + 𝑢𝑘 𝜕𝜏𝑖𝑗,𝑝𝜕𝑥𝑘 − 𝜏𝑖𝑘,𝑝 𝜕𝑢𝑖𝜕𝑥𝑘 − 𝜏𝑖𝑘,𝑝 𝜕𝑢𝑗𝜕𝑥𝑘]
= 𝜕𝑢𝑖𝜕𝑥𝑗 + 𝜕𝑢𝑗𝜕𝑥𝑘 . (280)

17.1. Group Theoretical Analysis and Similarity Solutions for
Stress Boundary Layers in Viscoelastic Flows [59]. Atalık
[59] employed the Lie group theory to obtain the point
symmetries of the boundary layer equations derived in the
literature for the high Weissenberg number flow of an upper
convectedMaxwell (UCM) fluid.The equationswere reduced
to ordinary differential equation systems with the use of
scaling and spiral transformation groups.

The boundary layer equations for the UCM fluid in
stream function formulation are [59]

𝜕2𝑇𝑥𝑥𝜕𝑥𝜕𝑦 + 𝜕2𝑇𝑥𝑦𝜕𝑦2 = 0,
𝜕𝜓𝜕𝑦 𝜕𝑇𝑥𝑥𝜕𝑥 − 𝜕𝜓𝜕𝑥 𝜕𝑇𝑥𝑥𝜕𝑦 − 2 𝜕2𝜓𝜕𝑥𝜕𝑦𝑇𝑥𝑥 − 2𝜕2𝜓𝜕𝑦2 𝑇𝑥𝑦

+ 𝑇𝑥𝑥 = 0,
𝜕𝜓𝜕𝑦 𝜕𝑇𝑥𝑦𝜕𝑥 − 𝜕𝜓𝜕𝑥 𝜕𝑇𝑥𝑦𝜕𝑦 − 𝜕2𝜓𝜕𝑦2 𝑇𝑦𝑦 + 𝜕2𝜓𝜕𝑥2 𝑇𝑥𝑥 + 𝑇𝑥𝑦

− 𝜕2𝜓𝜕𝑦2 = 0,
𝜕𝜓𝜕𝑦 𝜕𝑇𝑦𝑦𝜕𝑥 − 𝜕𝜓𝜕𝑥 𝜕𝑇𝑦𝑦𝜕𝑦 + 2𝜕2𝜓𝜕𝑥2 𝑇𝑥𝑦 + 2 𝜕2𝜓𝜕𝑥𝜕𝑦𝑇𝑦𝑦 + 𝑇𝑦𝑦

+ 2 𝜕2𝜓𝜕𝑥𝜕𝑦 = 0.

(281)

The symmetry Lie algebra for the above system of PDEs is
spanned by the following generators [59]:

𝑋1 = 𝜕𝜕𝑥 ,
𝑋2 = 𝜕𝜕𝜓,
𝑋3 = 𝑓 (𝑥) 𝜕𝜕𝑦 + 𝑇𝑥𝑥𝑓 (𝑥) 𝜕𝜕𝑇𝑥𝑦

+ 2𝑇𝑥𝑦𝑓 (𝑥) 𝜕𝜕𝑇𝑦𝑦 ,
𝑋4 = 𝑥 𝜕𝜕𝑥 + 𝑦 𝜕𝜕𝑦 + 2𝜓 𝜕𝜕𝜓,
𝑋5 = −𝑦2 𝜕𝜕𝑦 − 𝜓2 𝜕𝜕𝜓 + 𝑇𝑥𝑥 𝜕𝜕𝑇𝑥𝑥 + 𝑇𝑥𝑦2 𝜕𝜕𝑇𝑥𝑦 ,

(282)

where 𝑓(𝑥) is an arbitrary function.
The generators given in (282) were utilized to reduce the

PDE system (281) to a nonlinear system of ODEs which was
then solved numerically.

18. Phan-Tien-Tanner (PTT) Fluid
Flow Problems

In this section, we provide a review of those studies which
deal with the flow of a Phan-Tien-Tanner fluid and solved
using the classical Lie similarity approach.

The constitutive equation for Phan-Tien-Tanner fluid
model is𝑊𝑒 [(V ⋅ ∇)T − (∇V)T − T (∇V)𝑇 + 𝑘 trace (T)T]

+ T = ∇V + (∇V)𝑇 , (283)

where 𝑊𝑒 is the Weissenberg number characterizing elastic
effects.

Atalık [59] also used Lie group theory to unveil point
symmetry groups of the equations of stress boundary layers
for creeping flow of a PTT type non-Newtonian fluid.
Similarity transformations were obtained for the boundary
layer equations to reduce the governing partial differential
equations into nonlinear system of ordinary differential
equations. Numerical integration of the reduced ordinary
differential equation systems was performed thereafter.

The boundary layer equations for the PTT fluid in the
form of stream function are [59]

𝜕2𝑇𝑥𝑥𝜕𝑥𝜕𝑦 + 𝜕2𝑇𝑥𝑦𝜕𝑦2 = 0,
𝜕𝜓𝜕𝑦 𝜕𝑇𝑥𝑥𝜕𝑥 − 𝜕𝜓𝜕𝑥 𝜕𝑇𝑥𝑥𝜕𝑦 − 2 𝜕2𝜓𝜕𝑥𝜕𝑦𝑇𝑥𝑥 − 2𝜕2𝜓𝜕𝑦2 𝑇𝑥𝑦

+ 𝑇2𝑥𝑥 = 0,
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𝜕𝜓𝜕𝑦 𝜕𝑇𝑥𝑦𝜕𝑥 − 𝜕𝜓𝜕𝑥 𝜕𝑇𝑥𝑦𝜕𝑦 − 𝜕2𝜓𝜕𝑦2 𝑇𝑦𝑦 + 𝜕2𝜓𝜕𝑥2 𝑇𝑥𝑥 + 𝑇𝑥𝑥𝑇𝑥𝑦
− 𝜕2𝜓𝜕𝑦2 = 0,

𝜕𝜓𝜕𝑦 𝜕𝑇𝑦𝑦𝜕𝑥 − 𝜕𝜓𝜕𝑥 𝜕𝑇𝑦𝑦𝜕𝑦 + 2𝜕2𝜓𝜕𝑥2 𝑇𝑥𝑦 + 2 𝜕2𝜓𝜕𝑥𝜕𝑦𝑇𝑦𝑦
+ 𝑇𝑥𝑥𝑇𝑦𝑦 + 2 𝜕2𝜓𝜕𝑥𝜕𝑦 = 0.

(284)
The Lie point symmetries for the PDE system (284) are [59]𝑋1 = 𝜕𝜕𝑥 ,

𝑋2 = 𝜕𝜕𝜓,
𝑋3 = 𝑓 (𝑥) 𝜕𝜕𝑦 + 𝑇𝑥𝑥𝑓 (𝑥) 𝜕𝜕𝑇𝑥𝑦+ 2𝑇𝑥𝑦𝑓 (𝑥) 𝜕𝜕𝑇𝑦𝑦 ,
𝑋4 = 𝑥 𝜕𝜕𝑥 + 𝑦 𝜕𝜕𝑦 + 2𝜓 𝜕𝜕𝜓,
𝑋5 = −𝑦2 𝜕𝜕𝑦 + 𝜓2 𝜕𝜕𝜓 + 𝑇𝑥𝑥 𝜕𝜕𝑇𝑥𝑥 + 𝑇𝑥𝑦2 𝜕𝜕𝑇𝑥𝑦 .

(285)

The operators given in (285) were employed to reduce the
above nonlinear system of PDEs to a nonlinear system of
ODEs. The reduced nonlinear ODE system was solved by
using a numerical approach.

19. Nanofluid Flow Problems

In this section, we present the problems related to the flow of
a non-Newtonian nanofluid and solved by employing the Lie
group approach.

The governing equations of the flow of an incompressible
nanofluid are
∇ ⋅ V = 0, (286)

𝜌𝑓 [𝜕V𝜕𝑡 + V ⋅ ∇V]
= −∇𝑝 + 𝜇∇2V+ [𝐶𝜌𝑝 + (1 − 𝐶) {𝜌𝑓 (1 − 𝛽 (𝑇 − 𝑇∞))}] g,

(287)

(𝐶𝜌)𝑓 [𝜕𝑇𝜕𝑡 + V ⋅ ∇𝑇]
= 𝑘∇2𝑇 + (𝐶𝜌)𝑝𝐷𝐵∇𝐶 ⋅ ∇𝑇 + ( ∇𝑇𝑇∞)∇𝑇 ⋅ ∇𝑇, (288)

𝜕𝐶𝜕𝑡 + V ⋅ ∇𝐶 = 𝐷𝐵∇2𝐶 + ( ∇𝑇𝑇∞)∇2𝑇. (289)

Equation (286) is the conservation of total mass, (287) is
the conservation of momentum, (288) is the conservation of
thermal energy, and (289) is the equation of nanoparticles,
respectively. In the above equations, 𝜌𝑓 is the density of
the base fluid, and 𝜇, 𝑘, and 𝛽 are the viscosity, thermal
conductivity, and volumetric volume expansion coefficient of
the nanofluid, while 𝜌𝑓 is the density of the particles. The
gravitational acceleration is denoted by g.
19.1. Scaling Transformations for Boundary Layer Flow Near
the Stagnation-Point on aHeated Permeable Stretching Surface
with a Nanofluid [60]. Hamad and Pop [60] obtained the
similarity solution of the steady boundary layer flow near
the stagnation-point flow on a permeable stretching sheet
in a porous medium saturated with a nanofluid and in the
presence of internal heat generation/absorption. The gov-
erning partial differential equations with the corresponding
boundary conditions were reduced to a set of ordinary dif-
ferential equations with the appropriate boundary conditions
via Lie group analysis and thereafter a numerical approach
was utilized.

The problem governing the boundary layer flow near the
stagnation-point on a heated permeable stretching surface
in a porous medium saturated with a nanofluid and heat
generation/absorption effects in the form of stream function
is [60]𝜕𝜓𝜕𝑦 𝜕2𝜓𝜕𝑥𝜕𝑦 − 𝜕𝜓𝜕𝑥 𝜕2𝜓𝜕𝑦2

= 𝑈𝑑𝑈𝑑𝑥 + 1(1 − 𝜙)2.5 [1 − 𝜙 + 𝜙 (𝜌𝑠/𝜌𝑓)] 𝜕3𝜓𝜕𝑦3
+ 1(1 − 𝜙)2.5 [1 − 𝜙 + 𝜙 (𝜌𝑠/𝜌𝑓)]𝐾1 (𝑈 − 𝜕𝜓𝜕𝑦 ) ,

𝜕𝜓𝜕𝑦 𝜕𝜃𝜕𝑥 − 𝜕𝜓𝜕𝑥 𝜕𝜃𝜕𝑦
= 1𝑃𝑟 ( 𝛼𝑛𝛼𝑓) + [[ 𝜆1 − 𝜙 + 𝜙 (𝜌𝐶𝑝)𝑠 / (𝜌𝐶𝑝)𝑓]] 𝜃,

(290)

with the boundary conditions𝜕𝜓𝜕𝑦 = 𝑥,
𝜕𝜓𝜕𝑥 = 𝑆,

𝜃 = 1
at 𝑦 = 0,𝜕𝜓𝜕𝑦 → 𝑈 = 𝑎𝑐 𝑥,

𝜃 → 0
as 𝑦 → ∞.

(291)
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With the use of the Lie symmetry method, the scaling
transformation for the above system of PDEs found in [60]
is given by 𝑦 = 𝜂,𝜓 = 𝑥𝐹 (𝜂) ,𝜃 = 𝜃 (𝜂) . (292)

The transformation given in (292) reduces the above PDE
into ordinary differential equations. The reduced ordinary
differential equations were solved numerically.

19.2. Scaling Group Transformation for MHD Boundary Layer
Flow of a Nanofluid Past a Vertical Stretching Surface in the
Presence of Suction/Injection [61]. The problem of laminar
fluid flow which results from the stretching of a vertical
surface with variable stream conditions in a nanofluid was
investigated numerically by Kandasamy et al. [61]. The
symmetry groups admitted by the corresponding boundary
value problem were obtained by using a special form of
Lie group transformations, namely. the scaling group of
transformations.

The governing problem describing the flow model [61] is
given by 𝜕𝜓𝜕𝑦 𝜕2𝜓𝜕𝑥𝜕𝑦 − 𝜕𝜓𝜕𝑥 𝜕2𝜓𝜕𝑦2 − ]

𝜕3𝜓𝜕𝑦3
= −𝜎𝐵20𝜌𝑓 𝜕𝜓𝜕𝑦 + (1 − 𝜙∞) 𝜌𝑓∞𝛽𝑔𝜃Δ𝜃

− (𝜌𝑝 − 𝜌𝑓∞) 𝑔𝜙Δ𝜙,𝜕𝜓𝜕𝑦 𝜕𝜃𝜕𝑥 − 𝜕𝜓𝜕𝑥 𝜕𝜃𝜕𝑦
= 𝛼𝜕2𝜃𝜕𝑦2 + 𝜏𝐷𝐵 𝜕𝜙𝜕𝑦 𝜕𝜃𝜕𝑦 + 𝐷𝑇𝑇∞ (𝜕𝜃𝜕𝑦)2 ,

𝜕𝜓𝜕𝑦 𝜕𝜙𝜕𝑥 − 𝜕𝜓𝜕𝑥 𝜕𝜙𝜕𝑦 = 𝐷𝐵 𝜕2𝜙𝜕𝑦2 + 𝐷𝑇𝑇∞ 𝜕2𝜃𝜕𝑦2 ,

(293)

whereΔ𝜃 = 𝑇𝑤−𝑇∞ Δ𝜙 = 𝐶𝑤−𝐶∞.The appropriate bound-
ary conditions are𝜕𝜓𝜕𝑦 = 𝑥𝑚,

𝜕𝜓𝜕𝑥 = −𝑉0𝑥(𝑚−1)/2,𝜃 = 𝜙 = 1
at 𝑦 = 0,𝜕𝜓𝜕𝑦 → 0,

𝜃 → 0,𝜙 → 0
as 𝑦 → ∞.

(294)

The similarity transformation used to reduce the PDE system
(293) of [61] is given by

𝑦𝑥−1/4 = 𝜂,
𝜓 = 𝑥3/4𝑓 (𝜂) ,
𝜃 = 𝜃 (𝜂) ,
𝜙 = 𝜙 (𝜂) .

(295)

With the use of transformations (295), the above system of
PDEs was reduced to a nonlinear system of ODEs which was
then solved using a numerical method.

19.3. Magnetic Field Effects on Free Convection Flow of a
Nanofluid Past a Vertical Semi-Infinite Flat Plate [62]. The
similarity reductions for problems of magnetic field effects
on free convection flow of a nanofluid past a semi-infinite
vertical flat plate were studied by Hamad et al. [62]. The
application of a one-parameter group reduced the number of
independent variables by one and consequently the govern-
ing partial differential equation with the auxiliary conditions
to an ordinary differential equation with the appropriate cor-
responding conditions. The differential equations obtained
were solved numerically.

The governing problem describing the flow model [62]
is

𝜕𝜓𝜕𝑦 𝜕2𝜓𝜕𝑥𝜕𝑦 − 𝜕𝜓𝜕𝑥 𝜕2𝜓𝜕𝑦2
= 1(1 − 𝜙 + 𝜙 (𝜌𝑠/𝜌𝑓)) [ 1(1 − 𝜙)2.5 𝜕3𝜓𝜕𝑦3 ]

+ 1(1 − 𝜙 + 𝜙 (𝜌𝑠/𝜌𝑓)) [(1 − 𝜙)]
+ 1(1 − 𝜙 + 𝜙 (𝜌𝑠/𝜌𝑓)) [𝜙 (𝜌𝛽)𝑠(𝜌𝛽)𝑓 𝜃 − 𝑀𝜕𝜓𝜕𝑦 ] ,

𝜕𝜓𝜕𝑦 𝜕𝜃𝜕𝑥 − 𝜕𝜓𝜕𝑥 𝜕𝜃𝜕𝑦
= 1𝑃𝑟 (𝑘𝑛𝑓𝑘𝑓 )

+ [[ 11 − 𝜙 + 𝜙 (𝜌𝐶𝑝)𝑠 / (𝜌𝐶𝑝)𝑓]] 𝜕2𝜃𝜕𝑦2 ,

(296)
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with

𝜕𝜓𝜕𝑦 = 𝜕𝜓𝜕𝑥 = 0,
𝜃 = 1

at 𝑦 = 0,𝜕𝜓𝜕𝑦 → 0,
𝜃 → 0

as 𝑦 → ∞.

(297)

With the use Lie symmetry method, the generators for the
above PDE system obtained in [62] are given by

𝑋1 = 𝑥 𝜕𝜕𝑥 + 𝑔 (𝑥) 𝜕𝜕𝑦 + 𝜓 𝜕𝜕𝜓 + 𝜃 𝜕𝜕𝜃 ,
𝑋2 = 𝜕𝜕𝑥 + 𝑔 (𝑥) 𝜕𝜕𝑦 ,
𝑋3 = 𝑔 (𝑥) 𝜕𝜕𝑦 + 𝜕𝜕𝜓.

(298)

The operators given in (298) are used to find the similarity
transformations

𝑦 = 𝜂,
𝜓 = 𝑥𝐹1 (𝜂) ,
𝜃 = 𝑥𝐹2 (𝜂) .

(299)

The similarity transformations (299) are utilized to reduce
the above PDE system to a nonlinear ODE system which was
solved numerically.

19.4. Unsteady Hiemenz Flow of Cu-Nanofluid over a Porous
Wedge in the Presence of Thermal Stratification due to
Solar Energy Radiation: Lie Group Transformation [63]. The
unsteady Hiemenz flow of an incompressible viscous Cu-
nanofluid past a porous wedge due to incident radiation was
investigated by Kandasamy et al. [63]. The partial differential
equations governing the model under investigation were
transformed into a system of ordinary differential equations
by utilizing one-parameter Lie group of transformation. The
reduced ODE system was solved numerically using Runge-
Kutta Gill based shooting method.

The nondimensional form of governing equations in
terms of stream function is [63]

𝜕2𝜓𝜕𝑡𝜕𝑦 + 𝜕𝜓𝜕𝑦 𝜕2𝜓𝜕𝑥𝜕𝑦 − 𝜕𝜓𝜕𝑥 𝜕2𝜓𝜕𝑦2
= 1(1 − 𝜍 + 𝜍 (𝜌𝑠/𝜌𝑓)) [{(1 − 𝜍 + 𝜍 (𝜌𝛽)𝑠(𝜌𝛽)𝑓) 𝛾
⋅ cos Ω2 𝜃} + 1(1 − 𝜍)2.5 𝜕3𝜓𝜕𝑦3 + {𝜕𝑈𝜕𝑡 + 𝑈𝑑𝑈𝑑𝑥 }
⋅ 𝜌𝑓𝑛𝜌𝑓 − V𝑓𝐾 (1 − 𝜍)2.5 (𝜕𝜓𝜕𝑦 − 𝑈)] ,

𝜕𝑇𝜕𝑡 + 𝜕𝜓𝜕𝑦 𝜕𝑇𝜕𝑥 − 𝜕𝜓𝜕𝑥 𝜕𝑇𝜕𝑦
= [[ 11 − 𝜍 + 𝜍 (𝜌𝐶𝑝)𝑠 / (𝜌𝐶𝑝)𝑓]] × [ 1𝑃𝑟 {𝑘𝑓𝑛𝑘𝑓
⋅ 𝜕2𝑇𝜕𝑦2 + 43 ((𝑐𝑇 + 𝑇)3 𝑇) 𝑇}] ,

(300)

with the boundary conditions

𝜕𝜓𝜕𝑦 = 0,
𝜕𝜓𝜕𝑥 = −𝑉0,𝑇 = 𝑇𝑤

at 𝑦 = 0,𝜕𝜓𝜕𝑦 → V𝑥𝑚𝛿𝑚+1 ,
𝑇 → 𝑇∞ → (1 − 𝑛) 𝑇0 + 𝑛𝑇𝑤

as 𝑦 → ∞.

(301)

Using Lie groups, the symmetry generators for the above PDE
system obtained in [63] are

𝑋1 = 𝑥 𝜕𝜕𝑥 + 𝑔 (𝑥) 𝜕𝜕𝑦 + 𝜓 𝜕𝜕𝜓 + 𝑇 𝜕𝜕𝑇,
𝑋2 = 𝜕𝜕𝑥 + 𝑔 (𝑥) 𝜕𝜕𝑦 ,
𝑋3 = 𝑔 (𝑥) 𝜕𝜕𝑦 + 𝜕𝜕𝜓.

(302)
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The corresponding similarity transformations are given by
[63] 𝑦 = 𝜂,𝜓 = 𝑥𝑓𝜂,𝑇 = 𝑥𝑇 (𝜂) . (303)

Transformations (302) are employed to reduce the PDE
system (300) to a nonlinear ODE system which was solved
numerically by Runge-Kutta Gill based shooting technique.

Rosmila et al. [64] studied the magnetohydrodynamics
convection flow and heat transfer of an incompressible
viscous nanofluid past a semi-infinite vertical stretching.
The partial differential equations governing the problem
under consideration were transformed by a special form
of the Lie symmetry group transformations, that is, a one-
parameter group of transformations into a system of ordinary
differential equations whichwas numerically solved using the
Runge-Kutta-Gill-based shooting method.

Recently, Das [65] has numerically investigated the steady
MHD boundary layer flow of an electrically conducting
nanofluid past a vertical convectively heated permeable
stretching surface with variable stream conditions. The sym-
metry groups admitted by the corresponding boundary value
problemwere obtained by using scaling group of transforma-
tions which have been utilized to reduce the governing PDE
system to a nonlinear ODE system.

20. Casson Fluid Flow Problems

Here we discuss the problems dealing with the flow of a
Casson fluid that are solved using the Lie group approach.

The constitutive equations for Casson fluid are presented
as follows: 𝜏1/𝑛 = 𝜏1/𝑛0 + 𝜇 ̇𝛾1/𝑛, (304)

or

𝜏𝑖𝑗 = [𝜇𝐵 + ( 𝑃𝑦√2𝜋)1/𝑛]𝑛 2𝑒𝑖𝑗, (305)

where 𝜇 is the dynamic viscosity, 𝜋 = 𝑒𝑖𝑗𝑒𝑖𝑗 is the product of
the component of deformation rate with 𝑒𝑖𝑗 being the (𝑖, 𝑗)th
component of the deformation rate, 𝜇𝐵 is plastic dynamic
viscosity of the non-Newtonian fluid, and𝑃𝑦 is the yield stress
of fluid, with 𝑛 ≫ 1.
20.1. Heat Source/Sink Effects on Non-Newtonian MHD Fluid
Flow and Heat Transfer over a Permeable Stretching Surface:
Lie Group Analysis [66]. The only study available in the
literature dealing with the flow of a Casson fluid and solved
by using the Lie symmetry method was performed by Tufail
et al. [66]. In [66], an analysis is carried out for flow and heat
transfer of a Casson fluid over a permeable stretching surface
through a porousmedium. Lie symmetry analysis was used to
reduce the governing partial differential equations to nonlin-
ear ordinary differential equations. These reduced ordinary

differential equations were solved exactly and solutions were
obtained in terms of Kummer’s function.

The dimensionless form of the equations governing for
flow and heat transfer of Casson model is𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 = 0,

𝑢𝜕𝑢𝜕𝑥 + V
𝜕𝑢𝜕𝑦 = (1 + 1𝛽) 𝜕2𝑢𝜕𝑦2 − ( 1𝐾 + 𝐾) 𝑢,

𝑢 𝜕𝜃𝜕𝑥 + V
𝜕𝜃𝜕𝑦 = 1𝑃𝑟 𝜕2𝜃𝜕𝑦2 + 𝑄𝜃.

(306)

The boundary conditions on the velocity profile and temper-
ature are 𝑢 (𝑥, 𝑦) = 𝑥,

V (𝑥, 𝑦) = V𝑤√𝑏V ,
𝜃 (𝑥, 𝑦) = 1,

at 𝑦 = 0,𝑢 (𝑥, 𝑦) = 0,
V (𝑥, 𝑦) = 0,𝜃 (𝑥, 𝑦) = 1,

at 𝑦 → ∞.

(307)

In the above equations,𝐾 is the porousmedium permeability
parameter,𝑀 is themagnetic field parameter,𝑃𝑟 is the Prandtl
number, and 𝑄 is the dimensionless heat source or sink
parameter.

The infinitesimals for the system of PDEs (306) are [66]

𝜉1 = 𝑐3 + 𝑐4𝑥,𝜉2 = 𝑔 (𝑥) ,𝜂1 = 𝑐1 + 𝑐4𝜓,𝜂2 = 𝑐2𝜃.
(308)

The infinitesimals given in (308) were used to reduce the
above system of PDEs to a system of nonlinear ODEs. The
reduced ordinary differential systemwas solved exactly in the
closed-form Kummer’s function.

21. Concluding Remarks

In this topical survey, we have classified all those studies
which are related to the flow models of different non-
Newtonian fluids and solved using Lie symmetry and con-
ditional symmetry approaches.Themathematical modelling,
the symmetries found, and the solutions obtained for each
of the studies under investigation were presented. We have
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observed that the symmetry methods used to solve different
non-Newtonian fluid flow models are useful for a wide
range of nonlinear problems in fluids given the paucity of
known exact solutions especially in non-Newtonian fluids.
In the majority of the models that we have reviewed, the Lie
symmetry methods have been successfully applied to obtain
exact solutions. Another notable significant feature of the Lie
theory analysis that we have observed is that it has been used
to construct the similarity transformations which are used
for the reductions of the governing equations into reduced
(these reduced equations are sometimes solved numerically)
or exactly solvable equations. The Lie approach is not only
applicable to many nonlinear and complicated scalar ODEs
and PDEs but also to a nonlinear system of ODEs and PDEs
in the context of non-Newtonian fluid mechanics.

In recent years, the ansatz method has been used to
construct exact solutions of nonlinear differential equations
arising in the study of non-Newtonian fluids. In the ansatz
method, different forms of the solution are assumed and
different techniques are used to develop analytical results.
We pinpoint one of the central points of this survey which is
the usefulness of systematic group theoretic approach. Other
methods such as homotopy approach, Adomianmethod, and
similar iterative methods have been applied for number of
times for similar class of problems discussed in this survey.
However, their precise application is still unclear and the
results they produce are not dictated by the physical problem
at hand. The applications of Lie symmetry methods for non-
Newtonian fluid flow models as discussed here are more
systematic, rigorous, and general treatment for such type
of problems. In other words, the group theoretical methods
provide a unified treatment to classify exact solutions of
models of Newtonian and non-Newtonian fluids which are
solved in the literature using different techniques.

Another important aspect of this surveywehave observed
is that many researchers have employed Lie group methods
to investigate different interesting features of non-Newtonian
fluids in different situations but very limited studies have been
reported in the literature in which researchers have utilized
the nonclassical symmetry method to solve non-Newtonian
fluid flow models. In particular, only a single study [49]
has been found in which the authors have performed the
nonclassical symmetry analysis of a particular model of
a non-Newtonian third-grade fluid. Thus, the concept of
nonclassical symmetry has not been widely used to find
conditionally invariant solutions of non-Newtonian fluid
flow problems.This also applies to the use of weak and higher
symmetries in the context of fluids. We believe that these
deserve further importance in tackling non-Newtonian fluid
flow problems. Since the problems dealing with the flow of
non-Newtonian fluids have receivedmuch attention in recent
years, the present survey is intended to provide a platform
for researchers to apply group methods to tackle nonlinear
problems in the fertile field of fluid mechanics.

Moreover, we did not focus on symmetry associated
with conservation law works such as that of [67–69]. This
necessitated giving notions on conservation laws of partial
differential equations and the group approaches related to
these which are extensive.
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