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Abstract

A dominant feature in the heliosphere is the heliospheric current sheet, separating regions of opposite
polarity of the heliospheric magnetic field. This structure is dependent on solar activity through the tilt
angle, which increases with increasing solar activity. This alters the waviness of the current sheet, and
thus the region swept out by this structure. One of the four major cosmic-ray modulation mechanisms
in the heliosphere are drifts due to the curvature of, and gradients in, the heliospheric magnetic field,
as well as current sheet drifts. The effect of these particle drifts is known to be reduced by turbulent
magnetic field. This study aims to provide some insight into particle drifts along the wavy current
sheet, in particular how such effects are modelled in numerical galactic cosmic ray modulation codes,
by using an ab initio approach to this problem that models diffusion and turbulence-reduced drift
coefficients from first principles, so that they now depend on basic turbulence quantities. This is done
using a numerical cosmic-ray modulation model that employs a set of stochastic differential equations
to solve the Parker transport equation. Different methods by which current sheet drift effects are
usually modelled in cosmic-ray modulation codes are investigated, and are shown to have a significant
effect on galactic cosmic-ray modulation. At high levels of solar activity, it is demonstrated that if the
drift model takes into account the simultaneous decrease in cosmic-ray Larmor radius with increasing
solar activity parameters, it computes intensities in good qualitative agreement with observations.
Lastly, a novel approach to modelling drift effects due to the heliospheric current sheet is proposed,
and compared with a previous approach to this problem. The novel approach is shown to lead to
an improvement in the qualitative agreement of computed cosmic-ray intensities with spacecraft
observations relative to previously used approaches to modelling this phenomenon.

KEYWORDS: Cosmic rays, heliosphere, stochastic differential equations, heliospheric current sheet,

particle drifts
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Chapter 1

Introduction

The modulation of galactic cosmic rays in the heliosphere is influenced by various processes. Further-
more, the global structure of the heliospheric magnetic field, the turbulent solar wind, the heliospheric
current sheet, and the structure of the heliosphere, all play major roles in the modulation processes that
result in global and temporal variations in the intensity of galactic cosmic rays. A brief introduction
to these structures and processes, as well as how they are modelled in this study, is given in Chapter 2,
as well as an introduction of the Parker [1965] cosmic-ray particle transport equation, which models
the various major physical processes by which the initial, interstellar cosmic-ray distribution function
is modulated.

The second half of Chapter 2 is devoted to an in-depth discussion of the stochastic approach used
to solve this equation in this study. Concepts adopted from the stochastic calculus describing the
probability model are briefly introduced. The transformation of the Parker transport equation into an
equivalent set of SDEs is established following a discussion of the equivalence between stochastic
differential equations (SDEs) and Fokker-Planck equations. Also discussed in this section is the
technique employed in this work to numerically solve this set of equations. The last section of this
chapter discusses turbulence quantities relevant to the solar modulation of cosmic rays and the chosen
forms of diffusion and drift coefficients that are functions of these turbulence quantities, as employed
in this work.

The subject of Chapter 3 is a qualitative comparison of the two widely used approaches by which drift
along the wavy current sheet is modelled in a numerical study of the modulation of galactic cosmic-
rays, and to test which is most suitable to the study of cosmic ray modulation over different levels of
solar ctivity. The chapter commences with an introduction to these approaches, as proposed by Burger
[2012] and Burger et al. [1985], highlighting their differences and similarities, and comparing them
over a range solar activity levels. It is a well-established fact, from theoretical studies [see e.g. Jokipii,
1993; Fisk and Schwadron, 1995; le Roux and Webb, 2007] as well as by numerical test-particle
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simulations [see e.g. Giacalone, 1999; Candia and Roulet, 2004; Minnie et al., 2007; Tautz and
Shalchi, 2012], that drift effects are suppressed in the presence of magnetic turbulence. Furthermore,
different observational studies of turbulence quantities have shown solar cycle dependences of these
quantities [Burger et al., 2014; Zhao et al., 2018]. To this point, galactic cosmic ray proton differential
intensities computed at Earth assuming the weak-scattering drift coefficient [Forman et al., 1974] are
compared with those computed assuming a recently-proposed turbulence-reduced drift coefficient
[Engelbrecht et al., 2017] to investigate their effects on cosmic-ray modulation. Furthermore, in this
chapter an in-depth, detailed comparison is presented of results computed using both drift modelling
approaches for a range of parameters corresponding to various levels of solar activity so as to ascertain
the influence of these approaches on computed cosmic ray intensities, with the aim of determining
which approach is more suited to such a study.

Following the analysis of Chapter 3, the question naturally arises as to whether one could model
the effects of helisopheric current sheet drift in a way which would retain the benefits of using the
Burger [2012] approach, without its limitations. Neither the Burger [2012] or Burger et al. [1985]
approaches can take into account the effects of the finite thickness of the HCS on particle drifts, or the
fact that, given the natural increase of the heliospheric magnetic field magnitude at greater levels of
solar activity, the concurrent decrease in cosmic-ray Larmor radius would lead to a natural decrease
in drift effects, beyond those due to the influence of turbulence. Therefore, the subject of Chapter 4 is
to propose an alternative approach to modelling wavy current sheet drift that allows for the above-
mentioned improvements. The chapter commences with an introduction of such a novel approach,
along with careful motivations of the assumptions made to derive this approach. This is followed
by qualitative testing of the new model to test how it would simulate characteristic drift effects as
observed at Earth and at different radial distances along the twin Voyager 1&2 spacecraft trajectories,
as well as the relative effects of this approach on computed cosmic-ray intensities compared with
those of the Burger [2012] approach.

Results from this study have been published in the Astrophysical Journal Letters, by Engelbrecht et al.
[2019].
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Chapter 2

The 3D Turbulent Heliosphere and the
Stochastic Cosmic-Ray Modulation Model

2.1 Introduction

Various processes influence the modulation of galactic cosmic rays in the heliosphere. In addition,
the global structure of the heliospheric magnetic field, the turbulent solar wind, the heliospheric
current sheet, and the structure of the heliosphere itself, all play major roles in the modulation process
that result in global and temporal variations in the intensity of galactic cosmic rays with energy
and position in the heliosphere. The purpose of this chapter is to give a brief introduction of these
structures and processes and how they are modelled in this study. The cosmic-ray particle transport
equation, which contains various processes modulating the initial, interstellar cosmic-ray distribution
function, will also be introduced.

A brief discussion of the stochastic approach used to solve this equation is also given. As such,
concepts adopted from the stochastic calculus describing the probability model are briefly introduced.
A brief discussion is also given of the equivalence between SDEs and Fokker-Planck equations for the
establishment of the transformation of the Parker transport equation into an equivalent set of SDEs.
The technique employed in this work to solve this set of SDEs numerically is also discussed. This
will be followed by a discussion of turbulence quantities relevant to the solar modulation of cosmic
rays and of the chosen forms of diffusion and drift coefficients based on these turbulence quantities as
employed in this work.

2.2 The Sun and Solar Variability

The Sun, located ∼ 1 AU away from the Earth, has a notable influence on the properties and structure
of the heliosphere and therefore also on the transport of cosmic rays in the heliosphere according to
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its variability [e.g. Potgieter et al., 2001; Stix, 2004; Kóta, 2013]. Solar variability has been shown
to have a range of periodicities [e.g., Caballero-Lopez et al., 2019, and references therein], thus
making possible the study of the effects on the long-term, intermediate and short-term cosmic-ray
variations. The two relevant to long-term cosmic-ray modulation in the heliosphere are the dominant
solar activity cycle and the magnetic polarity cycle. Refer for instance to Shibata and Magara [2011]
on the discussion of a variety of proposed indices of solar variability.

The solar activity has a periodicity of ∼ 11 years, which describes the period the Sun progresses
between alternating states of high levels of activity with low levels of activity. High levels of solar
activity are marked by large numbers of sunspots, large solar magnetic field magnitudes, large tilt
angle values, and an increased number of explosive events such as coronal mass ejections and/or
solar flares, to name a few indicative observables of solar activity. The polarity of the magnetic field
switches during periods when solar activity is highest, therefore leading to a ∼ 22 years magnetic
polarity cycle. For more comprehensive reading on solar variability cycles see Marsden [2001] and
Hathaway [2010], for example.

2.3 The Solar Wind

The realization of the possible existence of the solar cycle and its influence started in 1859 when
Carrington observed a solar flare that was succeeded by a large geomagnetic storm, which suggested
strong correlation between solar activity and magnetic disturbances observed on Earth [e.g. Hund-
hausen, 1972]. Later in the 1930s and 1940s, Forbush observed the modulation of cosmic rays relative
to geomagnetic storms and the 11-year solar activity cycle and connected this modulation to the
magnetic field embedded in plasma clouds ejected during flaring events from the Sun. Early in the
1950s, Biermann suggested the ionic comet tail pointing away from the Sun was as the result of a
continuous outflow of particles from the Sun, unrelated to any flaring event [Biermann, 1951, 1957].
It was not until later that Alfvén pointed out the continuous outflow must be a magnetized plasma
and this notion was later confirmed by direct observations outside of the Earth’s magnetosphere [see
Alfvén, 1957].

From observations, Parker [1960] developed a hydrodynamic model describing the continuous ex-
pansion of the solar corona driven by the large pressure difference between the solar corona and the
interstellar plasma. This continuous supersonic coronal expansion, termed the solar wind, was verified
by experiments in 1962 [e.g. Parker, 1965; Krieger et al., 1973]. The solar wind is observed to be
directed radially away from the Sun up to the termination shock, and not necessarily uniform over all
latitudes, especially during solar minimum. The latitude dependence of the solar wind was observed
by the Ulysses spacecraft during its three fast latitude scans, covering both solar maximum and
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minimum conditions [e.g. see Smith et al., 1995; McComas et al., 2000; Heber et al., 2003]. Note that
for the purposes of the present study an inner boundary of 0.3 AU and an outer boundary of 100 AU
are assumed with no termination shock in the assumed modulation cavity, as the cosmic-ray transport
coefficients used in this study are derived assuming conditions applicable only to the supersonic solar
wind [see, e.g., Pogorelov et al., 2017; Burlaga et al., 2018].

In order to implement the solar wind speed profile in a modulation model, the solar wind velocity
V(r,θ) can be written as

V(r,θ) =V (r,θ)er =V0Vr(r)Vθ (θ)er, (2.1)

by assuming that the radial and latitudinal dependences are independent of each other [e.g. Ferreira,
2002; Ndiitwani et al., 2005; Engelbrecht, 2012; Ngobeni, 2015]. Here r denotes the heliocentric
radial distance, θ the polar angle, V0 = 400 km.s−1, and er the unit vector component in the radial
direction. During solar minimum conditions the latitude dependence Vθ (θ) of the solar wind velocity
motivated by Ulysses measurements [Phillips et al., 1995; McComas et al., 2000] is modelled using a
hyperbolic tangent function as:

Vθ (θ) =

1.5−0.5tanh [8(θ −π/2+α +ϕt)] if θ ≤ π/2;

1.5+0.5tanh [8(θ −π/2−α −ϕt)] if θ > π/2
(2.2)

with α the tilt angle of the heliospheric current sheet, θ colatitude and ϕt = 20π/180 radians [e.g.
Engelbrecht, 2012]. The factor of 8 governs the steepness of the transition function. For solar
maximum conditions no latitude dependence is assumed, therefore it is assumed that Vθ (θ) = 1.0.
The radial dependence Vr(r) of the solar wind can be assumed as:

Vr(r) = 1− exp
[

40
3

(
r⊙− r

r0

)]
(2.3)

with r0 = 1 AU and r⊙ ∼ 0.005 AU [e.g. Hattingh, 1998; Ferreira, 2002; Langner, 2004]. Given the
almost constant behaviour of the solar wind speed with distance within the termination shock [e.g.
Belcher et al., 1995], the solar wind speed in the model presented here is assumed to be constant in r
after the initial increase given by Equation 2.3.

2.4 The Heliosphere

The interaction of the solar wind with the local interstellar medium results in the formation of a
bullet-shaped bubble referred to as the heliosphere. Descriptions of this interaction by hydrodynamic
and magneto-hydrodynamic models predict a steady state in the nose direction of the heliosphere
between the two distinct fluids [e.g. Opher et al., 2006; Richardson et al., 2008; Pogorelov et al., 2009;
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Opher et al., 2009; Pogorelov et al., 2014; Pogorelov et al., 2017]. The boundary where the steady
state is established between the two plasmas is called the heliopause. Because both the solar wind
and the interstellar wind are supersonic upstream, a shock will form as a result of their interaction. In
the vicinity of the shock, both plasmas will experience compression, heating and flow speeds reduced
to subsonic values [e.g. Lee et al., 2009; Richardson and Burlaga, 2013]. The shock in the solar
wind is called the solar wind termination shock, and in the local interstellar medium, the bow shock.
There is some controversy where some studies suggest that the bow shock could rather be a bow
wave based on observations from the Interstellar Boundary Explorer which suggests a lower dynamic
pressure situation due to slower motion of the Sun relative to the interstellar medium, see reviews by
McComas et al. [2012] and Zank et al. [2013].

The heliosphere shown in Figure 2.1 has an elongated structure in the downwind direction, thus result-
ing in the so-called heliospheric tail, and compressed in the upwind direction due the motion of the
local interstellar medium relative to the Sun. The dynamic nature of the heliosphere is derived from
the solar-cycle dependence of the solar wind, which was shown by Ulysses measurements to have a
significant latitude dependence. During solar minimum conditions, the heliosphere is more elongated
in the solar poleward direction, and this elongation is diminished during solar maximum conditions
when no clear latitude dependence of the solar wind is present [e.g. Scherer and Fahr, 2003]. As the
solar wind pressure changes with the solar cycle, so does the distance to the heliopause as well as the
termination shock position [e.g. Pauls and Zank, 1996; Ferreira et al., 2004; Pogorelov et al., 2013;
Washimi et al., 2017]. Pauls and Zank [1996] showed that the elongation can be reduced by including
self-consistently the effects of charge exchange between the solar wind and the interstellar neutral
hydrogen. The inclusion of neutrals occurs due to the fact that since they are not bound by magnetic
fields, they can cross freely between these two opposing plasmas [e.g. Lee et al., 2009; Richardson
and Stone, 2009; Stone et al., 2013].

The termination shock position was confirmed by the Voyager 1 spacecraft at ∼ 94 AU, 34.1◦ North
heliolatitude [e.g. Stone et al., 2005; Ness, 2006] and later by its twin spacecraft Voyager 2 at ∼
84 AU, 31.6◦ South heliolatitude [e.g. Stone et al., 2008; Richardson et al., 2008]. These shock
crossings speak to the dynamical nature of the heliosphere, which is time-dependent. Furthermore,
upon crossing the shock, the twin spacecraft observed a spike in the strength of the magnetic field,
plasma density and temperature, and a corresponding drop in the solar wind speed. The heliopause
was located when the two spacecraft crossed into the interstellar space at ∼ 122 AU from the Sun by
Voyager 1 [e.g. Gurnett et al., 2013; Webber and McDonald, 2013] and at ∼ 119 AU from the Sun by
twin Voyager 2 [e.g Burlaga et al., 2019; Cummings et al., 2019].
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2.5 The Heliospheric Magnetic Field

Figure 2.1 MHD modelling of the heliospheric geometry, shown in different panels from the plasma
density, speed, temperature and the magnitude of the heliospheric magnetic field perspective. Note the
interstellar flow is directed towards the left and also the relative positions of the V1 and V2 spacecraft.
Taken from Strauss [2013].

2.5 The Heliospheric Magnetic Field

Electric currents in the Sun create complex magnetic field structures extending outward and filling the
heliosphere. At radial distances less than the Alfvén radius, the magnetic energy density of the solar
wind dominates the thermal energy density. This result in the solar magnetic field not being embedded
in the solar wind, and consequently not convected with the solar wind into the interplanetary space
[see e.g. Bellan, 2006; Chiuderi and Velli, 2014; Fitzpatrick, 2014]. Beyond the Alfvén radius the
solar wind thermal energy density dominates the magnetic energy density so that the Sun’s magnetic
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field is embedded in the outward convective solar wind, therefore filling the interplanetary space and
forming the heliospheric magnetic field (HMF) [e.g. Parker, 1958].

The HMF model utilized in this work was developed by Parker [1958] and shall be referred to as the
Parker field. At the solar source surface, which is assumed to be located at the heliocentric distance
of ∼ 2.5r⊙, the open magnetic field lines become radial [e.g. Wang and Sheeley, 1995], and the HMF
lines become curved into an Archimedes spiral form (see Figure 2.2) due to the rotation of the Sun,
described by

B = AB0

(r0

r

)2
(er − tanψeφ ), (2.4)

with er and eφ unit vector components in the radial and azimuthal directions respectively, B0 the value
of the average HMF magnitude at Earth, and r0 = 1 AU.
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Figure 2.2 HMF lines of the Parker spiral as a function of the heliospheric radial distance for different
polar angles.
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2.6 The Heliospheric Current Sheet

The Parker field spiral angle, which gives an indication of how tightly wound up the HMF spiral
is, is modelled as [see, e.g., Alania and Dzhapiashvili, 1979; Kobylinski, 2001; Burger et al., 2008]

tanψ = Ω
(r− r⊙)sinθ

V
, (2.5)

with the spiral angle ψ defined as the angle between the radial direction and the average HMF at
a certain position. In this equation the source surface is assumed to be located at r⊙ ∼ 0.005 AU,
Ω = 2.67×10−6 rad.s−1 denotes the average angular rotation speed of the Sun, and V the solar wind
speed.

The HMF polarity is described by

A =±[1−2H(θ − θ́)], (2.6)

where the Heaviside step function H changes the HMF direction across the heliospheric current sheet
(see the next section), and is given by:

H(θ − θ́) =

0 for θ < θ́

1 for θ > θ́ ,
(2.7)

with θ́ the polar angular position of the HCS.

Several other modifications to the Parker field away from the ecliptic plane have been proposed
but are not implemented in this study. For more information as to these, the interested reader is invited
to consult Jokipii and Kóta [1989]; Moraal [1990]; Smith and Bieber [1991]; Fisk [1996, 2001]; Hitge
and Burger [2010] for more in-depth discussions on this topic.

2.6 The Heliospheric Current Sheet
Regions of opposite polarity of the HMF are separated by a boundary called the heliospheric current
sheet (HCS) [e.g. Smith, 2001; Malandraki et al., 2019]. According to Ampère’s law, i.e. ∇×B= µ0J,
gradients in a magnetic field produce currents. As such, at the location where the magnetic field
changes either direction or magnitude, a thin current-carrying layer called the current sheet forms,
and between regions of opposite polarity in a bipolar region this layer is called the neutral sheet. This
heliospheric current sheet is observed to have a finite thickness decreasing with radial distance [e.g.
Zhou et al., 2005a,b] and at 1 AU has a width of ∼ 1×104 km [Smith, 2001]. In the heliosphere,
open magnetic field lines expand radially over active regions in order to release magnetic pressure.
If the magnetic and the rotational axes of the Sun would be aligned, the heliospheric current sheet
would be flat at θ́ = π/2. However, these axes are misaligned by the so-called tilt angle α . Changes
in α with the solar cycle and the rotation of the Sun result in the heliospheric current sheet having a
warped or a wavy structure.

The heliospheric current sheet is modelled as the extension of the magnetic equator from the
source surface to the outer regions of the heliosphere. The heliospheric current sheet separates two
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Figure 2.3 Schematic diagram showing a plane of the solar magnetic equator (dashed circle), tilted at
an angle α relative to the rotational equator (solid circle). Taken from Krüger [2005]

hemispheres of opposite polarities, as such it is frozen into the solar wind and propagates radially
outward at the solar wind speed. The derivation of the expression of the polar extent of the described
wavy current sheet follows from Figure 2.3 [Krüger, 2005]. The dashed lines denote the position of
the magnetic equator on the source surface, tilted with the angle α from the equatorial plane. The
angles φ∗ and θ ∗ denote the azimuthal and polar angle at (x,y) in the co-rotating system, respectively.
It therefore follows that [Krüger, 2005]

tanα =
y

xsinφ∗ . (2.8)

But also

tanθ
∗ =

y
x
= tanα sinφ

∗. (2.9)

To cover distance r from the Sun in a co-rotating system, θ ∗ will take time Ω/Vsw and would have
rotated through an angle rΩ/Vsw, so that φ , the angle at which it originated from at the Sun and is
observed at r, is related to φ∗, its present azimuthal angle, by

φ
∗ = φ +

rΩ

Vsw
. (2.10)

In terms of the polar angle, define θ́ = π/2−θ ∗, which simplifies to the analytical form

θ́ =
π

2
− arctan

[
tan α sin

(
φ +

Ω(r− r⊙)
V

)]
, (2.11)

or in compact form,

cotθ
′ = tanα sinφ

∗, (2.12)
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the expression given by Kota and Jokipii [1983].
Assuming a small angle approximation, approximately valid for solar minimum conditions such

that tana ∼ sina, and by implying that θ ∗ ≤ α such that cotθ ∼ cosθ , the polar extent of the wavy
current sheet given by Equation 2.12 is approximated by

cosθ
′ = sinα sinφ

∗, (2.13)

in compact form, or

θ́ =
π

2
+ arcsin

[
sin α sin

(
φ +

Ω(r− r⊙)
V

)]
, (2.14)

the form given by Jokipii and Thomas [1981]. Note that Equation 2.11 is the more correct expression
for the HCS while Equation 2.14 is only valid for small tilt angles such that tana ∼ sina.

2.7 Cosmic-Ray Transport in the Heliosphere
Upon entering the heliosphere, cosmic-ray intensities change as function of position, energy and time
relative to their interstellar values. Their transport is seen as the change of their pitch-angle averaged
distribution function f (r, p, t) that depends on position and energy [see, e.g., Moraal, 2013]. There
are four major cosmic ray modulation processes:

1. Convection due to the solar wind propagating outwards from the Sun [e.g. Parker, 1958, 1960].

2. Energy changes due to the solar wind velocity expanding or compressing, therefore cosmic
rays undergo adiabatic cooling (deceleration) [e.g. Parker, 1965] or heating (acceleration) [e.g.
Ferreira et al., 2007]. Acceleration may also be due to travelling interplanetary shocks [Prinsloo
et al., 2019], diffusive shock acceleration at the solar wind termination shock [e.g. Potgieter
and Moraal, 1988; le Roux et al., 1996; Langner, 2004] or continuous stochastic acceleration in
the inner heliosheath [e.g. Ferreira et al., 2007; Strauss et al., 2010].

3. Diffusion along the HMF (parallel) and across HMF lines (perpendicular) [e.g. Bieber et al.,
1994; Teufel and Schlickeiser, 2003; Shalchi et al., 2004; Engelbrecht and Burger, 2013;
Dempers and Engelbrecht, 2020].

4. Drifts due to the gradient and curvature of the HMF or any changes in the magnetic field
direction in the current sheet [e.g. Jokipii and Levy, 1977; Jokipii et al., 1977; Zhang, 1997;
De Simone et al., 2011; Engelbrecht et al., 2019].

2.7.1 Parker’s Transport Equation
Parker [1965] combined all these modulation processes into a transport equation (TPE) given as

∂ f
∂ t

=−(V+< vd >) ·▽ f +∇ ·
(

K(s) ·▽ f
)
+

1
3
(∇ ·V)

∂ f
∂ lnP

+Q, (2.15)

where t is the time, P the rigidity, V solar wind velocity, K(s) the symmetric diffusion tensor, Q is
any particle source inside the heliosphere (such as the Jovian magnetosphere, see e.g. Ferreira et al.
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[2003]) and < vd >= ∇×KAeB the pitch angle averaged guiding center drift velocity for a near
isotropic distribution function f . This function is related to the differential intensity j by j = P2 f
[e.g. Quenby, 1984; Moraal, 2013]. The rigidity P in GV is defined as the momentum per charge of
the particles i.e. P= pc

q with p the particle momentum, q the charge and c the speed of light in vacuum.

The TPE is solved in terms of rigidity in this work, and as such P = mvc
Ze . The total energy of

a relativistic particle can be written as E2
p = p2c2 +m2

0c4 = (Tp +E0,p)
2, where m0 is the particle

rest-mass, Tp the total kinetic energy and E0,p the total rest mass energy of the particle. In terms
of rigidity, the total energy becomes E2

p = P2(Ze)2 +E2
0,p. In order to allow for direct comparison

of model results with observations, these quantities are written as total energy per nucleon En and
total kinetic energy per nucleon Tn so that A2E2

n = P2(Ze)2 +A2E2
0,p = (ATn +AE0,p)

2, where A is
the mass number of the particle in question [see Moraal, 2013].

Diffusion Tensor

The symmetric diffusion tensor K(s) in Equation 2.15 in an averaged background HMF aligned
coordinate system is given as [e.g. Burger et al., 2008]

K(s) =

κ|| 0 0
0 κ⊥θ 0
0 0 κ⊥r

 , (2.16)

where κ|| is the diffusion coefficient parallel to the averaged HMF, κ⊥θ the diffusion coefficient per-
pendicular to the averaged HMF in the polar direction, and κ⊥r the diffusion coefficient perpendicular
to the averaged HMF in the radial direction.

The asymmetric drift tensor K(A) can be written as [e.g. Minnie et al., 2007; Burger et al., 2008]

K(A) =

0 0 0
0 0 κA
0 −κA 0

 , (2.17)

where κA is the drift coefficient.
The full tensor K contains the diffusion and drift coefficients that largely determine the extent to

which cosmic ray particles are transported and modulated, and this is given by

K = K(s)+K(A)

=

κ|| 0 0
0 κ⊥θ κA
0 −κA κ⊥r

 . (2.18)

Using the full tensor as given by Equation 2.18 allows rewriting Equation 2.15 in a compact form
as

∂ f
∂ t

=−V ·▽ f +∇ · (K ·▽ f )+
1
3
(∇ ·V)

∂ f
∂ lnP

+Q, (2.19)
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where the averaged guiding center drift velocity is now contained in the asymmetrical part of the
tensor. Rewriting Equation 2.19 in a three-dimensional (3D) spherical coordinate system, gives

∂ f
∂ t

=

[
1
r2

∂

∂ r
(r2

κrr)+
1

r sinθ

∂

∂θ
(κθr sinθ)+

1
r sinθ

∂κφr

∂φ
−V

]
∂ f
∂ r

+

[
1
r2

∂

∂ r
(rκrθ )+

1
r2 sinθ

∂

∂θ
(κθθ sinθ)+

1
r2 sinθ

∂κφθ

∂φ

]
∂ f
∂θ

+

[
1

r2 sinθ

∂

∂ r
(rκrφ )+

1
r2 sinθ

∂κθφ

∂θ
+

1
r2 sin2

θ

∂κφφ

∂φ
+Ω

]
∂ f
∂φ

+κrr
∂ 2 f
∂ r2 +

κθθ

r2
∂ 2 f
∂θ 2 +

κφφ

r2 sin2
θ

∂ 2 f
∂φ 2 +

2κrφ

r sinθ

∂ 2 f
∂ r∂φ

+
1

3r2
∂

∂ r
(r2V )

∂ f
∂ lnP

+Q,

(2.20)

with κrr, κrθ , κrφ , κθr, κθθ , κθφ , κφr, κφθ , and κφφ different elements of the diffusion tensor K in
spherical polar coordinates, Ω the angular rotation rate of the Sun and V the solar wind speed. This
work assumes that there are no particle sources inside the heliosphere (i.e. Q = 0). To transform
to spherical coordinates, the HMF aligned coordinate system is related to the spherical coordinate
system by the base vectors for the field aligned coordinates (for a Parker field) given as [e.g. Burger
et al., 2008; Pei et al., 2010; Strauss et al., 2011]

e|| = cosψer − sinψeφ

e1 = eθ (2.21)
e2 = sinψer + cosψeφ ,

where e|| is the unit vector parallel to the averaged HMF, e1 the unit vector perpendicular to e|| in the
polar direction and e2 the unit vector perpendicular to e|| in the radial direction. Also er, eθ and eφ are
the unit vectors in the spherical polar coordinate system and ψ is the spiral angle between er and e||.
By specifying the appropriate transformation matrix T, so that det(T) = 1, makes the representation
of diffusion tensor in spherical coordinates possible. This transformation matrix is given by

T =

 cosψ 0 sinψ

0 1 0
−sinψ 0 cosψ

 , (2.22)

from which the diffusion tensor in Equation 2.18 in spherical coordinates is [Burger et al., 2008]

13



The 3D Turbulent Heliosphere and the Stochastic Cosmic-Ray Modulation Model

κrr κrθ κrφ

κθr κθθ κθφ

κφr κφθ κφφ

= TKTT

=

 cosψ 0 sinψ

0 1 0
−sinψ 0 cosψ

κ|| 0 0
0 κ⊥θ κA
0 −κA κ⊥r

cosψ 0 −sinψ

0 1 0
sinψ 0 cosψ


=

κ|| cos2 ψ +κ⊥r sin2
ψ −κA sinψ (κ⊥r −κ||)cosψ sinψ

κA sinψ κ⊥θ κA cosψ

(κ⊥r −κ||)cosψ sinψ −κA cosψ κ|| sin2
ψ +κ⊥r cos2 ψ

 .
(2.23)

This transformation is employed in the present study.

2.8 Description of Cosmic-Ray Transport by Stochastic Processes
Mathematically, a stochastic process {X(t)|t ∈ T} can be defined as a family (or infinite collection)
of random variables X(t), defined on the common sample space Ω, where domain T of the parameter
is a subset of R and parameter t is often interpreted as time. That is, the time evolution of a random
variable is a stochastic process [e.g. Blomberg, 2007; Gardiner, 2009; Sauer, 2012]. Thus in the
description of such a stochastic process we must know the distribution function of the stochastic
process,

P{X(t1)≤ x1 ∧X(t2)≤ x2 ∧ ...∧X(tn)≤ xn},

for every t1, ..., tn ∈ T and every x1, ...,xn ∈R. Each sample point of the probability model maps to an
infinite collection of sample values of random variables. If parameter t is regarded as time, then each
sample point maps to a function of time called a sample path or sample function. In a case where
the interest is only in the collection of random variables comprising the stochastic process, then the
sample points of the probability model can be taken to be the sample paths of the process, and each
event is a collection of sample paths [e.g. Blomberg, 2007; Carfora, 2019]. Consider a special case
where these events can be defined in terms of a finite set of random variables. In this case, X(t) = k
and the distribution function of the discrete stochastic process (Markov process) of values in N0 is
[e.g. Kao et al., 2004; Franzese and Iuliano, 2019]

P{X(tn+1) = kn+1|X(tn) = kn ∧ ...∧X(t1) = k1}= P{X(tn+1) = kn+1|X(tn) = kn},

for any k1, ...,kn+1 in the range, any t1 < ... < tn+1 from T , and for any n ∈ N. This means that a
Markov process described at future time tn+1 given the process at time tn, is statistically independent
from past processes, provided that these times are all smaller than tn+1 [e.g. Zhang, 1999].
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2.8.1 Describing Random Walk
Consider a sequence (Xk) of mutually independent identically distributed random variables, with the
distribution given by [e.g. Øksendal, 2003; Gabbiani and Cox, 2017]

P{Xk = 1}= p and P{Xk =−1}= q,

where p,q > 0, p+q = 1, and k ∈ N. Consider another sequence of random variables (Sn) defined by

S0 = 0 and Sn = S0 +
n

∑
k=1

Xk,

for n ∈ N. This second sequence (Sn)
+∞

n=0 given as the sum of the independent random variables,
describes a random walk concept [Strauss and Effenberger, 2017]. In the special case of p and q with
equal probabilities, the situation is called symmetric random walk. This means, if random variable X
represents the displacement of a drifting particle, then the expected value (⟨X⟩) of the displacement is
defined by

⟨X⟩= ∑
k

xkP(xk),

where the sum is over all possible realizations xk of X . Invoking the mean sum theorem for statistically
independent random variables X = ±△x and Y = ±△y, with equal probabilities, it follows that
[Lemons, 2002]

⟨X +Y ⟩= ∑
k

∑
m
(xk + ym)P(xk&ym)

= ∑
k

xk ∑
m

P(xk&ym)+∑
m

ym ∑
k

P(xk&ym)

= ∑
k

xkP(xk)+∑
m

ymP(ym)

= ⟨X⟩+ ⟨Y ⟩.

(2.24)

Since each random variable can have one of two possibilities, then ⟨X⟩= 1/2(+△x)+1/2(−△x)=
0 and ⟨Y ⟩= 1/2(+△y)+1/2(−△y) = 0. This means that for the random walk of any two particles
drifting from their starting positions, the mean of the displacement of each particle maintains its
initial value and so does the mean of the sum. The variance of X is defined by [e.g. Øksendal, 2003;
Lemons, 2002]

var{X}= ⟨(X −⟨X⟩)2⟩
= ⟨X2 −2X⟨X⟩+ ⟨X⟩2⟩
= ⟨X2⟩−2⟨X⟩2 + ⟨X⟩2

= ⟨X2⟩−⟨X⟩2.

(2.25)

This means the variance of the sum of the displacement of the two particles can be calculated
from
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var{X +Y}= ⟨(X +Y −⟨X +Y ⟩)2⟩
= ⟨(X −⟨X⟩)2⟩+ ⟨(Y −⟨Y ⟩)2⟩+2⟨(X −⟨X⟩)(Y −⟨Y ⟩)⟩
= var{X}+ var{Y}+2(⟨XY ⟩−⟨X⟩⟨Y ⟩),

(2.26)

with the last term called the covariance, which is a measure of the joint variability of two random
variables [e.g. Lemons, 2002]. In a special case of statistically independent random variables, the
covariance evaluates to zero. This means that, for n statistically independent random variables, the
variance sum theorem leads to

var
{ N

∑
i=1

Xi

}
=

N

∑
i=1

var{Xi}.

So if X is a random variable representing the displacement of single particle drifting from the
outer boundary of the heliosphere to 1 AU where it is observed, then according to this

var{Xi}= ⟨X2
i ⟩=△x2,

where, according to the variance sum theorem,

⟨X2⟩=
n

∑
i=1

var{Xi}

= n△x2 where t = n△t

=

(
△x2

△t

)
t,

(2.27)

for t corresponding to timestamps of the displacement. This sums up few of the critical concepts that
the probability model described in the next section adopts. For further reading on the mathematical
formalism of stochastic calculus and its application in a variety of scientific fields, see Lemons [2002],
Øksendal [2003], Gardiner [2009] and Sauer [2012], from which this section borrows from heavily.

2.8.2 Stochastic Differential Equations
For a 1D case, any equation that can be cast into a general form

dx(t)
dt

= a(x, t)+b(x, t)η(t), (2.28)

with continuous functions a(x, t) and b(x, t), and stochastic function η(t), can be defined as the
stochastic differential equation (SDE) [e.g. Sauer, 2012; Strauss and Effenberger, 2017]. The two
terms on the right hand side of Equation 2.28, in the stochastic calculus nomenclature, are referred
to as the drift term (first term) and diffusion term (second term), not related to or reflective of the
physical drift and diffusion processes contained in the particle transport equation. Considering only
the Itō type SDEs, i.e. an SDE that can be written as the sum of the integral of a process over time
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and of another process over a Brownian motion [Strauss and Effenberger, 2017], Equation 2.28 can
be rewritten as

dx(t) = a(x, t)dt +b(x, t)dW (t), (2.29)

using dW (t) = η(t)dt, where dW (t) denotes the differential form of the Brownian motion (Wiener
process)[e.g. Øksendal, 2003]. The Wiener process is a time-stationary stochastic Lévy process, where
the time increments have a Normal distribution with zero mean and dt variance, i.e. dW (t)∼N (0,dt).
The integral of Equation 2.29 yields [e.g. Strauss and Effenberger, 2017]

x(t) = x0 +
∫ t

0
a(x, t ′)dt ′+

∫ t

0
b(x, t ′)dW (t ′), (2.30)

where the first integral represents the normal (Riemann or Lebesgue) integral that can be solved
analytically using the chain rule of conventional calculus, and the second an Itō integral of which
solutions are obtainable by applying the Itō formula [see Itô, 1946]. In this dissertation, a numerical
approach is followed, and as such the Euler-Maruyama numerical scheme [Maruyama, 1955] will
be used to numerically integrate SDEs. For a finite time step ∆t, Equation 2.29 is solved iteratively
following

xt+∆t = xt +a(x, t)∆t +b(x, t)∆W (∆t), (2.31)

from an initial position x = x0 at time t = 0, until reaching the boundary at x = xe at time t = te or a
temporal integration limit at t = tN . The Wiener process is discretized as

∆W (∆t) =
√

∆t ·Λ(t), (2.32)

for Λ(t), a simulated Gaussian distributed pseudo-random number. The temporal evolution of the
random variable x forms a trajectory in phase space, which is referred to as the pseudo-particle
trajectory. According to Equation 2.30, integration must be carried out over all possible trajectories,
therefore, Equation 2.31 is integrated numerically N ≫ 1 times and each time starting the integration
process with different seeds [e.g. Zhang, 1999].

The pseudo-particle trajectories are in turn used to calculate the normalised probability density
ρ ′(x, t), such that ∫

Ω

ρ
′(x, t)dΩ = 1, (2.33)

where Ω denotes the entire integration space. This is realized numerically by dividing x into a series
of bins, i.e. N′ intervals, and counting number of pseudo-particles in each bin, i.e. Ni for bin i, and
dividing by total number of pseudo-particles N. This means the discretized version of Equation 2.33
becomes [e.g. Strauss and Effenberger, 2017]

N′

∑
i=1

ρ
′
i (x, t) =

N′

∑
i=1

Ni

N
= 1. (2.34)

Note at t = 0, ρ ′(x, t) = δ (x−0, t −0), where δ is the Dirac-delta function, and at later times the
density distribution becomes Gaussian.
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2.8.3 Set of SDE Equivalence of the TPE
The TPE is solved by means of SDEs, of which are integrated in a time-backward fashion, following
the approach outlined by Zhang [1999], Pei et al. [2010], Strauss et al. [2011] and Engelbrecht and
Burger [2015a]. As such, a time backward parameter s related to time t, given by

s = tN − t, (2.35)

is set [see also Moloto and Engelbrecht, 2020]. Also, for x representing any set of phase space
coordinates, an observational point (x0,s0) is chosen, i.e. a phase space position at which cosmic-ray
intensity is calculated, of which its trajectory is then integrated backward in time until a modulation
boundary at (xe,sN) is reached.

For n-dimensional set of SDEs, the general formulation of Equation 2.29 becomes

dxi = ai(xi,s)ds+
n

∑
j=1

bi j(xi,s) ·dWi(s), (2.36)

where a is an n-dimensional vector and b is an n× n matrix. This equation, with time-backward
integration applied, noting ∂

∂ t =− ∂

∂ s from Equation 2.35, is equivalent to Fokker-Planck equation
(also referred to as the time backwards Kolmogorov equation)

− ∂ρ ′(xi,s)
∂ s

=
n

∑
i=1

ai(xi,s)
∂ρ ′(xi,s)

∂xi
+

1
2

n

∑
i=1

n

∑
j=1

Ci j(xi,s)
∂ 2ρ ′(xi,s)

∂xi∂x j
, (2.37)

with

Ci j(xi,s)≡ (bi j(xi,s) ·bi j(xi,s)T ).

The TPE can therefore be cast into a form equivalent of Equation 2.37, and as such, in spherical
coordinates the TPE becomes

∂ f
∂ t

=

[
1
r2

∂

∂ r
(r2

κrr)+
1

r sinθ

∂

∂θ
(κθr sinθ)+

1
r sinθ

∂κφr

∂φ
−Vr

]
∂ f
∂ r

+

[
1
r2

∂

∂ r
(rκrθ )+

1
r2 sinθ

∂

∂θ
(κθθ sinθ)+

1
r2 sinθ

∂κφθ

∂φ
− Vθ

r

]
∂ f
∂θ

+

[
1

r2 sinθ

∂

∂ r
(rκrφ )+

1
r2 sinθ

∂κθφ

∂θ
+

1
r2 sin2

θ

∂κφφ

∂φ
−

Vφ

r sinθ

]
∂ f
∂φ

+κrr
∂ 2 f
∂ r2 +

κθθ

r2
∂ 2 f
∂θ 2 +

κφφ

r2 sin2
θ

∂ 2 f
∂φ 2 +

2κrφ

r sinθ

∂ 2 f
∂ r∂φ

+
2κrθ

r
∂ 2 f

∂ r∂θ

+
2κθφ

r2 sinθ

∂ 2 f
∂φ∂θ

+
p
3
(∇ ·Vsw)

∂ f
∂ p

,

(2.38)

for V = Vsw +vd. Assuming that f (x, t) ∝ ρ ′(x, t) [e.g. Zhang, 1999], it follows that the components
of vector a are [e.g. Engelbrecht and Burger, 2015a]
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ar =
1
r2

∂

∂ r
(r2

κrr)+
1

r sinθ

∂

∂θ
(κθr sinθ)+

1
r sinθ

∂κφr

∂φ
−Vr

aθ =
1
r2

∂

∂ r
(rκrθ )+

1
r2 sinθ

∂

∂θ
(κθθ sinθ)+

1
r2 sinθ

∂κφθ

∂φ
− Vθ

r
(2.39)

aφ =
1

r2 sinθ

∂

∂ r
(rκrφ )+

1
r2 sinθ

∂κθφ

∂θ
+

1
r2 sin2

θ

∂κφφ

∂φ
−

Vφ

r sinθ

ap =
p
3
(∇ ·Vsw) ,

and of which the general form of matrix C in 3-dimensions is

C =


κrr

κrθ

r
κrφ

r sinθ

κθr
r

κθθ

r2
κθφ

r2 sinθ

κφr
r sinθ

κφθ

r2 sinθ

κφφ

r2 sinθ

 , (2.40)

and the multidimensional Wiener process

d
−→
W = [dWr,dWθ ,dWφ ].

Engelbrecht and Burger [2015a] decomposed the matrix C and showed the elements of b are

brr =

√√√√√2
(

κφφ κ2
rθ
−2κrφ κrθ κθφ +κrrκ

2
θφ

+κθθ κ2
rφ
−κrrκθθ κφφ

)
κ2

θφ
−κθθ κφφ

brθ =
κrφ κθφ −κrθ κφφ

κ2
θφ

−κθθ κφφ

√√√√2

(
κθθ −

κ2
θφ

κφφ

)

brφ =

√
2κrφ√
κφφ

(2.41)

bθθ =
1
r

√√√√2

(
κθθ −

κ2
θφ

κφφ

)

bθφ =

√
2

r
κrφ√
κφφ

bφφ =

√
2κφφ

r sinθ
,

where the elements of the diffusion tensor transformed to a right-handed coordinate system aligned
with a general 3D HMF model with non-zero Bθ , e.g. Fisk [1996]-type model, calculated by Burger
et al. [2008], are
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κrr =
(
κ|| cos2

ψ +κ⊥,3 sin2
ψ
)

cos2
ζ +κ⊥,2 sin2

ζ

κrθ =
(
κ|| cos2

ψ +κ⊥,3 sin2
ψ −κ⊥,2

)
sinζ cosζ −κA sinψ

κrφ =
(
−κ||+κ⊥,3

)
sinψ cosψ cosζ −κA cosψ sinζ

κθr =
(
κ|| cos2

ψ +κ⊥,3 sin2
ψ −κ⊥,2

)
sinζ cosζ +κA sinψ

κθθ =
(
κ|| cos2

ψ +κ⊥,3 sin2
ψ
)

sin2
ζ +κ⊥,2 cos2

ζ (2.42)

κθφ =
(
−κ||+κ⊥,3

)
sinψ cosψ sinζ +κA cosψ cosζ

κφr =
(
−κ||+κ⊥,3

)
sinψ cosψ cosζ +κA cosψ sinζ

κφθ =
(
−κ||+κ⊥,3

)
sinψ cosψ sinζ −κA cosψ cosζ

κφφ = κ|| sin2
ψ +κ⊥,3 cos2

ψ,

with HMF winding angle denoted by ψ , and the angle ζ dependent on Bθ defined as

sinψ = −
Bφ

B

cosψ =

√
B2

r +B2
θ

B
(2.43)

sinζ =
Bθ√

B2
r +B2

θ

cosζ =
Br√

B2
r +B2

θ

.

This means the tangent of the HMF winding angle is

tanψ =−
Bφ√

B2
r +B2

θ

, (2.44)

which reduces to Bφ/Br for Parker field, which is without a meridional component, as is assumed in
this work.

The set of SDEs governing cosmic-ray transport therefore become [e.g. Strauss and Effenberger,
2017]

dr = ar ·ds+brr ·dWr +brθ ·dWθ +brφ ·dWφ

dθ = aθ ·ds+bθθ ·dWθ +bθφ ·dWφ

dφ = aφ ·ds+bφφ ·dWφ (2.45)
d p = ap ·ds,
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which are integrated iteratively utilizing the Euler-Maruyama scheme, see Equation 2.31.

For galactic cosmic rays, the outer boundary condition (Dirichlet Boundary Condition) is specified
as the local interstellar spectrum (LIS) on the outer boundary of the assumed modulation volume.
Only galactic protons are considered in this study, and only qualitative comparisons are made with
spacecraft observations. Therefore the LIS here employed is that used by Burger et al. [2008], and is
given by

jp+
LIS = 19.0

(P/P0)
−2.78

1.0+(P/P0)2.0 , (2.46)

with units of particles m−2 s−1 sr−1 MeV−1, and P0 = 1.0 GV, and is placed at 100 AU. Given that a
considerable amount of cosmic ray modulation has been observed to occur in the heliosheath [see,
e.g., Stone et al., 2013], various studies have in the past employed observationally-motivated [e.g.
Webber et al., 2008] boundary spectra at 85 AU [see, e.g., Engelbrecht and Burger, 2015a; Qin and
Shen, 2017; Moloto et al., 2018], this approach is not taken here as only the relative, qualitative
effects of various approaches to modelling cosmic ray drift are the subject of this study.

It can be shown that, by using the Green’s function interpretation of the conditional probability density
ρ ′(x̄, t) [e.g. Webb and Gleeson, 1977],

f (x̄0, t0) =
∫ t0

0

∫
x̄∈Ωb

fb(x̄, t)ρ ′(x̄, t)dΩdt +
∫

Ωb

fa(x̄, t)ρ ′(x̄, t)dΩ, (2.47)

where fb(x̄, t) represents the outer boundary condition (e.g. a LIS), f (x̄0, t0) is the phase space
position at which cosmic-ray intensity is calculated (i.e. at some observational point), and fa(x̄, t) is
the initial condition which corresponds to initial conditions in the heliosphere devoid of cosmic rays.
The integration domain of the boundary is represented by Ωb and x̄ = {r,θ φ , p}. Considering only
steady-state solutions of the TPE, without temporal restrictions on time (i.e. t → ∞), Equation 2.47
reduces to [e.g. Pei et al., 2010; Strauss, 2013]

f (x̄0) =
∫

x̄∈Ωb

fb(x̄)ρ ′(x̄)dΩ. (2.48)

For cosmic rays, the boundary values are only momentum-dependent, as such, integration is
performed only over momentum space (i.e. dΩ → d p)

f (x̄0) =
∫ p

0
fb(p)ρ ′(p)d p

∣∣∣∣
x̄∈Ωb

. (2.49)

An easier approach to numerically incorporate this boundary condition is followed here, whereby
a weighted value of f (x̄0) is calculated for each pseudo-particle individually, and normalized to
the correct magnitude at the end of the integration process. For a single pseudo-particle reaching a
momentum-dependent boundary with pi = pe

i , where i labels the pseudo-particles, [e.g. Strauss et al.,
2011; Engelbrecht and Burger, 2015a]

ρ
′(x̄) = δ (pi − pe

i )

∣∣∣∣
x̄∈Ωb

, (2.50)
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because of the normalisation condition. This implies

fi(x̄0) = fb(pe
i ), (2.51)

so that each pseudo-particle followed to the boundary contributes. As such, for the evolution of a
large number N (N ≫ 1) of pseudo-particles with a particular energy at an initial specified phase
space point, iteratively followed to their exit points (outer boundary), the average cosmic-ray intensity
at the initial point is calculated by [Strauss et al., 2011; Moloto et al., 2019]

f (x̄0) =
1
N

N

∑
i=1

fb(pe
i ), (2.52)

which follows from Equation 2.34 Equation 2.49.

Because some of the heliospheric parameters are undefined at r = 0, e.g. the heliospheric magnetic
field, it has become a standard practice that all modulation models assume an inner boundary condition
at small values of r. At an assumed rin ≪ 1 AU, a reflecting inner boundary (Neumann Boundary
Condition)

∂ f (x̄)
∂ r

∣∣∣∣
r=rin

= 0, (2.53)

is implemented in the model. For SDEs, this means pseudo-particles that penetrate this boundary are
again placed into the computational domain by reflection at the boundary

r < rin : r → 2rin − r. (2.54)

Although it is not required in an SDE approach to specify boundary conditions at the computa-
tional domains of the angular coordinates, the angular position of the pseudo-particles needs to be
renormalised so that θ ∈ [0,π] and φ ∈ [0,2π] [Strauss et al., 2011]. This is achieved by setting

φ < 0 :φ → φ +2π

φ > 2π :φ → φ −2π

θ < 0 :θ → |θ |;φ → φ ±π

θ > π :θ → 2π −θ ;φ → φ ±π

which occurs when a pseudo-particle propagates either around the ecliptic plane or crosses the solar
poles.

2.9 Turbulence and Cosmic-Ray Transport Coefficients
The transport of cosmic rays throughout the heliosphere is determined by the large-scale solar wind
flow, the heliospheric magnetic field, and the turbulent fluctuations embedded in it. As a result,
cosmic rays propagate through the heliosphere by means of diffusive processes described by pitch
angle scattering [e.g. Quenby, 1984]. To describe such turbulent fluctuations, consider a uniform
background field B0 directed along the z-axis of a right-handed Cartesian coordinate system. Then
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a turbulent magnetic field would comprise of this background field and a transverse fluctuating
component δb, such that [e.g. Shalchi, 2009]

B = B0ez +δb(x,y,z), (2.55)

where the mean fluctuation ⟨δb⟩= 0 and ⟨B⟩= B0ez. The total energy in the fluctuations is denoted
by the variance δB2. One of the turbulence models that represent turbulent fluctuations perpendicular
to the background field is the composite slab/2D model [e.g. Matthaeus et al., 1990; Bieber et al.,
1994], which is adopted in this work. Although an in-depth discussion on turbulence is beyond the
scope of this study, the interested reader can consult e.g. Matthaeus and Velli [2011]; Bruno and
Carbone [2016] for more in-depth discussions of these topics.

2.9.1 Turbulence Properties
The turbulence power spectrum, shown in Figure 2.4, is a key input in the scattering theories used
to describe the diffusion of cosmic rays in the heliosphere [e.g., Shalchi, 2009; Shalchi et al., 2010;
Engelbrecht and Burger, 2015a; Shalchi, 2020], and as such ultimately has an extremely significant
role to play in the modulation of cosmic rays. Generally, it is the Fourier transform of the magnetic
correlation function [e.g. Batchelor, 1970], and represents the cascade of energy from large scales
to smaller scales. Three ranges can be seen on the observational spectrum in Figure 2.4 going from
smallest to largest wavenumbers: the energy-containing range, at which turbulent driving occurs, the
inertial range, where turbulent fluctuations only interact via inertial forces, and the dissipation range,
where fluctuation energy essentially heats the plasma particles [see, e.g., Batchelor, 1970; Leamon
et al., 1998; Davidson, 2015]. The magnetic variances discussed below represent the integral over all
wavenumbers of such a power spectrum [see, e.g., Matthaeus et al., 2007].

Slab Turbulence

In a pure slab turbulence geometry, the magnitude of fluctuations δbslab(z) is a function of z along
the mean magnetic field, and therefore independent of the (x,y) coordinates [Bieber et al., 1994]. The
magnitude of these fluctuations is the same perpendicular to all magnetic field lines for the same z
coordinate, and is synchronized in each magnetic field line, going from one magnetic field line to the
other (see left panel of Figure 2.5).
In a slab geometry, the total magnetic field can be expressed by

B = B0ez +δbslab(z)
= B0ez +δbslab,x(z)ex +δbslab,y(z)ey,

(2.56)

with the variance given by

δb2
slab = δb2

slab,x +δb2
slab,y. (2.57)

For axisymmetric turbulence with respect to the mean magnetic field direction z, the x and y
components of the fluctuations are identical, thus δb2

slab = 2δb2
slab,x = 2δb2

slab,y [e.g. Batchelor,
1960].
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Figure 2.4 Reduced slab turbulence power spectrum, with spacecraft observations denoted by dotted,
dashed and dot-dashed lines, from Bieber et al. [1994].

Figure 2.5 Magnetic flux tubes for pure slab turbulence (left panel) and composite slab/2D turbulence
(right panel). Note that the magnetic field lines that define the flux tubes are followed from right to
left [Matthaeus et al., 2003].

2D Turbulence

In a 2D turbulence geometry, fluctuations are assumed to reside in a plane perpendicular to the mean
magnetic field, such that the total magnetic field can be expressed by
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B = B0ez +δb2D(x,y)
= B0ez +δb2D,x(x,y)ex +δb2D,y(x,y)ey.

(2.58)

In contrast to the slab turbulence, the fluctuations remain constant for any particular value of
coordinate z, however, they vary in any given (x,y) plane, thus leading to braiding and shredding
of magnetic flux tubes. Consequently, flux tubes starting at different (x,y) positions would evolve
differently, in contrast to the slab turbulence case.

The variance is given by

δb2
2D = δb2

2D,x +δb2
2D,y, (2.59)

where for axisymmetric turbulence with respect to the mean magnetic field direction z, the x and y
components of the fluctuations become identical, thus δb2

2D = 2δb2
2D,x = 2δb2

2D,y.

Composite Slab/2D Turbulence

For the transport coefficients of the galactic cosmic-ray protons considered in this study, the composite
turbulence model with 80% 2D and 20% slab fluctuations in the inertial range of the power spectrum
is assumed [Matthaeus et al., 1990; Bieber et al., 1994; Giacalone and Jokipii, 1999; Shalchi, 2009].
Due to the dominant 2D turbulence geometry, the magnetic field lines of the composite turbulence
model are braided and shredded (see right panel of Figure 2.5). For the composite turbulence model,
which represents a superposition of fluctuations of the slab and 2D turbulence models, the magnetic
field fluctuations can be expressed by

δb = δbslab(z)+δb2D(x,y), (2.60)

and the total variance [e.g. Matthaeus et al., 1995]

δb2 = δb2
slab +δb2

2D. (2.61)

Assuming axisymmetric turbulence, it then follows for composite turbulence that

δb2 = 2δb2
slab,x(z)+2δb2

2D,x(x,y). (2.62)

By omitting the contribution to the slab variance from waves generated due to the formation pickup
ions [e.g. Zank, 1999; Isenberg, 2005], one can fit a simple power law as function of radial distance
to magnetic variances reported by Zank et al. [1996a], see Figure 2.6. From theory the pickup ion
contribution is expected to play a role at high wavenumbers [e.g. Williams and Zank, 1994], and this
was later verified to some extent by observations [e.g. Cannon et al., 2014; Aggarwal et al., 2016;
Cannon et al., 2017]. This omission would, however, not affect the transport of galactic cosmic-ray
protons considered in this study as they should not affect the level of the slab fluctuation spectrum
in the inertial and energy-containing ranges. It should be noted that the effects of such waves on
lower-energy particles may be significant [e.g. Engelbrecht, 2017]. The total magnetic variance is
modelled with a simple power law to agree with observed Voyager 2 data showing a decrease with
radial distance as reported by Zank et al. [1996a] and Smith et al. [2006]. As such, the power law
used in this study to model the total variance is that employed by Moloto et al. [2018], given by
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Figure 2.6 Total magnetic variance observed in the ecliptic, at different radial distances. Note the
circles denote Voyager 2 data reported by Zank et al. [1996a] and Smith et al. [2006]. Figure taken
from Engelbrecht [2012]

δB2
T = δB2

E

(
r
r0

)ε1

, (2.63)

where δB2
E = 12nT 2 is the normalization value of this quantity assumed at Earth and ε1 =−2.5.

Correlation Scales

Another important property of turbulence is the correlation length scale, which is essentially a measure
of the range over which fluctuations in one region of space relate to those in another region. If the
distance between two events is much larger than the correlation length, each will have fluctuations
that are uncorrelated [e.g. Batchelor, 1970; Choudhuri, 1998; Davidson, 2015]. Correlation scales are
modelled with power laws to reasonable agreement with observations by Smith et al. [2001]. The
power laws used in this study to model the correlation lengths are those employed by Moloto et al.
[2018], with the slab correlation scale given by

λslab = λ
1AU
slab

[
r
r0

]εslab

, (2.64)

where λ 1AU
slab = 18.75×10−3AU and εslab = 0.4, and for 2D correlation scale

λ2D = λ
1AU
2D

[
r
r0

]ε2D

, (2.65)
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with λ 1AU
2D = 8.15×10−3AU and ε2D = 0.5. The indices for these radial dependences are motivated

by the results yielded by the Oughton et al. [2011] Turbulence Transport Model (TTM), as was solved
by Engelbrecht and Burger [2013] and Engelbrecht and Burger [2015a] (but neglecting the influence
of pickup ions [e.g. Engelbrecht, 2017]). Furthermore, these assumed power laws result in correlation
scales that fall within the range of observations reported by Smith et al. [2001].

2.9.2 Diffusion And Drift Coefficients
The diffusion coefficients, governing diffusive particle motion parallel and perpendicular to the
background field, and the drift coefficient, are very sensitive to assumptions made about the behavior
of turbulence quantities such as magnetic variances and correlation scales as well as turbulence
power spectra throughout the heliosphere [see Shalchi et al., 2010; Engelbrecht and Burger, 2013,
for example], and require turbulence quantities as direct input values. Diffusion coefficients parallel
and perpendicular to the magnetic field in Equation 2.42 are related to the corresponding parallel and
perpendicular mean-free paths (MFPs) by κ||,⊥ = (v/3)λ||,⊥, with v the particle speed [Shalchi, 2009].
In this study a set of diffusion and turbulence-reduced drift coefficients employed by, e.g. Moloto
and Engelbrecht [2020], is employed. These coefficients have, when used in ab initio cosmic ray
transport models, led to computed galactic cosmic ray intensities in good agreement with spacecraft
observations at Earth [e.g. Moloto et al., 2018; Moloto and Engelbrecht, 2020].

Parallel Mean-Free Path

The analytical expression of the galactic proton parallel MFP employed in this study, used also by
Burger et al. [2008]; Engelbrecht and Burger [2015a]; Moloto et al. [2018]; Engelbrecht et al. [2019],
was constructed by Teufel and Schlickeiser [2003] from results derived from the Quasilinear Theory
of Jokipii [1966], for a slab turbulence spectrum with a wavenumber-independent energy range, and a
Kolmogorov inertial range with a spectral index −s =−5/3. This expression is given by

λ|| =
3s

(s−1)
R2

kmin

B2
0

δB2
sl

[
1

4π
+

2R−s

π(2− s)(4− s)

]
, (2.66)

where R = RLkmin is a function of the maximal Larmor radius RL and wavenumber kmin at which the
inertial range on the assumed slab spectrum commences, δB2

sl denotes the total slab variance, and B0
the uniform background field.

Perpendicular Mean-Free Path

The analytical expression of the perpendicular MFP adopted in this study, was derived by Shalchi
et al. [2004] using the Non-Linear Guiding Centre (NLGC) Theory [Matthaeus et al., 2003], which
describes perpendicular diffusion. This theory assumes the results for λ|| as input for the expression
derived from a 2D fluctuation spectrum assuming a flat energy-containing range and a Kolmogorov
inertial range only. Several different approaches have since been proposed to improve this theory as
this spectral form is not entirely realistic [e.g. Shalchi et al., 2004; Matthaeus et al., 2007; Shalchi,
2009; Qin and Zhang, 2014; Engelbrecht and Burger, 2015a; Shalchi, 2020], in that observations
imply a k−1 wavenumber dependence for the energy-containing range of the 2D turbulence spectrum
[e.g. Bieber et al., 1993; Bruno et al., 2019]. This NLGC perpendicular MFP is given by [Burger
et al., 2008]
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λ⊥ =

[
α

2
√

3π
2ν −1

ν

Γ(ν)

Γ(ν −1/2)
λ2D

δB2
2D

B2
0

]2/3

λ
1/3
|| , (2.67)

where ν = 5/6 denotes half of the assumed inertial range spectral index, δB2
2D the total 2D variance,

and λ2D the lengthscale corresponding to the wavenumber at which the inertial range on the assumed
2D turbulence power spectrum commences. Based on results of numerical test-particle simulations of
the perpendicular diffusion coefficient by Matthaeus et al. [2003], α2 = 1/3 is assumed. This NLGC
theory still provides a tractable expression that does not differ greatly from the results derived by
Engelbrecht and Burger [2013] for a similar, but more physically-motivated spectrum.

Drift scale

Cosmic rays in the heliosphere experience drifts due to the curvature of and gradients in the helio-
spheric magnetic field, as well as drifts due to the heliospheric current sheet, are to be discussed in
much greater detail in the next chapter. Numerous studies have illustrated the significant effect of
drifts on the modulation of cosmic rays [e.g. Jokipii and Levy, 1977; Jokipii et al., 1977] and as well as
proving that they account for the 22-year cycle in cosmic-ray intensities [Isenberg and Jokipii, 1978;
Jokipii and Thomas, 1981], which leads to a strong dependence of observed cosmic-ray intensities
on the tilt angle [e.g. Lockwood and Webber, 2005] and heliospheric magnetic field polarity [e.g.
Webber et al., 2005]. Furthermore, drift effects have a significant influence on the observed latitude
gradients [e.g. Zhang, 1997; De Simone et al., 2011], and potentially on solar energetic particles [e.g.
Dalla et al., 2013; Battarbee et al., 2017, 2018], with some observational evidence alluding to this
[e.g. Augusto et al., 2019]. The drift coefficient contained in the Parker transport equation assuming
weak scattering [Forman et al., 1974] is given by

Kws
A =

v
3

RL, (2.68)

with RL the maximal gyroradius and v the particle’s speed.

Theoretical studies [see e.g. Jokipii, 1993; Fisk and Schwadron, 1995; le Roux and Webb, 2007]
and numerical test-particle simulations [see e.g. Giacalone, 1999; Candia and Roulet, 2004; Minnie
et al., 2007; Tautz and Shalchi, 2012] showed the drift coefficients to be reduced in the presence of
turbulence. Other researchers [e.g. Burger et al., 2000; Ndiitwani et al., 2005; Manuel et al., 2014;
Mohlolo, 2016; Vos, 2016] implemented an ad hoc form of the drift reduction factor Equation 2.69.
Contrary to the work of Manuel et al. [2011] which shows a marked solar-cycle dependence of the
factor by which drifts need to be reduced and unique to different solar cycles, this ad hoc factor does
not vary with solar-cycle, and neglects changes in turbulence quantities that vary spatially throughout
the heliosphere, which is simply unphysical [e.g. Oughton et al., 2011; Zank et al., 1996b; Wiengarten
et al., 2016; Zhao et al., 2018]. See also Engelbrecht and Burger [2015b] who demonstrate the
sensitivity of the agreement of model results with spacecraft observations to the choice of the drift
reduction factor. This ad hoc drift reduction factor is given by [e.g. Burger et al., 2000]

fs =
(P/P0)

2

1+(P/P0)2 , (2.69)
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with P0 an ad hoc parameter (in units GV) chosen (and varied) to fit a particular spacecraft data set.

Other researchers [e.g. Ferreira et al., 2003; Ngobeni and Potgieter, 2014], as a way of reducing
drifts in the polar regions, employed a modification to the Parker-type field in the polar regions. See
Raath et al. [2016] for a comprehensive study on the implications of the choice of magnetic field
modifications on the solar modulation of cosmic-rays. At 1 AU the impact of these modifications on
the cosmic-ray modulation in the equatorial plane is essentially negligible; however this grows with
increasing radial distance and also with latitude as the gap between their magnitudes and that of the
standard Parker field increases as well, subsequently leading to reduced Larmor radii of the particles
and consequently reduced drift effects over the poles. Other studies [e.g. Nndanganeni and Potgieter,
2016] use a function F(θ), that was suggested by Burger et al. [2000], to enhance latitudinal transport
in order to reproduce the observed Ulysses cosmic ray intensity gradients, as a more subtle way of
reducing drift effects without altering the drift coefficient but by increasing the K⊥θ over the polar
regions of the heliosphere through an ad hoc value d. This subsequently results in an implicit drift
reduction.

A more physically-motivated approach to model the reduction of drift in the presence of turbulence,
used in this study, is given by

fs =

[
1+

λ 2
⊥

R2
L

δB2
T

B2
0

]−1

, (2.70)

derived from first principles by Engelbrecht et al. [2017] from the theory of Bieber and Matthaeus
[1997]. This form provides a tractable way of describing and modelling the effects of a range of
turbulence conditions on the drift coefficient, and provides results in reasonable agreement with
numerical test-particle simulations for a range of turbulence conditions expected in the supersonic
solar wind [e.g. Minnie et al., 2007; Tautz and Shalchi, 2012]. This form is important to the study
of the time-dependence of cosmic-ray modulation over a solar-cycle which is central to this study,
because of its implicit dependence on basic turbulence quantities which will lead to an implicit
solar-cycle dependence of the drift reduction factor [e.g. Moloto and Engelbrecht, 2020]. See also
Burger et al. [2014] and Zhao et al. [2018] who report an increase in the total magnetic variance at
Earth as solar activity increases. The expression for the turbulence-reduced drift scale is

λD = RL

[
1+

λ 2
⊥

R2
L

δB2
T

B2
0

]−1

, (2.71)

where δB2
T denotes the total (slab and 2D) transverse variance.

2.10 Summary
The present chapter provided a basic introduction to the theoretical background essential to an
understanding of all the concepts and processes relevant to the study of cosmic ray modulation,
outlining the physics of the heliosphere as well as their influence on cosmic ray transport. This
chapter also provided a theoretical and computational framework within which the cosmic-ray mod-
ulation problem can be solved using Markov stochastic process theory, carefully scaffolding the
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numerical pipeline for a SDE-based cosmic-ray modulation model. The Parker [1965] transport
equation was reformulated with a set of stochastic differential equations describing the guiding center
position and momentum of individual pseudo-particles randomly walking in the turbulent heliosphere.
This set of stochastic differential equations is solved by integrating iteratively in a time-backward
fashion utilizing the Euler-Maruyama scheme [Maruyama, 1955]. In addition to obtaining cosmic-ray
differential intensities, the trajectories of pseudo-particles reaching a momentum-dependent boundary
from their initial specified phase space point can be recorded, as well as their positions (referred to
as the pseudo-particle projections in chapters to follow) at and beyond the outer boundary of the
modulation volume. The chapter closes with a brief discussion of topics from turbulence and particle
scattering theory relevant to the study of cosmic ray modulation.
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Chapter 3

Cosmic-Ray Drift Along the Wavy Current
Sheet Revisited

3.1 Introduction
The primary aim of this chapter is to investigate by way of qualitative comparison, and provide a way
forward as to which of two widely used approaches in literature to modelling drift along the wavy
current sheet is best suited for the numerical study of the modulation of galactic cosmic-rays over
different solar cycles. The chapter will commence by introducing and later on comparing the two
approaches side-by-side, highlighting their differences and similarities over a range solar activity
levels and for different variations of solar activity parameters. It is now well-established by theoretical
studies [see e.g. Jokipii, 1993; Fisk and Schwadron, 1995; le Roux and Webb, 2007] and numerical
test-particle simulations [see e.g. Giacalone, 1999; Candia and Roulet, 2004; Minnie et al., 2007;
Tautz and Shalchi, 2012] that, in the presence of turbulence, drifts are suppressed. From different
observational studies of turbulence quantities it is already known that various turbulence quantities
have a solar cycle dependence [e.g. Burger et al., 2014; Zhao et al., 2018]. To this point, the drift
suppression factor of Engelbrecht et al. [2017] found in literature will be put to the test against
the weak-scattering drift coefficient [Forman et al., 1974], and their relative effects on cosmic ray
modulation will be considered. The chapter will be concluded by a careful look at the effect of the
form of the current sheet expression employed on numerical cosmic ray modulation. There are two
analytical forms of the current sheet expression in the literature [Jokipii and Thomas, 1981; Kota
and Jokipii, 1983], the one only applicable for small tilt values and the other one for more general
use. The overall aim of this chapter is also to raise awareness of the potential pitfalls inherent to the
endeavour of incorporating the effects of current sheet drift in a numerical cosmic ray modulation
code, and to draw attention to the effects of various assumptions made in this process.

3.2 Particle Drifts in the Heliospheric Magnetic Field
The effects of particle drifts in the inhomogeneous magnetic field in the heliosphere play an important
role in cosmic-ray modulation studies, particularly drift along the wavy current sheet, which can
explain the characteristic shape of the cosmic-ray intensity profile in successive magnetic polarity
periods [e.g. Jokipii and Levy, 1977; Jokipii et al., 1977; Isenberg and Jokipii, 1978]. The drift
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velocity of cosmic-rays is governed by the structure of the interplanetary magnetic field. As such, in
the Parker spiral configuration, the drift patterns of positively charged cosmic rays for A > 0 magnetic
polarity in the heliosphere, is predominantly over the polar regions as they gain entrance into the
heliosphere and exit along the equatorial region, shown in Figure 3.1 with the arrows pointing in the
direction of drift velocity. For A < 0 magnetic polarity, the arrows reverse direction, and positively
charged cosmic rays drift inward along the current sheet, and outwards over the poles.

Figure 3.1 Drift velocity streamlines of 2.0 GeV protons in the meridional plane of the heliosphere,
for an A > 0 magnetic polarity cycle. Figure is taken from [Jokipii and Thomas, 1981].

Smith [2006] studied the dependence of cosmic-ray count rates using Climax neutron monitor
observations on the latitudinal extent of the wavy current sheet (and therefore by extension on the
heliospheric tilt angle α) over different solar cycles to verify whether cosmic ray intensities vary
more with α during the A < 0 polarity than the A > 0 polarity. The results from that study show
contrasting dependence of cosmic ray intensity on the inclination of the HCS for ascending and
descending phases of solar modulation, and assert that when this dependence is properly accounted
for in a modulation model, the model predictions would be consistent with the drift theory.

However, of interest to the current study are drift stand-out features highlighted in Figure 3.2. These
observations show the successive peak-like and plateau-like intensity-temporal variations related to
magnetic polarity cycle and which drift can account for. Explanation for this feature can be traced
back from the work of Reinecke and Potgieter [1990], employing a drift model described by Potgieter
and Moraal [1985] and which was extended later by Burger and Potgieter [1989], investigating
a possible explanation for the observed crossover in differential intensities at higher energies for
consecutive solar minima. The results of this study show that, at extreme solar minimum during A > 0
polarity, the A > 0 spectra become significantly softer, while if the polarity is reversed and keeping
the rest of the parameters unchanged, there’s a hardening of spectra and maximum intensities lower
than for A > 0 spectra and shifted to higher energies. This means during the A > 0 polarity, positively
charged cosmic rays drifting inward along the polar regions do not effectively sense changes in the tilt
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of the current sheet, which then leads to plateau-like intensity profile, while for A < 0 polarity these
particles drifting inward along the equatorial plane sense changes in the tilt and result in peaked-like
intensity profile.

Figure 3.2 Top panel: Cosmic-ray count rate temporal variations and magnetic polarity. Bottom panel:
Neutron monitor count rates for solar cycle 21 and 23 as function of tilt. Taken from Smith [2006].

The second thing emanating from this study is the effects arising from an interplay between diffusion
dominated and drift dominated transport. These authors scale diffusion up relative to drift in an ad
hoc manner and infer that for large enough diffusion, such that drift effects become less important in
comparison, the A > 0 and A < 0 curve will converge. This leads to the second drift feature that any
drift model must emulate, the so-called closed intensity-tilt loop that observations in the bottom panel
of Figure 3.2 show. Similar intensity-tilt loops from IMP spacecraft observations are analysed and
discussed by Lockwood and Webber [2005].
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The general drift velocity < vd >, averaged over a near-isotropic particle distribution, of a particle
with charge q, momentum p and speed v, which is determined by the structure of the interplanetary
magnetic field, can be written as

< vd >=
pv
3q

∇×
(

B
B2

)
, (3.1)

where B is the magnetic field vector [e.g. Jokipii et al., 1977; Isenberg and Jokipii, 1979]. This drift
velocity can alternatively be attained by calculating the divergence of the anti-symmetric part of the
diffusion tensor [e.g. Burger, 2012]. This definition guarantees that the global drift velocity field
remains divergence-free as required by Liouville’s theorem. Assuming the Parker magnetic field, this
equation becomes

< vgc
d >=

2pv(r− rs)

3qA(1+ γ2)2 [1−2H(θ −θns)]×
[
− γ

tanθ
êr +(2+ γ

2)γ êθ +
γ2

tanθ
êφ

]
< vcs

d >=
2pv(r− rs)

3qA(1+ γ2)
δ (θ −θns)(γ êr + êφ ),

(3.2)

where γ = (r− rs)Ωsinθ/Vsw, with Ω denoting the solar differential rotation rate, rs = 0.005AU ,
Vsw the solar wind speed, v particle speed, p particle momentum, q the charge of the particle, A the
magnetic field polarity, θns latitudinal extent of the current sheet, H is the Heaviside step function,
and δ the Dirac function which is the derivative of the Heaviside step function. Here the first equation
represents the gradient-curvature drift of particles, and the second the current sheet drift. In numerical
cosmic ray modulation models, the current sheet drift is not implemented utilising a true discontinuity,
but approximate functions for the δ -function that include a region within two Larmor radii from the
current sheet will be utilized and discussed in sections to follow [e.g. Potgieter and Moraal, 1985;
Burger et al., 1985; Burger and Potgieter, 1989]. This is because for particles to experience drift due
to the wavy current sheet, they need to be within a distance of two Larmor radius from the current
sheet.

3.3 Models for Current Sheet Drift Effects in the Heliosphere
Currently, two models for current sheet drift effects are employed in numerical cosmic ray modulation
studies. This section provides brief introductions to these models.

3.3.1 The Burger et al. [1985] approach
This modelling approach works by calculating the perpendicular particle distance to the assumed wavy
current sheet model and then uses this distance to calculate the drift velocity from an approximate
expression for the average particle drift velocity for a flat current sheet. It is widely used and many
numerical cosmic-ray modulation studies use this technique, for example, Alanko-Huotari et al.
[2007], Strauss et al. [2011], Pei et al. [2012], Luo et al. [2017], Shen and Qin [2018], and Boschini
et al. [2019].
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From the drift velocity field by Burger et al. [1985], cosmic ray drift along the wavy current sheet
is directed parallel to the current sheet and perpendicular to the heliospheric magnetic field. As such,
this situation is described by a vector

p(β ) = cos(±β )êr + sin(±β )êθ + cos(±β )êφ , (3.3)

which is parallel to the wavy current sheet, given in terms of an angle β (r,θ ,φ ,α) ∈ (−π/2,π/2)
[e.g. Strauss et al., 2012]. Suppose a cosmic ray is located at a point (r,θ ,φ), which is closest to
(ŕ, θ́ , φ́) on a wavy current sheet, the drift velocity of this cosmic ray will be determined by the
properties of the current sheet at (ŕ, θ́ , φ́). For a positively charged cosmic ray during an A > 0 cycle,
the particle will drift upward with a velocity Vns as indicated in Figure 3.3.

Figure 3.3 A cartoon image of the geometry of the wavy current sheet. Taken from Strauss et al.
[2012].

The second parameter of importance is the angle β due to the crucial role it plays in determining
the current sheet velocity directionality. This angle is defined as the angle between vector p and the
unit vector er in the radial direction and calculated as

tan2
β =

[
−r

∂ θ́

∂ r

]2

+

[
1

sinθ

∂ θ́

∂φ

]2

, (3.4)

given in terms of the polar extent of the wavy current sheet θ́ . Note the behaviour of this β depends
on the chosen form of the wavy current sheet and this is evaluated through the behaviour of θ́ with
increasing r. For current sheet profile given by Equation 2.11,
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∂ θ́

∂ r
=− Ω/V tanα cosφ∗

1+(tanα sinφ∗)2

∂ θ́

∂φ
=− tanα cosφ∗

1+(tanα sinφ∗)2

(3.5)

and substituting Equation 3.5 into Equation 3.4 and solving for β , leads to

β = tan−1

√[
r

Ω/V tanα cosφ∗

1+(tanα sinφ∗)2

]2

+

[(
1

sinθ

)
− tanα cosφ∗

1+(tanα sinφ∗)2

]2

, (3.6)

which is equivalent to Equation (10) of Burger [2012].
This is determined by examining the change of θ́ with respect to the spatial coordinate r,

∂ θ́

∂ r
∝ cos

(
φ +φ0 +

Ωr
Vsw

)
. (3.7)

This would mean, for θ́ increasing with r, p will be directed upwards, implying

β

{
> 0 : ∂ θ́

∂ r < 0

< 0 : ∂ θ́

∂ r > 0,
(3.8)

for θ́ given by Equation 2.11. This β evaluation will become more clear later in the chapter when
looking at the geometrical differences of the two polar extent forms of the wavy current sheet.

The wavy current sheet velocity is given by

vns = vns
[
cos(±β )sinΨr̂+ sin(±β )θ̂ + cos(±β )cosΨφ̂

]
·qA, (3.9)

with vns the magnitude of the current sheet drift speed, q =±1 the charge of the cosmic ray species in
question, A denoting the polarity of the heliospheric magnetic field and Ψ the heliospheric magnetic
field’s spiral angle. The δ -function in Equation 3.2 is substituted with the function vns Equation 3.10,
which is based on an approximate expression for the average particle drift velocity for a flat current
sheet given by Burger et al. [1985] as

vns =

[
0.457−0.412

|D|
rL

+0.0915
|D|2

r2
L

]
v, (3.10)

with v the particle speed, rL the gyroradius and D is the shortest distance from the cosmic ray’s
position to the wavy current sheet. This equation is only applicable when

|D| ≤ 2rL, (3.11)

which is a condition to numerically ascertain a particle is within two Larmor radii of the current sheet.
See appendix A for a discussion on a numerical method to determine D.
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Note that Alanko-Huotari et al. [2007] employs coefficients different from Equation 3.10, i.e.[
0.4526−0.4034 |D|

rL
+0.08807 |D|2

r2
L

]
v . See also Usoskin et al. [2008] and Alanko-Huotari et al.

[2009] for similar approaches to modelling drift along the current sheet. Note these coefficients are
not that different from the ones used here by Burger et al. [1985], as a result the current sheet drift
velocity from this expression closely match that of Burger et al. [1985], see Figure 3.4. From this
figure it would not be expected the two approaches to compute significantly different differential
intensities.

Figure 3.4 Current sheet drift velocity normalized to particle velocity v as a function minimum
distance closest to the current sheet to the Larmor radius. From Alanko-Huotari et al. [2007].

3.3.2 The Burger [2012] approach
For an assumed heliospheric current sheet model and assumed heliospheric magnetic field model,
the modelling approach proposed by Burger [2012] calculates drift velocities directly. However, as a
charged particle is expected to experience heliospheric current sheet drift effects within a distance of
two Larmor radii to the current sheet [e.g. Burger et al., 1985; Burger, 1987], the author approximates
this distance with an angular width linked to an ad hoc parameter that determines the extent of the
‘effectiveness’ of the current sheet.

The drift velocity for a nearly isotropic particle distribution is calculated as

vd =−∇ ·KA ≡ ∇× (κAeB), (3.12)

with eB a unit vector in the magnetic field direction, KA the antisymmetric part of the diffusion tensor
and κA the drift coefficient. To model the drift velocity field in the presence of the wavy current sheet,
a transition function, in the form of a hyperbolic tangent, which models the reversal of the magnetic
field across the current sheet is used and the drift coefficient is then written as [Burger, 2012]
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Figure 3.5 Top panel: Schematic diagram of the angles defined by Burger [2012]. Bottom panel:
Transition function as a function of colatitude, at 1 AU and for a flat current sheet.

κA → κA tanh[k(θ́ −θ)cosν ], (3.13)

with θ́ the polar extent of the wavy current sheet, cosν a parameter that adjusts the width of the
meridional region over which the current sheet drift is modelled with angle ν denoting the angle
between a locally normal vector N to the current sheet and the −eθ direction (see top panel of
Figure 3.5) and parameter k governing the modelled angular width of the wavy current sheet. The
steepness of the transition can be changed by adjusting this k factor and larger values of k lead to a
transition function more closely resembling the Heaviside Step function. This is illustrated in the
bottom panel of Figure 3.5 for a flat current sheet.
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The total drift velocity then works out to be

vd =(∇×κAeB) tanh[k(θns −θ)cosν ]

− k cosν

cosh2[k(θns −θ)cosν ]
κAeB ×∇(θns −θ)

− k(θns −θ)

cosh2[k(θns −θ)cosν ]
κAeB ×∇cosν ,

(3.14)

where the first term represents gradient and curvature drift away from the current sheet and is zero at
the current sheet, the second term represents current sheet drift, and the last term is an additional drift
velocity term, an artifact due to the inclusion of the cosν and is also zero at the current sheet. It is
argued by Burger [2012] that the cross product of the last term has only a θ -component alternating
between positive and negative values, and that the differences between their absolute values are more
pronounced in the inner heliosphere and negligible at radial distances greater than 10 AU. He further
notes that this drift term in a realistic-sized heliosphere does not significantly contribute to the drift
flux. Note that this assertion will be tested later on in the chapter.

3.4 Global Comparisons
The question naturally arises as to what global effects the different approaches to incorporating current
sheet drift in cosmic ray modulation models will have. This section aims to characterise these effects
in various ways. Subsections focus on specific aspects relevant to such a comparison.

One global way of considering qualitative differences resulting from the use of the two different
approaches involves an inspection of the pseudoparticle exit positions calculated using a time-
backward stochastic modulation code, as function of magnetic polarity and tilt angle. Figure 3.6
shows pseudo-particle projections of 1.0 GeV galactic protons at and beyond radial distance rb (outer
boundary of the modulation volume). These runs are for weak-scattering drift coefficient [Forman
et al., 1974], with magnetic field magnitude fixed at 5.0 nT and for a tilt of 10◦. The left panels show
a 3-dimensional scatter of (r,θ ,φ) particles’ coordinates transformed to Cartesian coordinates, blue
circles showing results for A > 0 polarity and orange circles A < 0 polarity results. Shown also in the
left panels is the surface plot of the wavy current sheet in grey. The right panels show an aerial view
from over the poles of the projections shown in the left panels. The top panels show results when
using Burger et al. [1985] drift approach and bottom panels when using Burger [2012] drift approach
in the modulation model described in Chapter 2.

Figure 3.7 presents the results of similar calculation as in Figure 3.6, except for a tilt of 60◦. All
other parameters remain the same and the wavy current sheet surface plot is omitted in the left panels
for a clean view. For A < 0, the gradient-curvature leads to depletion of positively charged cosmic
rays in the equatorial region by driving the particles to polar regions. This effect is counter-balanced
by the current sheet drift by driving particles inward along the wavy current sheet, thus resulting
in more particles exiting through the region swept by the current sheet as seen in the left panel of
Figure 3.6. For A > 0, the opposite is observed. The right panel of the same figure, shows that for
A < 0 the particles are spread a bit for Burger [2012] approach and that the two approaches give
essentially the same results for A > 0 cycle. This thus means that, qualitatively, both Burger et al.
[1985] and Burger [2012] approaches essentially do the same thing, however quantitatively they differ
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Figure 3.6 1.0 GeV Pseudo-particle projections on the modulation boundary for different magnetic
polarity cycles and for a tilt angle of 10◦. Top panel: Burger et al. [1985] drift approach. Bottom
panel: Burger [2012] drift approach. Note that the cyan circles are solutions for A > 0 polarity and
orange circles for A < 0 polarity. See text for details.

because the Burger [2012] results are more scattered. Similar behaviour is observed for a larger tilt
angle value as results in Figure 3.7 show. The main difference between the results of the two tilt
values is that A > 0 exit positions for the larger tilt value are more clustered over a small area, while
A < 0 exit positions are more scattered over the region swept by the current sheet.
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Figure 3.7 1.0 GeV Pseudo-particle projections on the modulation boundary for different magnetic
polarity cycles and for a tilt angle of 60◦. Top panel: Burger et al. [1985] drift approach. Bottom
panel: Burger [2012] drift approach. Note that the cyan circles are solutions for A > 0 polarity and
orange circles for A < 0 polarity.
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3.4.1 On the Effect of the Third Burger [2012] Drift Velocity Term
For the last drift velocity term of Equation 3.14, Burger [2012] argues that although the differences
between the absolute values of the positive and negative peaks of this drift velocity term are most
pronounced in the inner heliosphere and become negligible beyond ∼ 10 AU, and as such it has no
significant contribution to the drift flux of particles in a realistic modelled heliosphere. Therefore,
it is often omitted from calculations in the cosmic-ray modulation studies [e.g. Engelbrecht and
Burger, 2015b; Moloto et al., 2018]. It is defined so that it is zero at the current sheet and depends on
the gradient of cosν , a retroactively added geometrical factor that ensures drift velocities along the
current sheet remain smaller than the particle velocity v [Burger, 2012]. However, a comparative study
by Kopp et al. [2017] for 500 MeV galactic cosmic-ray protons along the Ulysses trajectory during
A < 0 polarity period of May - November of 2007 and for a tilt of 21◦, reported lower computed
intensities and an asymmetry between the two hemispheres of the heliosphere as a result of this
additional drift velocity term, but does not show this result in that paper. Note that it is not clear from
that paper at what colatitudes this comparison was made, however the inference made here refers to
Figure 4 results presented and discussed from that report.

To investigate the effects of this term on calculated differential intensities, Figure 3.8 shows a
comparison between the results calculated with the term included and not included in the ecliptic
plane and at different radial distances, i.e. Top panel: 1 AU; Middle panel: 10 AU; and Bottom panel:
50 AU, for different magnetic field polarities and for a tilt of 30◦. Results in Figure 3.8 show that this
term, for A < 0 polarity, does not contribute to the drift flux as there is no noticeable differences in
the absolute values of the calculated differential intensities over a range of kinetic energies shown.
However, for A > 0 at kinetic energies below ≈ 10−1 GeV with the term on, the model yielded
intensities marginally below those with the term off at all radial distances shown. Both the A < 0 and
A > 0 polarity solutions for α = 30◦ and a 100 AU modulation volume don’t show any differences
dependent on radial distance in the ecliptic. At this tilt, the A < 0 polarity results in the ecliptic don’t
show lower intensity feature reported by Kopp et al. [2017] along the Ulysses trajectory.

Figure 3.9 follows a similar model set-up as Figure 3.8, except now for a small tilt value of 5◦.
For smaller tilt values as this figure shows, the inclusion of the last term in the calculations result
in A < 0 solutions slightly below the solutions with the term omitted at energies below ≈ 1 GeV
at all shown radial distances. The same result holds for A > 0 solutions, however for this small tilt
value the gap between the results with the term on and off is considerably smaller compared to results
of Figure 3.8. So to summarize, in the ecliptic the last drift velocity term has almost no effect on
A < 0 results regardless of tilt and radial distance, and only a small effect on A > 0 results if the tilt
is large. This conclusion in the ecliptic at a tilt smaller than 30◦ is in line with the report of Kopp
et al. [2017] along the Ulysses trajectory, and does not reflect any strong dependence on radial distance.

To further investigate the effects of the third term in the Burger [2012] drift velocity expression,
the ratios of the modulated cosmic-ray proton spectra during positive and negative polarity cycles
are shown as function of kinetic energy in Figure 3.10, for tilt angles of α = 5◦ in the top panel
and α = 30◦ in the bottom panel. Results at both 1 AU and 10 AU show the modulation ratio of
cosmic-ray proton to have three distinct regimes of decreasing slope with increasing kinetic energy.
The first two regimes displayed at 1 and 10 AU, are displayed at 50 AU and the third regime shows an
increasing modulation ratio with increasing kinetic energy. The slopes of all three regimes displayed
at shown radial distances show a decrease with increasing tilt. This behaviour is not affected by either
inclusion or omission of the third drift velocity term in question. The difference in modulation ratio
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Figure 3.8 Differential intensities at different radial distances, i.e. 1 AU, 10 AU, and 50 AU, comparing
results on the effect of the last drift velocity term of Burger [2012] approach in the ecliptic plane for
α = 30◦.

by this term at 1 AU is visible at energies below ≈ 0.1 GeV for α = 5◦ and increase with increasing
tilt angle and shown to extend up to energies past 1 GeV for α = 30◦. For α = 5◦, the difference
in modulation ratio is shown to increases with increasing distance and extend up to energies past 1
GeV. This is shown to be the case for α = 30◦ results at 1 and 10 AU. At 50 AU the difference in
modulation ratio is visible at energies below ≈ 0.2 GeV.
Figure 3.11 and Figure 3.12 investigates further the effects of the third term on computed dif-
ferential intensities at a fixed radial distance of 10 AU and 40 AU respectively and at different
corresponding latitudes equally spaced in the Northern and Southern hemispheres of the heliosphere,
i.e. π

6 ,π

4 ,π

3 ,2π

3 ,3π

4 ,5π

6 , and for a tilt of 30◦. This is to investigate the possible asymmetric effect on
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Figure 3.9 Similar to Figure 3.8 except for α = 5◦.

modulated spectra by this term as reported by Kopp et al. [2017]. All other parameters remain
unchanged between the two figures and heliospheric conditions in the two hemispheres are cloned.
Comparing middle panel results of Figure 3.8 at the radial distance of 10 AU and in the ecliptic plane
to results from Figure 3.11, at a radial distance of 10 AU but away from the ecliptic plane, shows
that there are discernible off-ecliptic differences due this term for both polarities. This was not the
case with results in the ecliptic plane (middle panel of Figure 3.8). For A > 0 polarity, runs with
the term on result in lower intensities compared to those done with the term off for all the latitudes
considered and at energies less than ≈ 1 GeV. For A < 0 polarity, runs with the term off result in
lower intensities compared to those with the term on and up to energies closer to 10 GeV. Compared
to previous results, it appears that, at non-ecliptic latitudes, for both magnetic polarity cycles, the third
term has a noticeable effect on computed spectra. The gap between the results stays fairly consistent
with latitude. However, for A > 0 polarity results the gap appears wider in the Northern hemisphere
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Figure 3.10 Ratio of modulated cosmic-ray proton spectra as a function of kinetic energy. Top panel
shows results for α = 5◦ and α = 30◦ in the bottom panel.

than in the Southern hemisphere of the heliosphere. This result points to possible asymmetry but
suggests this for A > 0 polarity as opposed to A < 0 polarity.

At a radial distance of 40 AU, A < 0 solutions of Figure 3.12 show clear differences in modulated
spectra by this term, which do not seem to change with latitude. For this polarity, modulated spectra
with the term off still display intensities lower than those calculated with the term on. For A > 0
polarity, modulated spectra with the term on result in intensities lower than with the term off. However,
the gap between the two A > 0 polarity solutions is seen to change with latitude, increasing pole-ward
in both hemispheres of the heliosphere, and more skewed towards the Northern hemisphere.
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Figure 3.11 Differential intensities at a fixed radial distance of 10 AU and different latitudes shown in
different panels, for α = 30◦.

To take a closer look at this pole-ward increase in the effect of the third drift term and Northern
hemisphere biased behaviour, the top left panel of Figure 3.13 compares differential intensity results at
latitudes specified in the legends and radial distance of 10 AU, as shown in different panels. Note for
these results α = 30◦. The top right panel supplements this comparison by showing ratios of the two
solutions at different corresponding latitudes in the Northern and Southern hemisphere as a function
of kinetic energy. The bottom panel shows different latitude positions (in Cartesian coordinates)
relative to the wavy current sheet, at which calculations in the top left panel are done.

Results in the top left panel show for A > 0 and at energies below ≈ 1 GeV, computed intensities
in the Northern hemisphere of the heliosphere are lower than those in the Southern hemisphere of the
heliosphere, while during A < 0 polarity the solutions in both hemispheres are essentially the same at
all considered energies. From the top right panel, it is clear there are some differences in the A < 0
polarity solutions between the two hemispheres, with ratios within 5% deviation around the red 1.0
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Figure 3.12 Similar to Figure 3.11 but at a radial distance of 40 AU.

unit line across all energies. For A > 0 at energies above ≈ 1 GeV, the deviation is within 5% and
below ≈ 1 GeV the deviation is within 20% with the 3rd drift speed term on.

Figure 3.14 compares the Northern-Southern modulated spectra at a radial distance of 40 AU.
Once again, the left top panel shows for A < 0 polarity small deviations in the North-South latitudes
and clear differences in the pole-ward direction between the North-South solutions for A > 0 polarity.
In the top right panel, the ratios of the A < 0 solutions are within 5% deviation around the red 1.0 unit
line across all energies. The ratios for A > 0 solutions are within 5% deviation at energies above ≈
1 GeV and at energies below ≈ 1 GeV are within 40% at θ = {30◦;150◦}, 35% at θ = {45◦;135◦}
and 25% at θ = {60◦;120◦}. Shown in the bottom panels are the positions at which the top panels’
results are evaluated relative to the current sheet for α = 30◦. It appears that, as this relative distance
increases, so does the effect of the third term which results in the North-South asymmetry as shown.
This result, at kinetic energies below ≈ 1.0 GeV, is in agreement with Kopp et al. [2017] reporting a
North-South asymmetry for the A < 0 polarity period of 2007 along the Ulysses trajectory, however,
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Figure 3.13 Top left panel: Differential intensities at a radial distance of 10 AU and different latitudes
as shown in different panels. Top right panel: Ratios of the differential intensities shown in the left
panel as a function of kinetic energy. The bottom left panel shows 3-dimensional scatter plot of
different latitude positions (in Cartesian coordinates) relative to the wavy current sheet (shown by grey
surface plot). The right bottom panel is a 2-dimensional (r,θ ) projection (in Cartesian coordinates)
of the bottom left panel figure. Note that the filled circles indicates latitude positions at which
corresponding intensities are evaluated and the heliolongitude is fixed at π/2.
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Figure 3.14 Similar to Figure 3.13 but at a radial distance of 40 AU.
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by comparison the effect is significant for the A > 0 polarity relative to the A < 0 polarity. Note this
comparison is with respect to the results shown in and discussed for Figure 4 in that study.

3.4.2 On The Effect of the form of the Wavy Current Sheet
Given the importance of current sheet drift effects to computed cosmic ray differential intensity
spectra, the question naturally arises as to what effect the assumed mathematical form for the
modelled current sheet structure itself would have on computed results. The HCS profile resulting
from Equation 2.14 and Equation 2.11 referred to respectively as HCSas and HCSat is shown in
Figure 3.15. The geometrical differences of these profiles are compared in the meridional plane for
different α values, which shows HCSat (shown by blue solid-line) resulting in broad arms compared to
narrow arms of HCSas (shown by black dashed-line). At intermediate solar activity levels marked by
α = 40◦ there are no discernible differences between the two geometries, however a clear distinction
can be seen at high tilt angles α = 60◦. However, note that at these angles tan40 ̸= sin40.
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Figure 3.15 Depiction of meridional cuts of the current sheet profiles for different α values, i.e. left
panel: α = 40◦ and right panel: α = 60◦. Note the two current sheet profiles are plotted out-of-phase
for illustrative purposes. Solid-line is for HCSat and dashed-line for HCSas.

Raath et al. [2015] studied the effect of these geometrical differences on the cosmic rays drifting
inwards over the polar region during an A > 0 polarity cycle. These authors argued that cosmic rays
of a given energy will short-circuit the current sheet owing to the narrow arms of HCSas geometry
and that this will result in different modulation levels at Earth than would the case of the broader
arms of the HCSat geometry. This argument ties in well with intensity-tilt profiles resulting in closed
loops for HCSat and open loops for HCSas. Note that those authors show the loop in the HCSat case
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to close at a theoretical tilt of 90◦. Intuitively it is not unreasonable to assume that a cosmic-ray of a
given energy encountering the HCSat profile will be more modulated for A > 0 cycle than it would
the HCSas profile due to the geometry of the arms. Note further that use of expression for HCSas
profile is strictly valid only under the small tilt angle approximation. To this point Figure 3.16 shows
a calculation of differential intensities at different latitudes to compare the effects of the current sheet
profiles as reported by Raath et al. [2015].
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Figure 3.16 Differential intensity computed with different forms of current sheet expression. Note
these results are computed for α = 40◦ using Burger et al. [1985] drift approach.

The resulting intensities at 1 AU and different latitudes as shown, show that particles drifting
inward over the poles do not seem to be sensitive to the geometrical differences of the two forms
of current sheet. However there is a clear difference between intensities of particles drifting inward
along the wavy current sheet relative to the form of the current sheet. For HCSat profile the model
results in lower intensities compared to when assuming the HCSas profile. Note in this analysis
tanα ̸= sinα . It goes without saying that for higher tilt values, violating the assumption of the small
angle approximation, which is the limiting factor to using HCSas and HCSat profiles interchangeably,
that it would be misleading to attribute the differences in computed intensities squarely on geometrical
differences of the current sheet profiles, but incorrect contribution in the drift velocity expressions as
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a result of assuming cotθ ∼ cosθ and tanα ∼ sinα when determining the latitudinal extent of the
current sheet.
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Figure 3.17 Top panel: Temporal scalings the HMF magnitude, magnetic variance, and tilt angle
used in the present study. Differential intensity-time profiles demonstrating the effects of the form of
current sheet using Burger et al. [1985] drift approach and assuming weak-scattering drift coefficient
(middle panel) and assuming turbulence-reduced drift coefficient (bottom panel).

Figure 3.17 compares the relative effect of current sheet profiles on computed intensities over
a range of solar activity levels. This approach is similar to that taken by Raath et al. [2015] when
studying these effects, but differs from that study in that the magnetic field magnitude and magnetic
field variance are also changing with solar activity. The smooth function for solar cycle-dependence
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of the tilt angle is modelled in a similar fashion as Burger et al. [2008], while the magnetic field
variance and the magnetic field magnitude at Earth are modelled using sinusoidal functions that
smoothly increase by a factor of two up to solar maximum [see Engelbrecht et al., 2019, as well].
The motivation for the scaling of the smooth functions for the magnetic field magnitude and variance
is based on observations reported by Zhao et al. [2018], who find a clear solar cycle dependence for
this quantity. Note that the smooth functions for the magnetic field magnitude and variance scale in a
similar fashion with time [Kota and Jokipii, 1983].

For this comparison, the Burger et al. [1985] approach is utilized. For both weak-scattering and
turbulence-reduced case, solutions of both profiles in the ecliptic and at 1 AU are essentially in good
agreement for periods corresponding to tilt below 40◦ for different polarity cycles. For tilt values
above 40◦, the differences between computed intensities for different profiles increase with tilt and
are more notable for A > 0 polarity than for A < 0 polarity. This is because for A < 0 cycle, when
cosmic protons drift inward along the current sheet, drift effects are significantly diminished due to
increasing levels of turbulence, hence less notable differences between intensities. For A > 0 cycle it
means as particles drift inward over the poles and observed at 1 AU, they encounter different widths
of the current sheet arms and for HCSat with broader arms, prohibition of these particles from making
their way to 1 AU is greater than for HCSas profile.

This conclusion from the context of geometry alone, is in agreement with that made by Raath et al.
[2015], that cosmic rays of a given energy will short-circuit the narrow arms of HCSas profile, and
result in higher intensities than would have the HCSat profile due to its broader arms. However, when
interpreted taking account of the assumptions made in the derivation of the current sheet expression,
and how this current sheet expression plays a role in the determination of the current sheet drift
velocity field, it is clear that these two concepts cannot be separated. This proves that the effects of
assumptions made in the process of incorporating the effects of current sheet drift in a numerical
model cannot be treated as a stand-alone, but are an integral part of the entire process.

3.5 Solar-Cycle Influences on Drift Effects
As already discussed in Chapter 2 the transport of cosmic rays throughout the heliosphere is deter-
mined by the large-scale solar wind flow, the heliospheric current sheet (and therefore by extension
the tilt angle), the HMF, and the turbulent fluctuations embedded in it. Subsequently cosmic ray
intensities are observed to correlate inversely with solar activity due to solar-cycle changes in the
modulation environment. Also cosmic-ray drift is suppressed in the presence of turbulence, which in
turn has a strong dependence on solar cycle [see, e.g., Engelbrecht et al., 2017; Moloto et al., 2018].
This section will explore the parameter space comparing side-by-side the two drift approaches.

In the top panel of Figure 3.18 various models for the drift scale are shown as a function of radial
distance. The differences between these two reduction factors are clearly highlighted in that the
turbulence-reduced reduction factor has spatial dependence, and it is shown that at radial distances
beyond 10 AU the turbulence-reduced solutions are identical to the weak-scattering solutions, due to
the fact that turbulence levels diminish further away from the Sun [e.g. Zank et al., 1996a; Wiengarten
et al., 2016]. The insert, which is a zoomed portion of the main figure, shows that the ad hoc Burger
et al. [2000] reduction factor is not spatially dependent because the same spatially-independent
reduction factor is imposed at all radial distances. These drift reduction terms are introduced in
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Figure 3.18 Drift scale comparing the ad hoc Burger et al. [2000] and the theoretically-motivated
Engelbrecht et al. [2017] reduction terms relative to the weak-scattering Forman et al. [1974] drift
coefficient, shown in the top panel as a function of radial distance, in the middle panel shown as a
function of rigidity and as a function of co-latitude in the bottom panel.

Section 2.9. The middle panel of this figure shows how the drift scale at 1 AU and in the ecliptic is
reduced by turbulence at low rigidities with respect to the weak-scattering approach. Shown also
for comparison is the ad hoc factor, which for this case is defined to reduce drift effects at rigidities
below 1.0 GV, whereas the turbulence-reduced case is dependent on the magnitude of the magnetic
field as well as the magnetic variance. The explicit dependence of the form of drift reduction factor
for the Engelbrecht et al. [2017] approach, given by Equation 2.70, on the perpendicular mean free
path λ⊥, which in turn is a function of various turbulence quantities, also leads to spatial dependence
for the turbulence-reduced drift scale throughout the heliosphere. In the discussions to follow, the
effects of a range of turbulence levels in the heliosphere on the cosmic-ray proton drift coefficient
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will be studied with the shedding light on the modelling of cosmic-ray drift along the wavy current
sheet. Note that no attempts are here made to fit data, and only qualitative comparisons are made.

3.5.1 Effect of the Latitudinal Extent of the Wavy Current Sheet
Figure 3.19 compares how the Burger et al. [1985] approach compares against Burger [2012] approach
across a range of tilt angle values at a radial distance of 1 AU in the ecliptic plane. Shown also for
comparison, in conjunction with the two drift approaches, is the performance of the drift reduction
factor of Engelbrecht et al. [2017], given by Equation 2.70, against the weak-scattering drift coefficient
of Forman et al. [1974]. Note that from this point onwards, the Burger [2012] results use the full
equation for the drift velocity (including the third term discussed previously), and β for Burger et al.
[1985] approximation given by Equation 3.6 is the same as ν defined by Burger [2012].
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Figure 3.19 Differential intensity-kinetic energy profiles for tilt values of 10◦ (top panel), 40◦ (middle
panel) and 70◦ (bottom panel). Left panels: Weak-scattering drift coefficient. Right panel: Turbulence-
reduced drift coefficient.
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For the weak-scattering drift coefficient, results in Figure 3.19 show for a tilt of 10◦, the A > 0
polarity solutions for both approaches are essentially the same. Differences between the two ap-
proaches are discernible for A < 0 polarity at energies below ∼ 1.0 GeV, with Burger [2012] approach
yielding intensities lower than Burger et al. [1985] approach. Similar behaviour is observed for the
turbulence-reduced drift coefficient, however the gap between solutions of different polarity is smaller.
For a tilt of 40◦, results for both weak-scattering and turbulence-reduced drift coefficient show a fair
difference in intensities, with Burger [2012] yielding lower intensities for A > 0 polarity and Burger
et al. [1985] approach yielding lower intensities for A < 0 polarity. This behaviour persists for a tilt
of 70◦, showing a growing difference between the Burger [2012] and Burger et al. [1985] approaches
for A > 0 polarity, while for A < 0 this is not so obvious.

Figure 3.20 shows computed intensity-tilt profiles for 1 GeV protons at 1 AU in the ecliptic plane,
not specific to any particular solar cycle since the only parameter changing is the tilt angle, which in
turn changes the waviness of the current sheet, therefore affecting drift along the current sheet. Using
tilt angle as a proxy for solar activity, these profiles show how a relationship between differential
intensities and tilt is affected by different ways of modelling drift along the current sheet and also by
the choice of drift reduction form.

For a weak-scattering drift coefficient and A > 0 polarity, the first regime for the Burger et al.
[1985] approach defined from 0◦ to 40◦ tilt, has a flat intensity slope, while the first regime for the
Burger [2012] approach has a similar slope up to 20◦ tilt. For the second regime defined from 40◦ to
70◦, the Burger et al. [1985] approach has a second almost flat slope but softer than the first slope,
while Burger [2012] has an even much steeper slope from 20◦ to 50◦. From 50◦ to 80◦ which defines
a third regime, the Burger [2012] approach displays a slightly softer slope than the second regime,
and from 70◦ to 80◦ Burger et al. [1985] intensities drop considerably. For A < 0 polarity, Burger
[2012] from 0◦ to 20◦ displays a rapid drop of intensities denoting the first regime, while Burger
et al. [1985] shows a similar drop with intensities falling lower than Burger [2012]. From 20◦ to
60◦, Burger [2012] results in decreasing intensities with a reduced slope relative to the first regime,
while from 20◦ to 50◦ Burger et al. [1985] in comparison shows less rapid decrease of intensities than
the first regime and slope softer than that of Burger [2012] second regime. From 60◦ to 80◦, Burger
[2012] results in intensities decreasing faster than for second regime, while Burger et al. [1985] show
a gradual increase in intensities from 50◦ to 80◦.

Results of first and second regimes, comparing solutions using the weak-scattering drift coefficient
with those calculated using the turbulence-reduced drift coefficient, show that these are qualitatively
similar and differ only quantitatively in terms of computed intensities. Results for the third regime,
for Burger [2012] A > 0 results, display a sharp decrease compared to the weak-scattering case,
resulting in the intensity-tilt loop almost closing at 80◦ tilt, suggesting no-drift as the solutions
of opposite magnetic polarities become identical. For Burger et al. [1985], solutions of opposite
magnetic polarities do not become identical at 80◦ tilt, but compared to the weak-scattering drift
coefficient case, A > 0 polarity solutions show an increasingly rapid drop of intensities, while A < 0
solutions show an almost flat line, indicating model insensitivity to tilt changes in this regime with
the assumed reduction on drift effects. Note in this section only the operational volume of the current
sheet drift velocity is changed by changing the tilt angle, so this means the mean-free paths and the
drift scale remain unchanged and for this reason the reduction factor on the drift coefficient is the
same for all the considered tilt values in Figure 3.20. For these calculations, with tilt as the only
changing parameter, the operational volume of the current sheet drift velocity changes. As a result,
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Figure 3.20 Differential intensity-tilt profiles. Top panel: Weak-scattering drift coefficient; Bottom
panel: Turbulence-reduced drift coefficient.

an increase in operational volume of the current sheet drift velocity inhibit cosmic-ray protons from
reaching the Earth, hence a decrease in both the A > 0 and A < 0 solutions.

3.5.2 Effect of the Magnitude of the HMF at Earth
As a starting point to studying the effects of turbulence on drift, in the weak-scattering limit given by
Equation 2.68, the drift coefficient is directly proportional to the Larmor radius RL [Forman et al.,
1974]. Note, all drift coefficients are proportional to RL. This implies that, for a particular rigidity, the
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Larmor radius increases or decreases depending on the solar activity through the uniform background
field, which in turn results in an effect on the particle drifts.
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Figure 3.21 Mean-free-paths and drift scale as functions of rigidity (left panel) and colatitude (right
panel), each combining two panels, with the top panel showing results for weak-scattering drift
coefficient and bottom pane for turbulence-reduced drift coefficient. Dashed lines indicate solutions
for Bmax = 10 nT and solid lines for Bmin = 5 nT.

Now changing only the magnitude of the magnetic field at Earth, the effect thereof on the mean-
free paths and the drift scale is shown in Figure 3.21. Note that turbulence quantities are kept
constant and that Bmin = 5 nT and Bmax = 10 nT. It follows that λ|| from Equation 2.66 increases
with increasing Bmag while λ⊥ from Equation 2.67 decrease. For weak-scattering, λA decrease with
increasing Bmag with the same reduction factor all rigidities and all latitudes. For the turbulence-
reduced drift coefficient, the two solutions for λA are identical at rigidity 0.7 GV, above which the Bmin
solutions for λA stays above the Bmax solutions and below this rigidity the opposite is true. For 1.0
GV cosmic-ray protons, both the Bmin and Bmax solutions for λA show a clear co-latitude dependence,
with λA increasing pole-ward for both weak-scattering and turbulence-reduced drift coefficient cases.
The co-latitude dependence of λ|| shows a pole-ward decrease, while λ⊥ shows a pole-ward increase,
reflecting the spatial behaviour of the HMF magnitude.

For the weak-scattering drift coefficient, both Burger et al. [1985] and Burger [2012] opposite po-
larity solutions show lower intensities for Bmax compared to Bmin, at all rigidities shown in Figure 3.22.
For A < 0 polarity, the gap between Bmin and Bmax solutions below 1.0 GV seems constant with
rigidity for both approaches. However, for A > 0 polarity, both approaches show the gap decreasing
with rigidity. For turbulence-reduced case, the A > 0 polarity Bmin and Bmax solutions of Burger et al.
[1985] approach crosses at P ∼ 0.15 GV, with Bmax solutions resulting in higher intensities below
this rigidity. For Burger [2012] approach, the cross-over takes place at P ∼ 0.2 GV, whereby Bmin
results in intensities higher than by Bmax below this rigidity. This means that qualitatively the two
approaches are similar, only differing quantitatively. Figure 3.21 shows the ratio of λ⊥/λA below 1.0
GV is greater for turbulence-reduced case than for weak-scattering, so it seems the greater this ratio
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Figure 3.22 Modulated cosmic-ray spectra as a function of rigidity for mean-free-paths and drift
scale described in Figure 3.21. Shown in the top panel are results in the weak-scattering limit and
for turbulence-reduced drift in the bottom panel. Left panel are solutions from Burger et al. [1985]
approach and from Burger [2012] in the right panel. Note Bmin = 5 nT, Bmax = 10 nT and α = 20◦.

the more the gap between Bmin and Bmax A > 0 solutions closes up, but this seems to have no effect on
A < 0 polarity solutions. This shows that the ratio of λ⊥/λA, comparing the weak-scattering case to
the turbulence-reduced case due to changes in the magnitude of the magnetic field at Earth, changes
drift effects away from the current sheet differently than it does along the current sheet. The A > 0
solutions for Bmin and Bmax peak at the same rigidity for both weak-scattering and turbulence-reduced
cases, as do A < 0 solutions. However, A > 0 peaks at a different rigidity than A < 0 solutions.
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Figure 3.23 Mean-free-path - drift scale ratios as a function of the magnitude of the magnetic field
at Earth and for rigidity of 1.0 GV. Top panel shows weak-scattering case and bottom panel the
turbulence-reduced case.

Figure 3.23 shows the mean-free-path - drift scale ratios for rigidity of 1.0 GV. λ⊥/λA increases
from ∼ 1.150 to ∼ 1.340 with increasing magnitude of the magnetic field when assuming the weak-
scattering limit. This translates to a factor increase of ∼ 1.165 when the magnetic field doubles
up in magnitude. The ratio λA/λ|| decreases from ∼ 0.0074 to ∼ 0.0012 with increasing magnetic
field and results in a decrease factor ∼ 6.167 when magnetic field doubles up in magnitude. For the
turbulence-reduced case, λA/λ|| decreases from ∼ 0.0048 to ∼ 0.009 with increasing magnetic field
and decrease by factor ∼ 4.5 when magnetic field doubles up in magnitude, while λ⊥/λA decreases by
factor ∼ 1.160 from ∼ 1.885 to ∼ 1.625 when magnetic field doubles up in magnitude. These ratios
show a diffusion-dominated scenario for both weak-scattering and turbulence-reduced cases when
the magnetic field magnitude is strong, with more drift effects when the magnetic field magnitude is
small.

Figure 3.24 shows the corresponding cosmic-ray differential intensities as a result of the mean-free-
paths and drift scale described in Figure 3.23. What is clear from the differential intensity-magnetic
field magnitude profiles in all the panels is the strong inverse correlation between the magnetic field
magnitude and the differential intensities. Both intensity profiles display a relatively monotonic
decrease with increasing magnetic field magnitude, albeit at different rates for A > 0 and A < 0
polarity. Note that even though an increase in magnetic field magnitude leads to diffusion-dominated
modulation, drift effects are not totally switched off because solutions of opposite magnetic polarity
by both drift approaches still show a clear charge-sign dependent modulation.
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Figure 3.24 Modulated cosmic-ray intensities as a function of the magnitude of the magnetic field
at Earth and for α = 20◦. Top panels show solutions for 1.0 GeV cosmic-ray protons compared
to 2.5 GeV cosmic-ray protons in the bottom panels. Left panels show results when assuming a
weak-scattering drift coefficient, and right panels when taking scattering effects on drift into account.
Note that turbulence quantities such as the variance are assumed to be constant here.

The total modulation calculated using the two approaches in question accounting for changes in
the magnetic field magnitude at Earth is illustrated in Table 3.1 as extracted from Figure 3.24. This
means that for 1.0 GeV cosmic-ray protons, changes in the magnetic field result in Burger et al. [1985]
having higher total modulation for A > 0 cycle for both the weak-scattering and turbulence-reduced
case, as well as the Burger [2012] approach for A < 0 polarity. For 2.5 GeV cosmic-ray protons, it
means for the turbulence-reduced case, Burger [2012] results in slightly higher modulation for A > 0
polarity, whereas for weak-scattering, Burger [2012] result in higher modulation for A < 0 polarity,
and Burger et al. [1985] for A > 0 polarity.
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Table 3.1 Total modulation as a result of varying magnetic field magnitude at Earth. Note Bg− 1
means solutions from Burger et al. [1985] approach and Bg−2 from Burger [2012] approach.

Total modulation
Weak-scattering Turbulence-reduced

A>0 A<0 A>0 A<0

1.0 GeV
Bg-1 36.4% 40.0% 31.7% 34.0%
Bg-2 31.7% 40.9% 28.9% 35.6%

2.5 GeV
Bg-1 27.5% 26.7% 25.7% 25.0%
Bg-2 25.0% 29.2% 26.3% 25.0%

3.5.3 Effect of HMF-Tilt Combination
This section investigates the effect of changes in magnitude of the magnetic field at Earth by simulta-
neously changing the tilt as well, and once again such an addition does not affect mean-free paths and
drift scale differently than shown in subsection 3.5.2, but will have an effect on computed intensities
because tilt has an effect on the operational volume of the current sheet drift velocity. Figure 3.25
illustrates how intensities change with varying tilt and magnetic field as a function of rigidity. For
the weak-scattering case, there is no discernible differences between the intensities computed for
different polarities by the two approaches for Bmin corresponding to solar minimum conditions.
However, for Bmax corresponding to solar maximum conditions, the differences of intensities between
different polarities are strikingly small for the Burger [2012] approach as opposed to the differences
in intensities calculated using the Burger et al. [1985] approach. Note both approaches still show
charge-sign dependent modulation, a symptom of drift effects at play.

For the turbulence-reduced case, both approaches still show charge-sign dependent modulation
between results of different magnetic polarities at high tilt and magnetic field values. Compared
to the weak-scattering case, the difference between intensities computed for different polarities is
reduced for Bmin. For Bmax, the difference is slightly reduced for Burger et al. [1985] solutions, while
for Burger [2012] this difference is increased compared to the weak-scattering case. The rigidity at
which the Bmin intensities peak for Burger et al. [1985] is slightly off-set for Bmax, and the off-set is
not observed for Bmin between the weak-scattering and turbulence-reduced cases and also for Bmax.
Similar behaviour is observed for Burger [2012].

Figure 3.26 shows differential intensities for 1.0 GeV (top panel) and 2.5 GeV (bottom panel)
cosmic-ray protons as a function of varying tilt angle. Take note that the magnitude of the magnetic
field is varying even though the intensities are shown as function of tilt. The Burger [2012] approach
shows a more rapid continuous response to changes in the tilt and magnetic field for A > 0 than
Burger et al. [1985] approach, which responds more rapidly past α = 40◦. Past α = 70◦ both models
show even steeper decreases in intensities as they both track each other.

For A < 0 polarity, both approaches start off with a rapid response to changes in tilt and magnetic
field, however the Burger et al. [1985] approach results in intensities climbing from α = 50◦ and
resulting in a more broad intensity-tilt loop, while the Burger [2012] approach results in intensities
flattening out from α = 30◦ and only to decrease further from α = 70◦ and therefore resulting in a
much smaller intensity-tilt loop.

The total percentage modulation calculated from Burger et al. [1985] approach and Burger [2012]
approach as a function of varying magnetic field magnitude and tilt, extracted from Figure 3.26, is
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Figure 3.25 Similar to Figure 3.31 but for varying tilt and magnetic field magnitude. Note that Bmin =
5 nT and Bmax = 10 nT for corresponding α = 10◦ and α = 80◦ respectively.
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Figure 3.26 Modulated cosmic-ray intensities as a function of the tilt, with magnetic field magnitude
increasing linearly from 5 to 10 nT. Top panels shows solutions for 1.0 GeV cosmic-ray protons
compared to 2.5 GeV cosmic-ray protons in the bottom panels. Left panels show results when
assuming weak-scattering and right panels when taking scattering effects on drift into account.

recorded in Table 3.2. From modulation of 1.0 GeV cosmic-ray protons, it follows that the Burger
et al. [1985] approach results in higher modulation for A < 0 cycle and Burger [2012] for A > 0
cycle, for both the weak-scattering and turbulence-reduced case. For turbulence-reduced compared to
weak-scattering, Burger [2012] shows reduction in total percentage modulation for different polarity
cycles, whereas Burger et al. [1985] show reduction for A > 0 polarity and an increase for A < 0
polarity. The modulation of 2.5 GeV protons, shows an increase for Burger et al. [1985] for different
polarity cycles, while Burger [2012] shows a decrease.
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Table 3.2 Total modulation as a result of varying total field magnitude and tilt. Note Bg−1 means
solutions from the Burger et al. [1985] approach and Bg−2 from the Burger [2012] approach.

Total modulation
Weak-scattering Turbulence-reduced

A>0 A<0 A>0 A<0

1.0 GeV
Bg-1 75.0% 90.0% 71.4% 91.0%
Bg-2 83.3% 84.8% 76.1% 84.0%

2.5 GeV
Bg-1 60.0% 76.9% 60.7% 78.7%
Bg-2 62.5% 67.8% 59.5% 66.2%

3.5.4 Effect of Changes in the Magnetic Field Variance
Changes in the magnitude of the magnetic field variance have an effect on the mean-free paths and
the drift scale, as Figure 3.27 shows, however, changes in magnetic field variance have no effect on
the drift scale for the weak-scattering lengthscale (RL). Note that the magnitude of the total magnetic
field variance perpendicular to the background field (δB2) is increased from δB2

min = 12 nT2 (of
which solutions are denoted by solid lines) to δB2

max = 24 nT2 (denoted by dashed lines). Note that
even though the total magnetic variance is changing, the ratio proportion of the slab/2D variance is
assumed to be fixed.
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Figure 3.27 Mean-free-paths and drift scale as functions of rigidity (left panel) and colatitude (right
panel), each combining two panels, with the top panel showing results for weak-scattering drift
coefficient and bottom pane for turbulence-reduced drift coefficient. Dashed lines indicates solutions
for δB2

max = 24 nT2 and solid lines for δB2
min = 12 nT2.

It follows that λ|| (see Equation 2.66) decreases with increasing δB2 while λ⊥ (see Equation 2.67)
increases, if the HMF magnitude itself is held constant. When assuming weak-scattering, λA is not
affected by changes in δB2. For the turbulence-reduced drift coefficient, the two solutions for λA
(see Equation 2.71) are identical at rigidity 10.0 GV, below this rigidity an increase in δB2 leads
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to a decrease in λA. For 1.0 GV cosmic-ray protons, an increase in δB2 dos not affect the latitude
dependence of λA on magnetic field magnitude, with λA decreasing pole-ward for turbulence-reduced
drift and a pole-ward increase for weak-scattering.

Figure 3.28 shows the effects of changes in the magnetic variance on modulated proton spectra as
a function of rigidity, with the top panels showing calculations for the weak-scattering drift coefficient
and the bottom panels for the turbulence-reduced drift coefficient. The left panels shows solutions
from the Burger et al. [1985] approach and solutions from the Burger [2012] approach are shown in
the right panels. Note δB2

min = 12 nT2 and δB2
max = 24 nT2, and for all the panels the magnitude of

the magnetic field is fixed at 5 nT and the tilt angle at 20◦.
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Figure 3.28 Modulated cosmic-ray spectra as a function of rigidity for mean free paths and drift
scales described in Figure 3.27. Shown in the top panel are results in the weak-scattering limit and
for turbulence-reduced drift in the bottom panel. Left panel show solutions from Burger et al. [1985]
approach and solutions from Burger [2012] are shown in the right panel. Note δB2

min = 12 nT2 and
δB2

max = 24 nT2.
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For the weak-scattering case and A > 0 polarity, the local maximum for δB2
min is at ∼ 0.6 GV

for Burger et al. [1985] approach and ∼ 0.7 GV for the Burger [2012] approach, for δB2
max at ∼ 0.7

GV for Burger et al. [1985] and ∼ 0.8 GV for Burger [2012] approach. While the local maximum
for A < 0 polarity solutions is at ∼ 1.0 GV for both approaches and both δB2

min and δB2
max. For the

turbulence-reduced case and A > 0 polarity, the local maximum for δB2
min occur at ∼ 0.8 GV for both

approaches, for δB2
max at ∼ 0.9 GV, while for A < 0 polarity at ∼ 1.0 GV for both approaches. The

gap between δB2
min and δB2

max solutions is wider for the turbulence-reduced case for both approaches
compared to the weak-scattering case. This seems to follow from the increased λ⊥/λA ratio with
decreasing rigidity below 1 GV for turbulence-reduced case compared to weak-scattering. Both A > 0
and A < 0 polarity solutions decrease with increasing δB2.

Changes in the total magnetic field variance result in mean free path - drift scale ratios shown
in Figure 3.29. In the weak-scattering limit λ⊥/λA, λ⊥/λ|| and λA/λ|| all increase with increasing
magnetic field variance. For turbulence-reduced case, only λ⊥/λA and λ⊥/λ|| show a rapid increase
with increasing magnetic field variance, while λA/λ|| increases from δB2

min to δB2 = 20 nT2, from
which it turns around and starts to decrease with further increasing variance to δB2

max. This follows
because, as the variance increases, the R2/kmin term of Equation 2.66 starts to dominate, changing the
variance dependence of λ||. But because λ⊥ is a function of λ||, this behaviour does not show clearly
on λ⊥/λ|| graphs. Both weak-scattering and turbulence-reduced cases show a diffusion-dominated
scenario. In the weak-scattering case, λ⊥/λA increases from ∼ 1.15 to ∼ 1.45 when the magnetic
field variance doubles up, which translates to a ∼ 1.26 factor increase and for the turbulence-reduced
case a factor increase of ∼ 2.34 from ∼ 1.88 to ∼ 4.4.
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Figure 3.29 Mean-free-path - drift scale ratios as a function of the magnetic field variance. Top panel
show weak-scattering case and bottom panel the turbulence-reduced case.
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Figure 3.30 shows the differential intensity-variance profile for 1.0 GeV (top panel) and 2.5
GeV (bottom panel) protons during both A > 0 and A < 0 polarity cycles and for the two current
sheet drift approaches in discussion. Solutions in the left panels are for the weak-scattering limit
and solutions for the turbulence-reduced case are shown in the right panels. For 1.0 GeV protons
during A > 0 polarity cycle, the difference between the two approaches is clearly highlighted by their
decreasing slopes with increasing δB2, with the Burger [2012] approach responding more rapidly to
these changes than the Burger et al. [1985] approach. This leads to the difference between the two
approaches increasing with δB2.
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Figure 3.30 Modulated cosmic-ray intensities as a function of the magnetic field variance. Top panels
show solutions for 1.0 GeV cosmic-ray protons compared to 2.5 GeV cosmic-ray protons in the
bottom panels. Left panels show results when assuming weak-scattering and right panels when taking
scattering effects on drift into account.

For the A < 0 polarity cycle, the difference between the two approaches decreases with increasing
δB2. The A < 0 polarity results seems to have two straight lines of negative slopes with a turn-over
around 19.0 nT2 for the weak-scattering case compared to a turn-over ∼ 17.5 nT2 for the turbulence-
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reduced case. For 2.5 GeV protons, the pattern is identical to that observed for 1.0 GeV protons,
however for both A > 0 and A < 0 cycles the difference between the two approaches as a function of
δB2 is reduced. This difference between the two approaches for both polarity cycles is much less
for the turbulence-reduced case than for weak-scattering. This seems to be related to λ⊥/λA ratio
as a function of varying δB2, reflecting the decreased significance of drift effects as variance levels
are increased. However at maximum variance levels, results of opposite magnetic polarity still show
charge-sign dependent modulation, implying that drift effects are still in play. Overall, both models
are qualitatively the same, only differing quantitatively.

The total modulation calculated from Burger et al. [1985] approach and Burger [2012] approach,
showcasing the effects of changes in the magnetic field variance from the two drift approaches, is
illustrated in Table 3.3, as extracted from Figure 3.30. For 1.0 GeV cosmic-ray protons, this means that
for both weak-scattering and turbulence-reduced cases, for A > 0 polarity, use of Burger [2012] results
in higher total modulation, while for A < 0 polarity Burger [2012] results in higher total modulation
for the turbulence-reduced case and the Burger et al. [1985] approach for the weak-scattering case.

Table 3.3 Total modulation as a result of varying the total magnetic variance. Note Bg−1 means
solutions from Burger et al. [1985] approach and Bg−2 from Burger [2012] approach.

Total modulation
Weak-scattering Turbulence-reduced

A>0 A<0 A>0 A<0

1.0 GeV
Bg-1 11.4% 20.0% 28.6% 20.0%
Bg-2 23.7% 16.7% 36.9% 27.8%

2.5 GeV
Bg-1 9.4% 18.8% 15.4% 18.8%
Bg-2 12.8% 12.5% 18.4% 16.7%

For 2.5 GeV cosmic-ray protons, it follows that for A > 0 polarity and both weak-scattering and
turbulence-reduced cases, use of the Burger [2012] approach in a modulation model results in higher
total modulation, while the use of the Burger et al. [1985] approach results in higher modulation
for the A < 0 cycle. From varying total field variance, the maximum percentage difference between
the two approaches is 12.3%. Both the 1.0 GeV and 2.5 GeV proton modulation show that the
Burger [2012] approach results in an increase in percentage modulation for different polarities when
comparing the turbulence-reduced with the weak-scattering case, while Burger et al. [1985] show an
increase for A > 0 polarity and no change for A < 0 polarity.

3.5.5 Effect of Variance-Tilt Combination
This section assumes changes in tilt angles as well as changes in the variance. However, such an
addition does not affect mean free paths and drift scales differently than shown in subsection 3.5.4 as
these quantities are not direct functions of α . Changes in the tilt will be expected to have an effect on
computed intensities in addition to the effect of varying total variance, because tilt has an effect on
the operational volume of the current sheet drift velocity.

Figure 3.31 shows how a blend of varying tilt and magnetic field variance affects computed
intensities at Earth. In the weak-scattering limit, Burger et al. [1985] approach results show clear
charge-sign dependent modulation for both δB2

min and δB2
max, with the difference between different
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Figure 3.31 Modulated cosmic-ray intensities as a function of rigidity for mean free paths and drift
scale that change as a function of varying magnetic field variance. Shown in the top panel are results
in the weak-scattering limit and for turbulence-reduced drift in the bottom panel. In the left panel are
solutions from Burger et al. [1985] approach and from Burger [2012] in the right panel. Note that
δB2

min = 12 nT2 and δB2
max = 24 nT2 for corresponding α = 10◦ and α = 80◦, respectively.

polarity cycles small for δB2
min solutions corresponding to solar minimum conditions. The results

calculated using the Burger [2012] approach also exhibit clear charge-sign dependent modulation
for both δB2

min and δB2
max, however for δB2

max corresponding to solar maximum conditions, the
difference between different polarity cycles is very small especially at rigidities below 1.0 GV, and
A > 0 polarity solutions are slightly below A < 0 polarity solutions. For the turbulence-reduced case,
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results computed using the Burger et al. [1985] approach still display clear charge-sign dependent
modulation. However, the difference between different polarity cycles is reduced for both conditions
corresponding to solar minimum and maximum. It is also noteworthy to point out that the A > 0 cycle
results for both δB2

min and δB2
max are significantly reduced relative to the weak-scattering case. The

Burger [2012] approach for both δB2
min and δB2

max results in clear charge-sign dependent modulation,
however for δB2

max, solutions for A > 0 polarity are clearly below A < 0 polarity solutions. This
means, for both weak-scattering and turbulence-reduced cases, use of the Burger [2012] approach
results in intensities that are qualitatively comparable to measurements at conditions corresponding to
solar maximum. For the Burger et al. [1985] approach this is only realised for the turbulence-reduced
case.
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Figure 3.32 Modulated cosmic-ray intensities as a function of the tilt angle, while the magnetic
field variance varies as well. Top panels show solutions for 1.0 GeV cosmic-ray protons compared
to 2.5 GeV cosmic-ray protons in the bottom panels. Left panels show results when assuming
weak-scattering and right panels when taking scattering effects on drift into account.

71



Cosmic-Ray Drift Along the Wavy Current Sheet Revisited

Figure 3.32 takes a look at what the modulation of 1.0 GeV and 2.5 GeV cosmic-ray protons as a
function of varying tilt and total variance looks like. For A > 0 polarity, the weak-scattering results of
the Burger et al. [1985] approach show a very small change in computed intensities with increasing
tilt and magnetic field variance until at least past α = 40◦, while the Burger [2012] approach shows
a more rapid decrease with increasing tilt and variance. For A < 0 polarity, Burger et al. [1985]
show a very rapid continuous decrease of computed intensities up to α = 50◦, past α = 50◦ the
computed intensity-tilt profile flattens. This shows that from middle intermediate to extreme solar
maximum, 1.0 GeV cosmic-ray protons drifting along the current sheet towards Earth seem to be
insensitive to changes in the tilt, according to this approach. Burger [2012] on the other hand, for
A < 0 polarity shows a slow decrease in computed intensities relative to Burger et al. [1985] results,
with the slope of decrease past α = 20◦ becoming harder, and only to become softer past α = 60◦.
With turbulence disrupting drift, A > 0 polarity results of Burger et al. [1985] show a quite abrupt fall
in intensities past α = 70◦ relative to the weak-scattering case. A > 0 cycle results of Burger [2012]
show a more rapid decrease in intensities past α = 40◦ relative to the weak-scattering case. For A < 0
polarity, Burger et al. [1985] track the weak-scattering case at tilts below ∼ 50◦, while past this tilt the
turbulence-reduced case shows increased sensitivity of the model to changes in tilt and total variance
relative to the weak-scattering case. The intensity-tilt profile for A < 0 cycle by Burger [2012] doesn’t
change much except that the intensities are slightly lower relative to the weak-scattering case. For
both models, the intensity-tilt behaviour for 2.5 GeV cosmic-ray protons compared to the 1.0 GeV
protons doesn’t seem to change.

Table 3.4 Total modulation as a result of varying total magnetic variance and tilt. Note Bg−1 means
solutions from Burger et al. [1985] approach and Bg−2 from Burger [2012] approach.

Total modulation
Weak-scattering Turbulence-reduced

A>0 A<0 A>0 A<0

1.0 GeV
Bg-1 61.9% 96.3% 96.2% 97.8%
Bg-2 90.9% 92.5% 95.2% 94.0%

2.5 GeV
Bg-1 43.7% 87.3% 85.0% 91.5%
Bg-2 75.0% 82.3% 81.2% 82.2%

The total modulation percentage calculated using the Burger et al. [1985] approach and the Burger
[2012] approach as a function of varying magnetic field variance and tilt, extracted from Figure 3.32,
is presented in Table 3.4. It follows for the turbulence-reduced case that variations in total variance
and tilt lead to the Burger et al. [1985] approach resulting in higher modulation of both 1.0 GeV
and 2.5 GeV cosmic-ray protons for different polarities than Burger [2012]. In the weak-scattering
limit, Burger [2012] results in higher modulation for A > 0 polarity and Burger et al. [1985] results in
higher modulation for A < 0 polarity. Comparing turbulence-reduced case to weak-scattering, 1.0
GeV protons by both approaches result in a total increase in percentage modulation for different
polarity cycles. Modulation of 2.5 GeV protons under the Burger et al. [1985] approach results in an
overall percentage increase, while Burger [2012] leads to a percentage increase for A > 0 cycle and
almost no change in percentage modulation for A < 0 polarity.
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3.5.6 Effect of Changing the HMF-Variance Combination
This section considers the effect of varying the magnetic field magnitude as well as the variance. Such
an addition will affect mean free paths and the drift scale, and manifest itself in computed intensities.
However because tilt is not changing, so effectively the operational volume of the current sheet drift
velocity is not changed.
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Figure 3.33 Mean-free-paths and drift scale as functions of rigidity (left panel) and colatitude (right
panel), each combining two panels, with the top panel showing results for weak-scattering drift
coefficient and bottom pane for the turbulence-reduced drift coefficient. Dashed lines indicate
solutions for Bmax = 10 nT and δB2

max = 24 nT2 and solid lines for Bmin = 5 nT and δB2
min = 12 nT2

The effect of changes in the magnitude of the magnetic field and the magnetic field variance on
the mean free paths and the drift scale is shown in Figure 3.33. It follows that λ|| increases with a
simultaneous increase of both Bmag and δB2 while λ⊥ decreases. For the weak-scattering limit and
the turbulence-reduced drift coefficient, λA decreases systematically with this increase. For 1.0 GV
cosmic-ray protons, the simultaneous increase of both Bmag and δB2 still results in λA retaining the
latitude dependence of Bmag, with λA increasing pole-ward for weak-scattering.

Figure 3.34 shows the computed differential intensities corresponding to changes in the mean free
paths and drift scale due to magnetic field magnitude and magnetic variance changes described in
Figure 3.33. In the weak-scattering case, differences between intensities of different polarities for
conditions corresponding to solar minimum are greater for the Burger et al. [1985] approach compared
to the Burger [2012] approach. The same can be said for the turbulence-reduced case, however for
Burger et al. [1985] this difference is greatly reduced relative to the weak-scattering case. For both
weak-scattering and turbulence-reduced cases, both models show a clear charge-sign dependent
modulation between intensities of different magnetic polarities for both conditions corresponding to
low (δB2

min) and high (δB2
max) solar activities. Both models show that differences between intensities

for δB2
min and δB2

max are smaller for A > 0 than for A < 0 polarity. These proportionate decreases in
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Figure 3.34 Modulated cosmic-ray intensities as a function of rigidity for mean free paths and drift
scale that change as a function of varying magnetic variance and magnetic field magnitude. Shown in
the top panel are results in the weak-scattering limit and for turbulence-reduced drift in the bottom
panel. In the left panel are solutions from the Burger et al. [1985] approach and from Burger [2012]
in the right panel. Note δB2

min = 12 nT2 and δB2
max = 24 nT2.

intensities as a function of rigidity are reflective of systematic decreases of λ⊥ and λA with the same
factor at all rigidities.

Figure 3.35 shows the blending effect of changes in the magnetic field magnitude and magnetic
field variance on the mean-free-path - drift scale ratio but shown as a function of increasing magnetic
field magnitude. For weak-scattering case, λ⊥/λA increases rapidly with increasing magnetic field
and variance from ∼ 1.15 to ∼ 1.68 as δB2 and Bmag doubles up in magnitude, therefore resulting
in a factor increase of 1.46, while λ⊥/λ|| and λA/λ|| both show gradual decreases by factor ∼ 0.46
and ∼ 0.32 respectively. For the turbulence-reduced case, λ⊥/λA increases from ∼ 1.88 to ∼ 2.82,
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therefore a factor 1.5 increase as δB2 and Bmag doubles up in magnitude, while λA/λ|| decreases by
factor of 0.33. Both weak-scattering and turbulence-reduced cases describe a diffusion-dominated
scenario under these conditions for 1.0 GeV cosmic-ray protons.

1.2

1.3

1.4

1.5

1.6

1.7
/ A

0.004

0.005

0.006

0.007

0.008
/ ||

0.003

0.004

0.005

0.006

0.007 A/ ||

6 8 10

2.0

2.2

2.4

2.6

2.8

6 8 10
0.004

0.005

0.006

0.007

0.008

6 8 10
0.0015

0.0020

0.0025

0.0030

0.0035

0.0040

0.0045

0.0 0.2 0.4 0.6 0.8 1.0
B[nT]

0.0

0.2

0.4

0.6

0.8

1.0

Ra
tio

s

Figure 3.35 Mean-free-path - drift scale ratios shown as a function of the magnetic field magnitude,
but the magnetic field variance is changing as well. Top panel shows weak-scattering case and bottom
panel the turbulence-reduced case.

For both 1.0 GeV and 2.5 GeV cosmic-ray protons and for both weak-scattering and turbulence-
reduced case, the two models are in qualitative agreement with each other. This is shown by intensities
for different magnetic polarities decreasing with increasing solar activity marked by δB2 and Bmag,
as Figure 3.36 shows. The difference between A > 0 results of the two models decreases slightly
with increasing δB2 and Bmag and this difference is smaller for the turbulence-reduced case relative
to the weak-scattering case. For A < 0 polarity, the differences between weak-scattering solutions
and the turbulence-reduced case are rather subtle and not discernible from this figure. This means
that according to these models, variations in δB2 and Bmag affect cosmic-ray protons drifting inward
along the current sheet differently than inward over the poles.

Table 3.5 shows the percentage total modulation extracted from Burger et al. [1985] and Burger
[2012] results shown in Figure 3.36 as a result of varying magnetic field magnitude and total magnetic
variance. The percentages show that for A < 0 polarity the two models suggests no difference in total
modulation calculated between weak-scattering and turbulence-reduced case for both 1.0 GeV and
2.5 GeV cosmic-ray protons. For A > 0 polarity, a slight increase from Burger et al. [1985] approach
and decrease from Burger [2012] approach for 1.0 GeV protons, whereas for 2.5 GeV protons both
models predict a decrease.
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Figure 3.36 Modulated cosmic-ray spectra as a function of the magnetic variance, with magnetic field
magnitude varying as well. Top panels show solutions for 1.0 GeV cosmic-ray protons compared
to 2.5 GeV cosmic-ray protons in the bottom panels. Left panels shows results when assuming
weak-scattering and right panels when taking scattering effects on drift into account.

Table 3.5 Total modulation as a result of varying total field variance and magnetic field magnitude.
Note Bg− 1 means solutions from Burger et al. [1985] approach and Bg− 2 from Burger [2012]
approach.

Total modulation
Weak-scattering Turbulence-reduced

A>0 A<0 A>0 A<0

1.0 GeV
Bg-1 36.3% 60.0% 38.1% 60.0%
Bg-2 42.1% 55.5% 36.8% 55.5%

2.5 GeV
Bg-1 30.0% 46.6% 28.2% 46.6%
Bg-2 32.4% 45.8% 28.9% 45.8%
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3.6 Simulated Solar Cycle Dependence
In order to fully appreciate and better understand how the two drift approaches compare with each
other and qualitatively with observations, and also the effect of the choice of the form of the reduction
factor on these qualitative comparisons, all the basic plasma quantities will need to be adjusted
according to solar activity, and this is the main theme of this section. Note that no attempts are here
made to try to fit data in any way whatsoever, and as such the selected 11 year cycle is purely for
demonstration purposes of qualitatively comparing the effects of using the Burger et al. [1985] and
Burger [2012] approaches in a modulation model on computed intensities.

The top panel of Figure 3.37 shows these plasma quantities. The 27-day averaged magnetic field
observations are from the OMNI dataset, and the radial model tilt angle values are from Wilcox
Observatory (htt p : //wso.stan f ord.edu/Tilts.html). However, the smooth function for solar cycle-
dependence of the tilt angle is modelled in the same way as Burger et al. [2008], while the magnetic
field variance and the magnetic field magnitude at Earth are modelled using sinusoidal functions
that smoothly increase by a factor of two up to solar maximum, resembling the OMNI observations
as shown in the figure. The motivation for the scaling of the function for the magnetic variance is
based on observations reported by Zhao et al. [2018], who find a clear solar cycle dependence for
this quantity. Note that the smooth functions for the magnetic field magnitude and variance scale in
the same way with time, although they seem somewhat different in the figure due to the scale of the
figure. Further note that this work does not attempt to model the change from one polarity to another,
and runs are done separately for separate magnetic polarities, similar to Kota and Jokipii [1983].

The differential-intensity profiles of Figure 3.37 show, relative to observed neutron monitor data
shown in Figure 3.2, that both models retain the 11 year solar cycle behaviour marked by peaks
and troughs corresponding to solar minimum and solar maximum respectively, as expected from the
differential intensity spectra at 1 AU. Starting from the solar minimum mark at 1986 to solar maximum
at 1990, the A > 0 polarity solutions of Burger et al. [1985] drop simultaneously with increasing solar
activity and reach the lowest value around 1990 when the tilt angle has the maximum value. From
1990 the tilt angle turns around and drops to a minimum at 1997 with a different descending slope
to the ascending. Burger et al. [1985] solutions turn around almost immediately and increase with
decreasing tilt, resulting in a more pointed turn around in 1990. Burger [2012] solutions too drop
with increasing tilt to 1989 and remain somewhat flat till 1991 before increasing with decreasing
tilt angle. The two approaches compute intensities closely identical at tilts below 20◦ for both the
weak-scattering and turbulence-reduced case, but above this tilt they are increasingly different. This
means for 1.0 GeV cosmic-ray proton drifting inward via the polar regions from solar minimum
through maximum and back to solar minimum, Burger et al. [1985] for both weak-scattering and
turbulence-reduced cases shows a direct reaction to solar activity changes around the solar maximum,
while Burger [2012] more so for the turbulence-reduced case than for the weak-scattering case.

For A < 0 polarity solutions, Burger [2012] decreases with increasing solar activity, reaching a
minimum at around 1990 when the tilt angle reaches a maximum, thereafter to increase as the tilt
turns around and decrease as the solar activity slows down. Burger et al. [1985] solutions decrease
with increasing tilt to 1988, remain relatively flat to 1993, and from there increase with further
decreasing tilt to solar maximum at 1997, even with the magnetic field and variance adjusting with
solar activity. This means for 1.0 GeV cosmic-ray protons drifting inward along the current sheet
from solar minimum through maximum and back to solar minimum, both Burger et al. [1985] and
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Figure 3.37 Differential intensity-time profiles of 1.0 GeV protons, comparing the effects of Burger
et al. [1985] (Red lines) and Burger [2012] (Cyan lines) drift approaches.

Burger [2012], for both weak-scattering and turbulence-reduced cases, show diminished sensitivity to
changes in the waviness of the current sheet at tilt values above ∼ 40◦.

With scattering effects on drift taken into account, results in the bottom panel, focusing particularly
around 1990, are not too different from the middle panel which shows the weak-scattering results,
except that A > 0 solutions of both approaches around solar maximum period become more pointy
and mirror the solar activity profile as denoted by the tilt angle, therefore showing more monotonic
decreases/increases with increasing/decreasing solar activity than is the case with weak-scattering.
Burger et al. [1985] still leads to a big difference between different magnetic polarity solutions at
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solar maximum around 1990 when drifts are hugely reduced by the high level of turbulence, whereas
Burger [2012] solutions for different magnetic polarities are almost identical with a very small gap
between the two polarity solutions at solar maximum. Only Burger [2012] computes intensities in fair
qualitative agreement with neutron monitor observations in the bottom panel of Figure 3.2, because
the intensities computed with this approach result in tilt loops that almost close at solar maximum.
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Figure 3.38 Differential intensity-time profiles comparing Burger et al. [1985] (Red lines) and Burger
[2012] (Cyan lines) drift approaches.

The second criterion for vetting the two drift approaches entails the classic plateau and peaked
intensity profiles during periods of opposite magnetic polarity, marking a 22 year cycle which is
also observed from the neutron monitor data. Figure 3.38 shows the results to this effect, sampling
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solar activity from solar maximum of 1990 through solar minimum to the next solar maximum of
2001. The smooth functions used in the previous analysis are adjusted to track the data as shown
in the top panel of this figure. In the weak-scattering limit, both models compute intensities in
inverse proportion to solar activity level. A > 0 polarity solutions of Burger et al. [1985] show a
clear plateau-like intensity profile stretching from ∼ 1993 to 1998.5 (tilt below ∼ 40◦) compared to a
peak-like intensity profile for A < 0 solutions for both weak-scattering and turbulence-reduced cases.
A > 0 solutions of Burger [2012] result in a more of a wide-spread crest-like intensity profile between
∼ 1995 and 1997 (tilt below ∼ 20◦) compared to a peaked intensity profile for A < 0 polarity for both
weak-scattering and turbulence-reduced cases. At the lowest point of the solar activity in this picture
frame, the two approaches during the A > 0 polarity yield intensities that are essentially identical for
the turbulence-reduced case whereas they are fairly different for the weak-scattering case. Intensities
computed by both drift models show the two models are qualitatively the same because they both
retain the observed 22 year cycle corresponding to the alternating plateau-intensity pattern of A > 0
polarity and peaked-intensity pattern of A < 0 polarity. They are also in qualitative agreement with
observed neutron monitor data. They however do not agree quantitatively with each other because of
the differences in the intensity magnitude for periods of different magnetic polarity.

3.7 Summary and Conclusions
The primary aim of this chapter was to provide a qualitative comparison of the effects on computed
cosmic ray intensities of two widely used approaches in the literature to treating cosmic-ray drift
along the wavy current sheet. These approaches, i.e. the Burger et al. [1985] and Burger [2012]
approaches, are introduced in Section 3.3. The Burger et al. [1985] approach works by calculating
the perpendicular particle distance to the assumed current sheet model, and uses this distance if it
is within two Larmor radii of that structure in an approximate expression to calculate the average
particle drift velocity for a flat current sheet. The Burger [2012] approach approximates a two Larmor
radii distance to the assumed current sheet with an angular width linked to an ad hoc parameter that
determines the extent of current sheet effectiveness and calculates the average drift velocity directly.

The Burger [2012] approach has, however, an additional drift velocity term which that author argues
has no significant effect on the drift flux in a realistic-sized heliosphere, and which can therefore
be neglected. This claim was investigated in Section 3.4 and it was shown that the inclusion of this
additional drift velocity in the calculations leads to no noticeable effect on the A < 0 polarity results in
the ecliptic plane and at different radial distances. However, use of this term does lead to a noticeable
effect that depends on the latitudinal extent of the current sheet for the A > 0 polarity results. This
particular effect is shown to change with latitude and results in an asymmetry between intensities
calculated in the two hemispheres of the heliosphere, with the North-South A < 0 polarity ratios
calculated to within ∼ 5% deviation and ∼ 40% deviation for A > 0 polarity ratios.

Raath et al. [2015] report on the effects of geometrical differences of the current sheet profiles on
cosmic rays drifting inwards over the polar region during an A > 0 polarity cycle. These authors
argue that cosmic rays of a given energy will short-circuit the HCSas profile due to its narrow arms,
and that this will result in higher intensities at Earth than would result for the case of the broader arms
of the HCSat geometry. The comparative study in Section 3.4, from a purely geometric perspective,
is in agreement with this conclusion. However, it must be added as that study does not reflect on the
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fact that these results should be interpreted taking account of the assumptions made in the derivation
of the current sheet expressions discussed in Section 2.6, as the assumed current sheet model plays a
huge role in the determination of the current sheet drift velocity field. This means the HCSas profile
can only be used within the limits of small angle approximation.

Results of Section 3.5 deal with parallel comparison on the effects of implementing the said drift
approaches in a numerical modulation model. The effects of each approach are tracked by varying
one solar activity dependent heliospheric parameter at a time, and cross-referencing weak-scattering
results with those assuming a turbulence-reduced drift coefficient. The results from only varying the
tilt angle with solar activity show solutions calculated using both drift approaches and assuming the
weak-scattering drift coefficient converging towards zero-drift solutions as tilt angle increases to the
maximum considered value, but still displaying charge-sign dependent modulation at said maximum
tilt. Using the turbulence-reduced drift coefficient, at the maximum tilt value only results computed
with the Burger [2012] approach show almost no charge-sign dependent modulation. For both drift
approaches and assuming either weak-scattering or turbulence-reduced drift coefficients, varying
only the magnetic field magnitude, or the magnetic field variance, or a combination of magnetic field
magnitude and field variance with solar activity, leads to computed intensities showing monotone
decreases with increasing solar activity, and solutions of opposite magnetic polarities exhibiting
charge-sign dependent modulation even at the peak of solar activity. For a combination of tilt angle
and magnetic field variance varying with solar activity, results of both approaches and assuming
a weak-scattering drift coefficient display charge-sign dependent modulation at the peak of solar
activity, with differences between solutions of opposite magnetic field polarities smaller for the Burger
[2012] approach than for the Burger et al. [1985] approach. Assuming a turbulence-reduced drift
coefficient, at the maximum tilt and field variance values only results with Burger [2012] approach
implemented show no charge-sign dependent modulation. Results computed using the Burger [2012]
approach implementing a varying tilt angle and field magnitude with solar activity, and a turbulence-
reduced drift coefficient, leads to no-drift at conditions corresponding to solar maximum, while for
solutions assuming weak-scattering drift coefficient this is not the case. Solutions for the Burger et al.
[1985] approach, assuming either weak-scattering or turbulence-reduced drift coefficients, still show
charge-sign dependent modulation at the peak of solar activity.

At very high levels of solar activity, when the current sheet is altered in the polar regions and additional
structures can influence the solar modulation of the galactic cosmic-rays [for example, global merged
interaction regions McDonald [1998], not taken into account in this study], the A > 0 and A < 0
solutions must converge as turbulence levels increase with solar activity, diminishing the drift effects.
This can be seen in observations as a closed cosmic ray intensity-tilt loop, as the data in Figure 3.2
show. Results of Section 3.5 generally show that as much physics as possible needs to be incorporated
into the model in order for the model predictions to even qualitatively agree with such observations.
As such, Section 3.6 shows how the two drift approaches compare when this is done. Use of both
weak-scattering and turbulence-reduced drift coefficient solutions, implemented using the Burger
[2012] approach, leads to almost zero-drift solutions at solar maximum, while solutions implemented
using the Burger et al. [1985] approach still show significant drift effects at maximum solar activity.
Towards maximum solar activity, even through both approaches are qualitatively similar, they do
lead to different results, and as a result the Burger [2012] approach agrees more qualitatively with
observations. Incorporating calculations that self-consistently include the effects of turbulence on
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drift, to further suppress the drift effects with increasing solar activity, leads to results that are in
qualitative agreement with observations. Towards solar minimum the Burger [2012] and Burger et al.
[1985] approaches agree qualitatively with each other, as well as with observations, as they both lead
to a plateau-like intensity profile during A > 0 polarity, and a peak-like intensity profile during A < 0
polarity.

In conclusion, even though the Burger et al. [1985] approach uses a perpendicular distance to the
current sheet and numerically ascertains whether a particle is within two Larmor radii above or below
the current sheet, it is shown to suffer limitations at large tilt angles, corresponding to a current sheet
with a large latitudinal extent, probably due to the fact that it is based on an approximate expression for
the average particle drift velocity for a flat current sheet. Furthermore, it is computationally expensive
due to the search algorithm required to find the shortest distance perpendicular to the current sheet,
which significantly increases run time (especially for high tilt values). The Burger [2012] approach,
although using an approximation of the two Larmor radii distance above and below the current sheet
to calculate drift velocities, leads to results in qualitative agreement with observations at large tilt
angles, and has the benefit of being computationally inexpensive due to calculating the cosmic ray
drift velocity field directly. However, the Burger [2012] approach includes an extra term in the
transition function that leads to a third drift velocity term, which has been shown to influence cosmic
ray intensities. Furthermore, it is not straightforward to determine the value of the ad hoc parameter k
that ensures the effect of the current sheet on drift velocities is appropriately taken into account. For
these reasons, in the next chapter a refinement to the Burger [2012] approach will be proposed that
attempts to address these limitations.
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Chapter 4

A New Approach to Modelling the
Heliospheric Current Sheet Drift

4.1 Introduction
The question naturally arises as to whether one could model the effects of helisopheric current sheet
drift in a way which would, while retaining the computational advantages of the Burger [2012]
approach, somehow negate the effects of the uncertainty as to the physical consequences implied by
the use of the third term in the drift velocity proposed in that study. Furthermore, neither the Burger
[2012] or Burger et al. [1985] approaches can take into account the effects of the finite thickness of
the HCS on particle drifts. Also not accounted for is the fact that, given the natural increase of the
heliospheric magnetic field magnitude at greater levels of solar activity, the concurrent decrease in
cosmic-ray Larmor radius would lead to a natural decrease in drift effects, beyond those due to the
influence of turbulence.

The aim of this chapter is to propose an alternative approach to modelling the wavy current sheet drift
that allows for the above-mentioned improvements. The chapter will commence with an introduction
of the approach, along with careful motivations for various assumptions made. Then the new model
will be qualitatively tested and the relative effects of this approach on computed cosmic-ray intensities
will be compared with those of the Burger [2012] approach.

Results from this chapter have been published in the Astrophysical Journal Letters, by Engelbrecht
et al. [2019].

4.2 Mechanics of the Improved Drift Technique
The technique employed to address the current sheet drift problem in this new approach is, to an
extent, similar to the Burger [2012] approach in the sense that the current sheet drift velocity is
calculated as function of meridional angular distance from the sheet itself. The difference, however,
lies in the way the transition function is dealt with. As a point of departure, for a nearly isotropic
particle distribution, the drift velocity is determined by
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vd =−∇ ·KA ≡ ∇× (κAeB), (4.1)

where for the drift coefficient κA, the following transformation is made

κA → f (σ)κA, (4.2)

where f (σ) is a new transition function modelling a smooth transition of the magnetic field across
the current sheet, as opposed to the hyperbolic tangent function employed by Burger [2012]. As an
alternative, this study follows the approach of Battarbee et al. [2017] and choose instead

f (σ) = A(−1+2S(σ)) , (4.3)

where A denotes the magnetic field polarity and S one of the smoothstep functions. Such functions
are smooth polynomial interpolations that are clamped so as to have zero derivatives beyond the
region of transition, with S(σ) = 1 if σ > 1, and S(σ) = 0 if σ < 0. The idea of the smoothstep
function is to smoothly interpolate data points between the endpoints, with the original application
of these functions being in the field of computer graphics [see, e.g., Ebert et al., 2002]. This is a
necessary convenience for handling discontinuous structures, and as such the transition function can
be re-engineered to emulate the behaviour of the Heaviside step function in the vicinity of the wavy
current sheet, required to model the change of sign of the HMF across this surface. The Heaviside
H(x) is a discontinuous function, whose value is zero for negative argument (−x) and one for positive
argument (+x). Its derivative is infinite at x = 0 and zero everywhere else. The derivative of the
Heaviside function is the Dirac delta function,

δ (x− x0) =
∂

∂x
H(x− x0). (4.4)

The function S as well as the argument σ needs to be carefully chosen such that particle drift
effects are modelled as accurately as possible. To ensure this, the transition must occur over an
arclength corresponding to a distance of 2RL above and below the current sheet [see, e.g., Burger,
1987], such that [Battarbee et al., 2017]

σ =
1
2
+

r(θns −θ)

8RL
, (4.5)

so that σ > 1 if (θns −θ)> 4RL/r. This would imply, outside of σ ∈ (0,1), that the first and second
derivatives of f (σ) to σ are zero, approximating the behaviour of the Heaviside step function near
the current sheet. This form can easily take into account the potential current sheet thickness lHCS by
substituting RL in Equation 4.5 with (RL + lHCS).

As to the choice of the smoothstep function S in Equation 4.3 connecting the endpoints of the
region over which the magnetic field polarity reverses, we employ rather a higher-order Hermite
polynomial

S6(σ) = 924σ
13 −6006σ

12 +16380σ
11 −24024σ

10 +20020σ
9 −9009σ

8 +1716σ
7, (4.6)

as opposed to the standard smoothstep or smootherstep functions, the choice of which will be justified
in a subsequent section.
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Figure 4.1 Transition functions as a function of colatitude, assuming a proton rigidity of 0.1 GV at
1 AU, and for a flat current sheet. Cyan dashed line denotes Burger [2012] transition function of
Equation 3.13, red dotted line denotes transition function given by Equation 4.3 but utilizing S2(x)
polynomial, and black dash-dotted line denotes transition function given by Equation 4.3 but utilizing
the S6(x) polynomial (Equation 4.6) in this study.

The transition described by this set-up is shown as a function of colatitude in Figure 4.1, for 0.1
GV protons at Earth and assuming a flat current sheet. For comparison, the Burger [2012] transition
function of Equation 3.13, assuming the value of k = 20.12 used in that work for protons with low
rigidities, as well as the transition when employing an S2(x) polynomial, as is the case with the study
by Battarbee et al. [2017], are also shown. Although the novel technique approaches the current
sheet drift in a similar manner to Burger [2012], the two are fundamentally different in that the novel
approach does not use an ad hoc parameter k to model the steepness of the transition, and also that
it ensures that a particle will only have a current sheet drift velocity if it is within a distance of 2
Larmor radii from the current sheet. This does not influence drifts due to gradients and curvatures of
the heliospheric magnetic field, as these velocities are calculated in the usual manner. This means that
the modelling of charged particle drift velocities with the novel approach eliminates the uncertainty
implicit to the choice of k in Equation 3.13 to ensure that the effect of the current sheet on cosmic-ray
drift velocities in the heliosphere is appropriately taken into account. Furthermore, as the transition
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function derivatives are zero beyond the region of efficacy, this approach also does not lead to the
third additional drift velocity term of the Burger [2012] approach.

4.2.1 Choosing the best transition function: S2(x) versus S6(x) polynomial
To motivate the choice of S6(x) (Equation 4.6) for use in Equation 4.3, it is compared with the θ and
φ averaged current sheet drift speed calculated analytically for a flat current sheet by Burger [1987],
assuming weak-scattering on the drift coefficient and a Parker magnetic field, which evaluates to v/6,
with v the particle speed [Burger et al., 1987]. The total drift velocity is given by

vd =(∇×κAeB) f (σ)−κAeB ×∇ f (σ) (4.7)

The next step is to focus on the second term which represents drift along the wavy current sheet.
It therefore follows that the gradient of the transition function f (σ) given by Equation 4.3 is

∇ f (σ) =
∂ f (σ)

∂ r
er +

1
r

∂ f (σ)

∂θ
eθ +

1
r sinθ

∂ f (σ)

∂φ
eφ , (4.8)

with

∂ f (σ)

∂ r
= 2A

∂S(σ)

∂σ

∂σ

∂ r
(4.9)

∂ f (σ)

∂θ
= 2A

∂S(σ)

∂σ

∂σ

∂θ
(4.10)

∂ f (σ)

∂φ
= 2A

∂S(σ)

∂σ

∂σ

∂φ
. (4.11)

Choosing the traditional smoothstep function, given by [e.g. Battarbee et al., 2017]

S2(σ) = 6σ
5 −15σ

4 +10σ
3 (4.12)

∂S2(σ)

∂σ
= 30σ

4 −60σ
3 +30σ

2 (4.13)

along with its derivative above, picking the appropriate σ , with accompanying derivatives given below

σ =
r

8RL
(θns −θ) (4.14)

∂σ

∂ r
=

θns −θ

8RL
+

r
8RL

(
−

Ω

Vsw
tanα cosφ∗

1+ tan2 α sin2
φ∗

)
(4.15)

∂σ

∂θ
= − r

8RL
(4.16)

∂σ

∂φ
=

r
8RL

(
− tanα cosφ∗

1+ tan2 α sin2
φ∗

)
(4.17)
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gives, after substituting these derivatives back into Equation 4.8,

∇ f (σ) =2A
∂S2(σ)

∂σ

([
θns −θ

8RL
+

r
8RL

(
−

Ω

Vsw
tanα cosφ∗

1+ tan2 α sin2
φ∗

)]
er

+
1
r

[
− r

8RL

]
eθ

+
1

r sinθ

[
r

8RL

(
− tanα cosφ∗

1+ tan2 α sin2
φ∗

)]
eφ

)
.

(4.18)

The cross-product becomes

eB ×∇ f (σ) =

 r̂ θ̂ φ̂

cosΨ 0 −sinΨ

∂ f (σ)
∂ r

1
r

∂ f (σ)
∂θ

1
r sinθ

∂ f (σ)
∂φ


=2A

∂S2(σ)

∂σ

(
sinΨ

r
∂ f (σ)

∂θ
r̂

+(−sinΨ
∂ f (σ)

∂ r
− cosΨ

r sinθ

∂ f (σ)

∂φ
)θ̂

+
cosΨ

r
∂ f (σ)

∂θ
φ̂

)
,

(4.19)

of which the current sheet drift velocity is given by

vdns =
2A
8RL

KA
∂S2(σ)

∂σ

[
−sinΨr̂+(−(θns −θ)sinΨ− sinΨ tanβ − cosΨ tanγ)θ̂ − cosΨφ̂

]
.

(4.20)
Assuming a Parker field, along with a flat current sheet (θns = π/2) and a weak-scattering drift

coefficient [e.g. Forman et al., 1974], this leads to

vdns =
A
4

v
3

∂S2(σ)

∂σ

[
−sinΨr̂− (

π

2
−θ)sinΨθ̂ − cosΨφ̂

]
(4.21)

which has a magnitude of,

|vdns|=
1
4

v
3
(30σ

4 −60σ
3 +30σ

2)

=
v
6
(15σ

4 −30σ
3 +15σ

2)
(4.22)

because (π

2 −θ) is expected to be insignificantly small when θ ∈ [π/2−2RL/r,π/2+2RL/r], which
is the angular region of interest for evaluating current sheet drift velocity. In order to compare with
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the averaged drift speed calculated by Burger [1987] and Burger et al. [1987], θ and φ averages over
an interval of π/2±2RL/r are done, and it follows that

< vdns >θ ,φ≈
1

2πr
r

4RL

∫ 2π

0
dφ

∫
π/2+2RL/r

π/2−2RL/r
|vdns|rdθ

=
1

4RL

∫
π/2+2RL/r

π/2−2RL/r
|vdns|rdθ

=
−8RL

4RL

v
6

[
3σ

5 − 30
4

σ
4 +5σ

3
]π/2+2RL/r

π/2−2RL/r

=
−v
3

[
3
(

1
2
+

r
8RL

(
π

2
−θ

))5

− 30
4

(
1
2
+

r
8RL

(
π

2
−θ

))4

+5
(

1
2
+

r
8RL

(
π

2
−θ

))3
]π/2+2RL/r

π/2−2RL/r

≈0.79
(v

6

)
,

(4.23)

representing a ∼ 21% deviation from the theoretical value of v/6 for this particular case. Things
follow similarly for the S6(x) polynomial, starting off from Equation 4.12 and substituting

S6(σ) =924σ
13 −6006σ

12 +16380σ
11 −24024σ

10 +20020σ
9 −9009σ

8 +1716σ
7

∂S6(σ)

∂σ
=12012σ

12 −72072σ
11 +180180σ

10 −240240σ
9

+180180σ
8 −72072σ

7 +12012σ
6,

(4.24)

for every S2(σ) and ∂S2(σ)
∂σ

, along with the derivative given above. Picking up from Equation 4.22,
for the same arguments as in the derivation with S2(x), then the resulting magnitude when assuming
a Parker field, a weak-scattering drift coefficient [e.g. Forman et al., 1974] and a flat current sheet
becomes

|vdns|=
1
4

v
3

∂S6(σ)

∂σ

=
v
6
(6006σ

12 −36036σ
11 +90090σ

10 −120120σ
9

+90090σ
8 −36036σ

7 +6006σ
6).

(4.25)

Performing θ and φ averages over an interval of π/2±2RL/r leads to

88



4.2 Mechanics of the Improved Drift Technique

< vdns >θ ,φ≈
1

2πr
r

4RL

∫ 2π

0
dφ

∫
π/2+2RL/r

π/2−2RL/r
|vdns|rdθ

=
1

4RL

∫
π/2+2RL/r

π/2−2RL/r
|vdns|rdθ

=
−8RL

4RL

v
6

[
462σ

13 −3003σ
12 +8190σ

11 −12012σ
10

+10010σ
9 −4504.5σ

8 +858σ
7
]π/2+2RL/r

π/2−2RL/r

≈0.95
(v

6

)
.

(4.26)

In this case, such a calculation for the choice S6(x) given by Equation 4.6 leads to only a 5%
deviation from the v/6 value, while for the standard smoothstep function choice in the study of
Battarbee et al. [2017] would result in a ∼ 21% deviation from the theoretical value. This difference
motivates the choice of a higher-order polynomial S6(x) here, and lies in the fact that the higher order
polynomials and their derivatives more closely approximate the Heaviside and Dirac delta functions.
Even higher-order functions would provide closer approximations to the theoretical value, but these
are prohibitively complicated, and, as such, S6(x) provides a neat compromise between convenience
and accuracy.

For the purposes of comparison, a similar calculation can be done for the Burger [2012] approach.
Here the drift velocity is given by

vd = ∇× (κA tanh[k(θns −θ)cosν ]eB), (4.27)

which, as a result of chain rule, then becomes

vd =(∇×κAeB) tanh[k(θns −θ)cosν ]

− k cosν

cosh2[k(θns −θ)cosν ]
κAeB ×∇(θns −θ)

− k(θns −θ)

cosh2[k(θns −θ)cosν ]
κAeB ×∇cosν

(4.28)

with eB a unit vector in the magnetic field direction. Omitting the third term, as well as the term that
gives rise to gradient and curvature drifts, the gradient ∇(θns −θ) in spherical coordinates works out
to

∇(θns −θ) =
∂θns

∂ r
er −

1
r

eθ +
1

r sinθ

∂θns

∂φ
eφ , (4.29)

where
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∂θns

∂ r
= − Ω/V tanα cosφ∗

1+(tanα sinφ∗)2 (4.30)

∂θns

∂φ
= − tanα cosφ∗

1+(tanα sinφ∗)2 . (4.31)

The cross-product of these two vectors is

eB ×∇(θns −θ) =

 er eθ eφ

cosΨ 0 −sinΨ

∂θns
∂ r −1

r
1

r sinθ

∂θns
∂φ


=

sinΨ

r
er

+(−sinΨ
∂θns

∂ r
− cosΨ

r sinθ

∂θns

∂φ
)eθ

+
cosΨ

r
eφ .

(4.32)

Using the definitions of Equations 6 and 7 of Burger [2012] and multiplying by cosν yields

eB ×∇(θns −θ) =
sinΨcosν

r
er

+

(
sinΨcosν tanβ

r
+

cosΨcosν tanγ

r

)
eθ

+
cosΨcosν

r
eφ .

(4.33)

Using the definition of the tangent of the angle ν from Burger [2012],

tanν =
tanβ

sinΨ
, (4.34)

Equation 4.33 simplifies to

ens = sinΨcosνer + sinνeθ + cosΨcosνeφ , (4.35)

which defines a unit vector in the direction of the current sheet drift. The magnitude of the second
term of Equation 4.28 then becomes

|vdns|=
k

r cosh2[k(θns −θ)cosν ]
κA. (4.36)

In order to compare with the averaged drift speed calculated by Burger [1987] and Burger et al.
[1987], θ and φ averages need to be taken again over an interval of π/2±2RL/r, and it follows that
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< vdns >θ ,φ≈
1

2πr
r

4RL

∫ 2π

0
dφ

∫
π/2+2RL/r

π/2−2RL/r
|vdns|rdθ

=
1

4RL

∫
π/2+2RL/r

π/2−2RL/r
|vdns|rdθ ,

(4.37)

which can be simplified by setting v = k(θns −θ)cosν and dθ = dv
k cosν

∫
π/2+2RL/r

π/2−2RL/r
|vdns|rdθ =

KA

cosν

∫
π/2+2RL/r

π/2−2RL/r
sech2vdv

=
KA

cosν
[tanhv]π/2+2RL/r

π/2−2RL/r

(4.38)

Assuming again a weak-scattering κA = v
3RL, a Parker field and a flat current sheet, means that

θns = π/2 and cosν = 1. This then results in

∫
π/2+2RL/r

π/2−2RL/r
|vdns|rdθ =

KA

cosν
[tanhv]π/2+2RL/r

π/2−2RL/r

=
v
3

RL

{
tanh

[
k
(

2RL

r

)]
− tanh

[
k
(
−2RL

r

)]}
=

2v
3

RL tanh
(

2kRL

r

)
.

(4.39)

Lastly, substitute Equation 4.39 back into Equation 4.37, which results in

< vdns >θ ,φ=
v
6

tanh
(

2kRL

r

)
. (4.40)

Figure 4.2 shows the variation of Equation 4.40 after it has been divided by a factor of v/6 in
the ecliptic plane, as a function of heliocentric radial distance and proton rigidity. Compared to the
novel approach, see Figure 4.3, which scores 95% (0.95) accuracy relative to the theoretical result,
independent of radial distance nor rigidity, it follows from Figure 4.2 that at rigidities above ∼ 1 GV,
and radial distances beyond ∼ 1 AU, the Burger [2012] approach closely matches the theoretical
result, implying that it is more suitable for use in modelling galactic cosmic ray modulation. In the
solar energetic particles regime, corresponding to lower rigidities and smaller radial distances, the
deviation of the Burger [2012] result from the theoretical result increases considerably. However,
for the novel approach it means that current sheet drift effects for both solar energetic particles and
galactic cosmic rays can be modelled with greater degree of accuracy, and that on average, for the
radial distances and rigidities shown on the figure, the novel approach more closely matches the
theoretical result.
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Figure 4.2 Burger [2012] θ−averaged current sheet drift speed for a flat current sheet, as a function
of proton rigidity and heliocentric radial distance in the ecliptic plane, normalized to the theoretical
value of v/6 [Engelbrecht et al., 2019].

4.3 On the Relative Effects of the Novel Approach
In the previous chapter it was said that for any drift approach to be valid, it must at least be able to
reproduce basic features shown and discussed in Figure 3.2, i.e. successive peak-like and plateau-like
intensity-temporal variations related to the magnetic polarity cycle, as well as the closed intensity-tilt
loop. As such, to compare and test the effects of employing the new approach in modelling current
sheet drift proposed in this work, Figure 4.4 shows pseudo-particle projections of 1 GeV cosmic-ray
protons on the modulation boundary, which demonstrates particle drift patterns for different magnetic
field polarities. In the top panel, calculations were made for solar conditions corresponding to a tilt of
10◦, and to a tilt of 60◦ in the bottom panel.

As expected, the spread of the latitude extent of particle projections on the boundary increases
with increasing tilt for A < 0 polarity. For periods corresponding to the A > 0 magnetic polarity, the
boundary projections are localized over the poles. From the classic drift pattern demonstrated by
these boundary projections of pseudo-particles, qualitatively the novel approach produces similar
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Figure 4.3 The θ−averaged current sheet drift speed of the novel approach for a flat current sheet, as
a function of proton rigidity and heliocentric radial distance in the ecliptic plane, normalized to the
theoretical value of v/6.

results as the Burger et al. [1985] and Burger [2012] approaches, but quantitatively it resembles more
the Burger et al. [1985] results. This is because the Burger [2012] results shown in Figure 3.6 for 10◦

tilt, show more scatter than the top panel results of Figure 4.4.
Figure 4.5 demonstrates the relative effects of the novel approach on computed intensities. For

comparison, results from a modulation model run with the same general set-up but employing the
Burger [2012] approach for current sheet drift are also shown. The top panel shows differential
intensities as function of kinetic energy, for solar conditions corresponding to a tilt of 10◦, the middle
panel the assumed temporal scalings for the tilt angle, magnetic field magnitude at Earth and magnetic
variance, and the bottom panel shows 1.0 GeV proton differential intensities as a function of tilt angle.

For the weak-scattering drift coefficient, the A > 0 results show the two approaches yield almost
identical results at small tilt values, but the differences between the two approaches increase at
intermediate to large tilt values. These differences are as a result of particles encountering the current
sheet as they gain entrance into the heliosphere through the polar regions before being observed
at 1 AU, and the current sheet drift velocities are calculated differently as per each model. For a
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Figure 4.4 1.0 GeV Pseudo-particle projections on the modulation boundary for different magnetic
polarity cycles. Top panel: Conditions corresponding to solar minimum for a tilt angle of 10◦. Bottom
panel: Conditions corresponding to solar maximum conditions for a tilt of 60◦. In the bottom panel
the current sheet is not shown for clear display. Right panels show an aerial view of the left panels.
Note cyan circles are for A > 0 polarity solutions and red circles for A < 0 polarity solutions.

turbulence-reduced drift coefficient, implementing the drift reduction factor of Engelbrecht et al.
[2017] given by Equation 2.70, the A > 0 results of the two approaches differ mostly between 20◦

and 70◦ tilt and the A > 0 solutions of the two approaches converge at 80◦.
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Figure 4.5 Top panel: galactic cosmic-ray proton differential intensities at 1 AU as a function of
kinetic energy. Middle panel: temporal scalings assumed in this study for the tilt angle, magnetic field
magnitude and magnetic variance at Earth. Note that magnetic field magnitude and magnetic variance
assume similar temporal scaling. Bottom panel: 1 GeV galactic proton intensities as a function of tilt
angle for weak-scattering and turbulence-reduced drift coefficient, comparing the approach outlined
in this work and that of Burger [2012]. Taken from Engelbrecht et al. [2019].

95



A New Approach to Modelling the Heliospheric Current Sheet Drift

The A < 0 results for the weak-scattering drift coefficient show the two approaches tracking each
other up to a tilt of 50◦. Beyond this tilt, the results calculated using the Burger [2012] approach show
a continued gradual decrease of intensities, while the results calculated using the novel approach
show a gradual increase of intensities and approaches the A > 0 results as solar activity increases. For
the turbulence-reduced drift coefficient, below 30◦ Burger [2012] computes intensities smaller than
the novel approach, between 30◦ and 60◦ the novel approach computes the smaller intensities, and
above 60◦ Burger [2012] computes smaller intensities. For the turbulence-reduced drift coefficient,
the novel approach computes A < 0 intensities that are approximately equal to A > 0 intensities at
80◦, very different from the weak-scattering drift scenario, which still overestimates drift effects at
solar maximum [see Burger et al., 2000; Ferreira et al., 2003, for example].

This latter point is very interesting, as the novel approach allows for the natural reduction of
drift effects due to the current sheet, by way of a decrease in the effective current sheet drift region
(±2RL above and below the current sheet) due to the increase in the HMF magnitude towards solar
maximum. The fact that a reducing factor due to the presence of turbulence, the levels of which
increasing towards solar maximum, is still needed to achieve model results in qualitative agreement
with observations then implies that the reducing influence of turbulent fluctuations plays the major
role in the reduction of drift effects in periods of high solar activity.

Figure 4.6 shows computed differential intensities as a function of time past full solar maximum.
In the weak-scattering limit, both models compute intensities in inverse proportion to solar activity.
A > 0 polarity solutions of Burger [2012] show more of a wide-spread crest-like intensity profile
for periods corresponding to tilt below ∼ 20◦ compared to a peak-like intensity profile for A < 0
solutions for both weak-scattering and turbulence-reduced cases. The A > 0 solutions computed
using the novel approach result in a clear plateau-like intensity profile for periods corresponding to
tilt below ∼ 40◦ compared to a peaked intensity profile for A < 0 polarity for both weak-scattering
and turbulence-reduced cases. At the lowest point of the solar activity in this picture frame, the two
approaches during the A > 0 polarity yield intensities that are essentially identical for the turbulence-
reduced case whereas they are fairly different for the weak-scattering case. Intensities computed
by both drift models show the two models are qualitatively the same because they both retain the
observed 22 year cycle corresponding to an alternating plateau-intensity pattern for A > 0 polarity
and peaked-intensity pattern for A < 0 polarity.

These computed intensities are also in qualitative agreement with observed neutron monitor data.
Compared to neutron monitor data of Figure 3.2, it can be seen that qualitatively, the opposite polarity
results of the novel approach better resemble the plateau-like and the peak-like intensity profile of the
data. The Burger [2012] A < 0 polarity results also qualitatively closely resemble the A < 0 polarity
peak-like intensity profile of the data, however, the A > 0 polarity results of this approach compare
poorly with the A > 0 polarity data’s clear plateau-like intensity profile. They however don’t agree
quantitatively because of the differences in the intensity magnitudes for periods of different magnetic
polarity. Also, the novel approach results in intensities of opposite magnetic polarities crossing at
periods corresponding to tilts of ∼ 70◦ due to drift effects being greatly diminished by high levels of
turbulence, while this is not the case for the Burger [2012] approach, where in the weak-scattering
limit, the opposite magnetic polarity intensities at the highest solar activity considered approach the
no-drift values but do not result in crossing.
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Figure 4.6 Top panel: temporal scalings assumed in this study for the tilt angle, magnetic field
magnitude and magnetic variance at Earth. Note that magnetic field magnitude and magnetic variance
assume similar temporal scaling. Bottom panel: 1 GeV galactic proton intensities as a function
of time past full solar maximum for the weak-scattering and turbulence-reduced drift coefficients,
comparing the approach outlined in this work with that of Burger [2012].

4.3.1 Effects as Function of Heliocentric Radial Distance
The proposed transition function, Equation 4.3, is a function of radial distance through the argument
given by Equation 4.5. The transition at different heliocentric radial distances is shown as a function
of colatitude in Figure 4.7, for 0.1 GV protons at Earth and assuming a flat current sheet. For

97



A New Approach to Modelling the Heliospheric Current Sheet Drift

comparison, the Burger [2012] transition function of Equation 3.13, assuming the value of k = 20.12
used in that work for protons with low rigidities, is shown as well.
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Figure 4.7 Transition functions as a function of colatitude, assuming a proton rigidity of 0.1 GV, and
for a flat current sheet. Cyan lines denotes Burger [2012] transition function of Equation 3.13, and
the black lines denote a transition function given by Equation 4.3 but utilizing the S6(x) polynomial
(Equation 4.6) in this study, at various radial distances.

At the considered radial distances, the transition function of Burger [2012] remains unchanged.
The transition function outlined in this work shows differences in the transition with radial distance.
However, these changes seem to be more pronounced at radial distances less than 5 AU for the
considered proton rigidity. At 1 AU the transition function of Burger [2012] is steeper than that of the
novel approach. This means the angular width over which current sheet drift is modelled is large for
the novel approach compared to that modelled by the Burger [2012] approach, which in turn means a
smaller region over which gradient and curvature drift operates, and consequently more reduction
of drift effects for the novel approach even if turbulence levels don’t change. At 5 AU the novel
approach results in an increased angular width over which current sheet drift is modelled, while for
the Burger [2012] approach the angular width stays unchanged, and consequently exhibits relatively
decreased drift effects, which will result in intensities approaching no-drift values.

To demonstrate the effects of the novel approach on computed intensities at different heliocentric
radial distances and latitude, Figure 4.8 shows 0.75 GeV (top panel) and 0.175 GeV (bottom panel)
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Figure 4.8 Galactic proton intensities as a function of heliocentric radial distance assuming turbulence-
reduced drift coefficient, comparing the approach outlined in this work and that of Burger [2012].
Shown also for comparison are the Webber and Lockwood [2004] data from several spacecraft for
solar minimum modulation of different magnetic polarities.

galactic proton intensities as function of radial distance. For comparison, results from a modulation
model run with the same general set-up but employing the Burger [2012] approach for current sheet
drift are also shown. Also shown are the Webber and Lockwood [2004] data from several spacecraft
for solar minimum cosmic ray intensities observed at different magnetic polarities. For the A < 0
magnetic polarity of 1987, the IMP 8 near Earth, Voyager 2 at 22.5 AU, and Pioneer 10 at 42 AU data
are used. For A > 0 magnetic polarity, IMP 8 near-Earth, Pioneer 11 at 6.5 AU and Pioneer 10 at 15
AU data of the 1977-1978 period, together with Voyager 2 at 56 AU and Voyager 1 at 71 AU data of
1997-1999 period, are used. To make a fair comparison with these data points, intensities yielded by
the modulation code for the applicable energies are taken at positions corresponding to the relevant
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spacecraft trajectory. Please note that no attempts are here made to try fit data in any way whatsoever;
as such the selected data are purely for demonstration purposes, so as to qualitatively compare the
effects of using the novel approach and Burger [2012] approach in a modulation model on computed
intensities.

The data show past ∼ 10 AU in the top panel, 0.75 GeV galactic protons result in higher intensities
for A < 0 polarity than for A > 0 polarity. Computations with the novel approach yielded intensity
solutions of opposite magnetic polarities crossing at ∼ 18 AU, resulting in larger A < 0 intensity
solutions than the A > 0 solutions, while for computations with the Burger [2012] approach this
occurrence takes place at ∼ 35 AU. Qualitatively the novel approach yields an intensity-radial profile
similar to that computed with the Burger [2012] approach. Both yield A > 0 polarity solutions that
remain relatively flat to ∼ 50 AU. Past this distance, their computed intensities increase with distance.
For A < 0 polarity, both yield intensities that gradually increase with distance past ∼ 6 AU. However,
they differ quantitatively, with Burger [2012] A < 0 polarity intensities being lower than the novel
approach. These A < 0 solutions also track each other with radial distance. The differences between
their A > 0 polarity solutions are much smaller in comparison to that of their A < 0 solutions, and
seem to be most discernible past 10 AU. Quantitatively, because of the heliocentric radial distance of
∼ 10 AU at which opposite polarity crossings occur, the novel approach with crossings at ∼ 18 AU,
better matches these data than the Burger [2012] approach with crossings at ∼ 35 AU.

In the bottom panel of Figure 4.8, 0.175 GeV galactic proton data show higher intensities for A < 0
polarity than for A > 0 polarity past ∼ 30 AU. This behaviour is reproduced by the novel approach
and not by the Burger [2012] approach. Qualitatively the A > 0 solutions of the two approaches are
similar, but their A < 0 polarity solutions differ. At the radial distance of between 40 - 50 AU, the
Burger [2012] approach seems to result in what seems like a polarity crossing but not very clear. This
clearly demonstrates that, qualitatively, the novel approach best resembles the intensity-radial profile
of these data. These differences in intensity-radial distance profile between the novel approach and
the Burger [2012] approach, are a clear reflection of how each approach models the transition region
over which current sheet drift effects are calculated, as discussed in Figure 4.7.

4.4 Summary and Conclusions
The aim of this chapter was to propose an alternative approach to modelling wavy current sheet drift
in a way that avoids the disadvantages, while retaining the advantages of the Burger [2012] approach.
The novel approach introduced in Section 4.2, just like the Burger [2012] approach, uses the distance
along the θ direction to model the drift velocities due to an assumed current sheet profile. The novel
approach can take into account the effects of the finite thickness of the current sheet on particle drifts,
as well as the simultaneous decrease in cosmic-ray Larmor radius given the natural increase of the
heliospheric magnetic field magnitude with solar activity, which would lead to a natural decrease in
drift effects beyond those due to the influence of turbulence. At energies relevant to galactic cosmic
ray modulation, both approaches yield similarly accurate values for the theoretical drift velocities due
to a flat current sheet. However, for particle energies and heliocentric radial distances relevant to the
study of the transport of solar energetic particles, the novel approach yields estimates for the particle
drift speed considerably more accurate than those calculated using the Burger [2012] approach.
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Results of Section 4.3 show a parallel comparison on the effects of implementing the novel drift
approach in a numerical modulation model on calculated differential intensities with those imple-
menting the Burger [2012] approach. At periods approaching high levels of solar activity, computed
cosmic-ray intensities yielded implementing the novel approach and the Burger [2012] approach
show diminished drift effects. However, due to the novel approach’s capability to include in its
operations the simultaneous decrease in cosmic-ray Larmor radius with increasing solar activity, it is
shown to yield results in good qualitative agreement with observed intensity-tilt observations [e.g.
Lockwood and Webber, 2005] as well as with previous simulations [e.g. Ferreira et al., 2003]. At solar
minimum, both approaches lead to model computing plateau-like intensity profile for A > 0 polarity,
and peak-like intensity profile for A < 0 polarity, which are generally in qualitative agreement with
observations. However, the Burger [2012] approach does not simulate a clear plateau-like intensity
profile shown by neutron monitor data for A > 0 magnetic polarity, in comparison to the novel
approach’s clear plateau-like intensity profile closely resembling data.

The transition function of the Burger [2012] approach does not include the effects of different radial
distances, as such the transition function can only be changed by the ad hoc factor. The novel approach
includes these effects and was demonstrated to self-consistently adjust the steepness of the transition
function with distance, of which the effect on cosmic-ray modulation was looked at. Computed radial
intensity profiles of the two approaches along the twin Voyager 1&2 spacecraft trajectories show that
even though both lead to 0.75 GeV galactic proton intensity solutions of opposite magnetic polarities
crossing, with the Burger [2012] approach crossings occurring at ∼ 35 AU and ∼ 18 AU for the
novel approach, qualitatively the novel approach better matches the observations than the Burger
[2012] approach. For 0.175 GeV galactic protons, the Burger [2012] approach fails to reproduce the
observed intensity crossing, while the novel approach reciprocates the observed behaviour.
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Chapter 5

Discussion and Conclusions

A dominant feature of the heliosphere, and a natural laboratory for cosmic-ray modulation, the
heliospheric current sheet is a neutral sheet separating regions of opposite polarity of the heliospheric
magnetic field. The dynamical behaviour of this structure is coupled, via the tilt angle, to solar activity.
Its importance in cosmic-ray modulation is seen through particles drifting along or across it, which
can explain the characteristic shape of the cosmic-ray intensity profile in successive magnetic polarity
periods [e.g. Jokipii and Levy, 1977; Jokipii et al., 1977; Isenberg and Jokipii, 1978]. This particle
drift in the vicinity of the wavy current sheet is the main theme of this study.

This study of cosmic-ray modulation in the heliosphere is conducted by numerically modelling the
major physical processes governing the transport of the particles contained in the Parker [1965]
transport equation for a near-isotropic particle distribution. The theoretical background as well as the
computational framework for such an undertaking is provided in Chapter 2, whereby this cosmic-ray
modulation problem is solved using Markov stochastic process theory. The Parker [1965] transport
equation is reformulated with a set of stochastic differential equations describing the guiding center
position and momentum of individual pseudo-particles randomly walking in the turbulent heliosphere,
which are integrated iteratively in a time-backward fashion by using the Euler-Maruyama scheme
[Maruyama, 1955]. In addition to obtaining cosmic-ray differential intensities, the trajectories of
pseudo-particles reaching a momentum-dependent boundary from their initial specified phase space
point are recorded, as well as their positions at and beyond the outer boundary of the modulation
volume. This helps with the visualization of cosmic-ray drift patterns during periods of opposite
magnetic polarity. Furthermore, this approach allows for relative ease of model implementation on
parallel computing platforms, while its numerical stability allows for the incorporation of as much
physics as possible.

A qualitative comparison of the two widely used approaches in the literature, i.e. the Burger et al.
[1985] and Burger [2012] approaches, on the treatment of cosmic-ray drift along the wavy current
sheet in numerical cosmic-ray modulation studies, is given in Chapter 3. The Burger et al. [1985]
approach works by calculating the perpendicular particle distance to the assumed current sheet profile
and uses this distance, if it is smaller than two Larmor radii, in an approximate expression to calculate
the average particle drift velocity for a flat current sheet. The Burger [2012] approach approximates a
two Larmor radius distance to the assumed current sheet profile with an angular width linked to an
ad hoc parameter that determines the extent of current sheet effectiveness, and calculates the drift
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velocities directly. The Burger [2012] approach has an additional drift velocity term which that author
argues to have no significant affect on the drift flux in a realistic-sized heliosphere, and as a result can
be neglected. It is shown that the inclusion of this additional drift velocity in the calculations yields
no noticeable effect on the A < 0 polarity results in the ecliptic plane and at different radial distances.
However, it is shown that this term has a noticeable effect, that depends on the latitudinal extent of the
current sheet, on the A > 0 polarity results. This effect for A > 0 polarity results is shown to change
with latitude and to result in an asymmetry between intensities computed in the two hemispheres of
the heliosphere, with the North-South A < 0 polarity ratios calculated to ∼ 5% deviation and ∼ 40%
deviation for A > 0 polarity ratios. This last point is consistent with what was reported by Kopp et al.
[2017] on the effect of this term.

Raath et al. [2015] report the effects of geometrical differences of the current sheet profiles on the
cosmic rays drifting inwards over the polar region during an A>0 polarity cycle, and argue that cosmic
rays of a given energy will short-circuit the HCSas profile due to its narrow arms, and consequently
lead to larger intensities at Earth than for the case of the broader arms of the HCSat geometry. This
conclusion by Raath et al. [2015], considering only geometrical differences, and neglecting conditions
under which either of the current sheet models can be used interchangeably, is consistent with model
predictions. However, this result should be interpreted taking account of the assumptions made in the
derivation of the current sheet expressions, as the assumed current sheet model plays a huge role in
the determination of the current sheet drift velocities. This means the HCSas profile can only be used
under strict small angle condition, i.e. if tanα ∼ sinα is satisfied. However, this last point does not
affect Raath et al. [2015] results at small tilt values satisfying the small angle condition.

The results of Section 3.5 deal with parallel comparisons of the effects of implementing the above-
mentioned drift approaches in a numerical modulation model, by varying one parameter representing
solar activity at a time and cross-referencing weak-scattering results with those assuming a turbulence-
reduced drift coefficient in a numerical model. Varying the tilt angle only with solar activity shows
that, even though solutions of both drift approaches assuming the weak-scattering drift coefficient
converge towards a zero-drift solutions as the tilt angle increases to the maximum considered value,
the intensities computed at maximum tilt still display charge-sign dependent modulation. Assum-
ing a turbulence-reduced drift coefficient, at the maximum tilt value only results with the Burger
[2012] approach implemented show almost no charge-sign dependent modulation. For both drift
approaches assuming either the weak-scattering or turbulence-reduced drift coefficient, varying only
magnetic field magnitude, or magnetic field variance, or a combination of magnetic field magnitude
and field variance with solar activity, lead to computed intensities showing a monotone decrease
with increasing solar activity, and solutions of opposite magnetic polarities exhibiting charge-sign
dependent modulation even at the peak of solar activity. For a combination of tilt angle and magnetic
variance varying with solar activity, results of both approaches (assuming a weak-scattering drift
coefficient) exhibit charge-sign dependent modulation at the peak of solar activity, with differences
between solutions of opposite magnetic field polarities smaller for the Burger [2012] approach than
they are for Burger et al. [1985] approach. Assuming a turbulence-reduced drift coefficient, at the
maximum tilt and magnetic variance values, only results computed with the Burger [2012] approach
implemented show no charge-sign dependent modulation. Results implementing a tilt angle and
magnetic field magnitude varying with solar activity show that the assumption of a Burger [2012]
approach and a turbulence-reduced drift coefficient leads to no-drift solutions at conditions corre-
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sponding to solar maximum, while for solutions assuming a weak-scattering drift coefficient this is
not the case. Solutions for the Burger et al. [1985] approach, assuming either a weak-scattering or
turbulence-reduced drift coefficient, still show charge-sign dependent modulation at the peak of solar
activity. This comparison also leads to the conclusion that only with as much physics incorporated as
possible can the predictions lead to qualitative agreement with observations.

At the very high levels of solar activity, the current sheet is altered in the polar regions and additional
structures (i.e. GMIRs for example [McDonald, 1998]) begin to play role in the solar modulation of
the galactic cosmic-rays, the A > 0 and A < 0 intensities converge as increasing turbulence levels with
solar activity diminishes drift effects and lead to closed cosmic ray intensity-tilt loops as the data in
Figure 3.2 show. Results of Section 3.6 show how changing all the parameters with solar activity and
taking the effects of turbulent particle scattering on the drift coefficient into account influences results
computed using the two drift approaches. Using the Burger [2012] approach, both weak-scattering
and turbulence-reduced drift coefficient solutions lead to almost zero-drift solutions at solar maximum,
while solutions yielded by the Burger et al. [1985] approach still display significant drift effects
at maximum solar activity. Towards maximum solar activity, even through both approaches are
qualitatively similar, they differ quantitatively, and as a result the Burger [2012] approach shows more
qualitative agreement with observations. Incorporating calculations that self-consistently include
the effects of turbulence on drift leads to results that are in qualitative agreement with observations.
Towards solar minimum the two approaches are in qualitative agreement, as well as with observations
as they both lead to plateau-like intensity profiles during A > 0 polarity, and peak-like intensity
profiles during A < 0 polarity.

Even though the Burger et al. [1985] approach uses a perpendicular distance to the current sheet
and numerically ascertains whether a particle is within two Larmor radii to the current sheet, it is
shown to suffer limitations at high latitudinal extents of the current sheet due to the flat current sheet
assumption for approximating the average particle drift velocity. Furthermore, it is computationally
expensive due to the search algorithm for the shortest distance perpendicular to the current sheet,
which significantly increases run time, especially for high tilt values. The Burger [2012] approach,
though using distance along the θ direction, at high latitudinal extents of the current sheet leads to
results in qualitative agreement with observations, and has the benefits of being computationally
inexpensive due to calculating the drift velocity field directly. However, it too suffers some limitations
due to the inclusion of an ad hoc term in the transition function that leads to an additional third
term in the drift velocity. Furthermore, it is not straightforward to determine the value of the ad hoc
parameter k that ensures that the effect of the current sheet on drift velocities is appropriately taken
into account.

The focus of Chapter 4 was to propose an alternative approach to modelling the wavy current sheet
drift velocities of cosmic rays in a way that avoids the effects of the third term in the drift velocity
expressions proposed by Burger [2012], but with the benefits of retaining the computational advan-
tages of that approach. The novel approach also uses the distance along the θ direction and, for a
specified current sheet profile, directly calculates the drift velocities. However, unlike the Burger
[2012] or Burger et al. [1985] approaches, the novel approach can take into account the effects of the
finite thickness of the current sheet on particle drifts, which would make an interesting radial profile
study as the current sheet is observed to have a finite thickness increasing with radial distance [e.g.
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Smith, 2001], as well as the effects of the simultaneous decrease in cosmic-ray Larmor radius given
the spatial dependences of the heliospheric magnetic field magnitude, as well as its natural change
with solar activity, which would lead to a change in drift effects beyond those due to the influence of
turbulence.

Following a similar approach to that of Battarbee et al. [2017], a transition function was chosen that
varies as one of the smoothstep functions, with the transition occurring over an arclength correspond-
ing to a distance of two Larmor radii above, and two Larmor radii below, the current sheet. Unlike
in the study of Battarbee et al. [2017], a higher order Hermite polynomial is implemented for this
transition function. This choice is motivated by the fact that when comparing with the theoretical
average drift speed calculated by Burger [1987] and Burger et al. [1987], assuming a flat current sheet,
a weak-scattering drift coefficient and a Parker field, the average particle drift speed evaluates to a
∼ 95% deviation from the theoretical value, regardless of RL or r. Similar calculations, implementing
the standard smoothstep function choice for the transition function as is made in the study of Battarbee
et al. [2017], evaluate to a ∼ 21% deviation from the theoretical value. For rigidities greater than ∼
1.0 GV, and radial distances greater than ∼ 1.0 AU, this calculation shows that the new approach
yields results comparable to those calculated for the Burger [2012] approach. However, at lower
rigidities, and closer to the Sun, the novel approach yields average drift velocities closer to the
theoretical value than the Burger [2012] approach, with the implication that the new approach would
be more suitable for the study of e.g., the transport of solar energetic particles, while still providing
an accurate description of the drift velocities of galactic cosmic rays.

Comparisons of the effects of implementing the novel drift approach in a numerical modulation model
on calculated differential intensities with those implementing the Burger [2012] approach show that,
towards the peak of solar activity, both model results lead to a decrease in drift effects. However, the
the results implementing the novel approach, due to its capability to take into account the decrease in
cosmic ray Larmor radius with a natural increase of the heliospheric magnetic field, show a better
qualitative agreement with observed intensity-tilt observations [e.g. Lockwood and Webber, 2005] as
well as with previous simulations [e.g. Ferreira et al., 2003]. At solar minimum, both approaches lead
to a plateau-like intensity profile for A > 0 polarity, and a peak-like intensity profile for A < 0 polarity,
which are generally in qualitative agreement with observations. The Burger [2012] approach does not
include the effects of different radial distances on the transition function, i.e. the transition function
in that study can only be changed via an ad hoc factor. The novel approach includes these effects
and was demonstrated to self-consistently adjust the angular width over which current sheet drift is
modelled with distance, of which the effect on cosmic-ray modulation was considered. Computed
radial intensity profiles of the two approaches along the twin Voyager 1&2 spacecraft trajectories
show that even though both lead to 0.75 GeV galactic proton intensity solutions of opposite magnetic
polarities crossing at different radial distances, qualitatively the novel approach better matches the
observations as to the location of this crossover than the Burger [2012] approach. For 0.175 GeV
galactic protons, the Burger [2012] approach fails to reproduce the observed intensity crossing, while
the novel approach allows computed intensities to qualitatively reproduce this observed behaviour.
Furthermore, results calculated for solar maximum parameters and a weak scattering drift coefficient,
using the novel approach, still display charge-sign dependent effects. This implies that the natural
reduction of drift effects due to changes in cosmic ray Larmor radii that are modelled using this
approach are not sufficient to reduce the effects of drift at solar maximum. Therefore, the effects of
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turbulence on cosmic ray drift coefficients still need to be taken into account.

To conclude, the novel approach provides a relatively simple and computationally cost-effective way
to incorporate the physics of particle drifts along and across the wavy current sheet in a numerical
cosmic-ray modulation model. It yields results that qualitatively reproduce the observed behaviour of
galactic proton intensities at different radial distances for different solar activity levels. Furthermore,
it limits uncertainties implicit to the Burger [2012] approach.

Possible avenues for future research, utilizing the novel approach, include:

• Implementing this approach in a numerical solar energetic particle transport model, such as
that of Strauss et al. [2017].

• Applying it in a galactic cosmic ray modulation model taking into account changes in the finite
width of the current sheet with distance.

• Applying this approach in a study of cosmic ray modulation effects due to potential multiple
current sheet structures [e.g. Khabarova, 2018; Kislov et al., 2019].
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Appendix A

Optimization Method for the Shortest
Distance From The Particle’s Position To
The Wavy Current Sheet

A.1 Method Description
The Nelder-Mead algorithm or simplex search algorithm [Nelder and Mead, 1965] is one of the
algorithms for solving multidimensional unconstrained optimization problem by minimizing a given
nonlinear function f : Rn → R. The method does not require any information about the derivative
of the function it’s minimizing, thus making it suitable for problems with non-smooth functions,
where the function values are uncertain or subject to noise. It can also be used for problems with
discontinuous functions. The method works by utilizing only function values at some points in
Rn, and does not try to form an approximate gradient at any of these points [Singer and Nelder,
2009]. The Nelder-Mead method is simplex-based, where simplex S in Rn is defined as the convex
envelope of n+1 vertices x0, . . . ,xn ∈ Rn. That is, a simplex in R2 is a triangle, and a simplex in R3

a tetrahedron. As such, a search for the minimum begins with a set of n+1 points x0, . . . ,xn ∈ Rn,
considered as the vertices of a working simplex S, and the corresponding set of function values at the
vertices f j := f (x j), for j = 0, . . . ,n. The method then performs a sequence of transformations of the
simplex S, aimed at decreasing the function values at its vertices. At each step, the transformation
is determined by computing one or more test points with function values, and comparing these
function values with those at the vertices. This process continues until the working simplex S becomes
sufficiently small, or when the function values f j are close enough.

To approximate the average particle drift velocity given by Equation 3.10, a minimum distance D
between the particle located at (r,θ ,φ ) and wavy current sheet (ŕ, θ́ , φ́ ) must first be calculated. This
distance is calculated by [Strauss, 2013]

|D(r,θ ,φ , ŕ, θ́ , φ́)|2 ≈ (△d)2 = (△r)2 + r2(△θ)2 + r2 sin2
θ(△φ)2, (A.1)

where
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A.1 Method Description

△r(r, ŕ) = r− ŕ
△θ(ŕ,θ , φ́) = θ − θ́(ŕ, φ́) (A.2)
△φ(φ , φ́) = φ − φ́ .

But because θ́ is a function of ŕ and φ́ , then D = D(ŕ, φ́) and unique for every point (r,θ ,φ ), thus
the optimization problem becomes spatially 2-dimensional. The initial simplex S is constructed by
generating n+1 vertices x0, ...,xn, in this case n = 2, and thus the simplex is a triangle.

The first step entails ordering vertices of S with respect to function values, i.e. fl ≤ fs ≤ fh, as well
as calculating the centroid c := 1

n ∑ j ̸=h x j of the best side. The initial simplex will then go through a
series of steps, updating the worst vertex xh with a better point by:

• Reflecting: Compute reflection point xr := c+α(c− xh) and fr := f (xr) for α = 1. If fl ≤
fr < fs, accept xr and terminate the iteration.

• Expanding: If fr < fl , compute expansion point xe := c+ γ(xr − c) and fe := f (xe) for γ = 2.
If fe < fr, accept xe and terminate. If fe ≥ fr, accept xr and terminate. The implementation of
this part in this work follows the so-called ‘greedy minimization’ which includes the better of
the two points xr, xe in the new simplex, and expand the simplex only if fe < fr < fl [Lagarias
et al., 1998].

• Contracting: If fr ≥ fs, compute contraction point xc using the better of the two points xh and
xr.
Outside contraction: If fs ≤ fr < fh, compute xc := c+β (xr −c) and fc := f (xc) for β = 0.5.
If fc ≤ fr, accept xc and terminate, else perform a shrinking transformation.
Inside contraction: If fr ≥ fh, compute xc := c+β (xh − c) and fc := f (xc) for β = 0.5. If
fc < fh, accept xc and terminate, else perform a shrinking transformation.

• Shrinking: Compute n new vertices x j := xl +δ (x j − xl) and f j := f (x j), for j = 0, ...,n and
with j ̸= l.
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