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Abstract

Over the years, it has become imperative for creditors to know the creditworthiness

of prospective borrowers. This research aims at predicting the probability of default

by a sovereign state using a structural model (the Merton model), which is chosen

for its logical simplicity.

A major challenge with the implementation of structural models is the estimation of

asset value and its volatility. To overcome this, this dissertation makes use of net

foreign assets value as a proxy for sovereign assets, and the volatility of sovereign

assets is estimated to be the historical volatility (standard deviation) of the net for-

eign assets. The Merton model is then applied on six countries to estimate their

default probabilities from 2011-2020. The results obtained using the Merton model

are compared against the credit ratings of the 6 sample countries; three of which

are considered investment grade and three which are considered speculative grade.

The investment grade countries considered are Botswana, Mexico and Bulgaria, while

the speculative grade countries considered are South Africa, Brazil and Serbia. The

results show that the countries rated as speculative have been close to default since

2011. Of the three investment grade countries, only Mexico has been close to default

since 2011. Botswana has been unlikely to default since 2011, while Bulgaria has been

unlikely to default since 2014.

The findings show that although the Merton model due to certain limitations could

return a higher risk-neutral probability of default than the real-world probability of

default, it generally returns results which match up with the credit ratings awarded

by the Big Three (Standard and Poor’s Global Ratings, Moody’s Investors Service,

and Fitch Ratings) credit rating agencies and Trading Economics.

Keywords: Sovereign credit risk, Default risk, Structural model, Black-Scholes

model, Merton model, Credit rating.
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1. Introduction

1.1 Background

Credit risk is the risk of a borrower being incapable of honouring debt commitments

Bielecki & Rutkowski (2000). Flandreau (2013) opines that dating back to the Middle

Ages, the Renaissance era and the early modern age, there were sovereigns who were

faced with high interest rates, and as such it was difficult to find a good sovereign state,

which made sovereigns difficult to lend to. According to Sturzenegger & Zettelmeyer

(2007), sovereign defaults by cities, states, kingdoms and empires, as well as debt

crisis are as ancient as sovereign requests for loans. Winkler (1976) names the earliest

default to be historically recorded to have taken place in the fourth century BC; when

10 out of 13 Greek districts in the Attic Maritime Association failed to pay back the

loans they had obtained from the Delos Temple. In the mid-16th century, there were

defaults from France, Spain and Portugal, marking the beginning of defaults in the

modern era (Sturzenegger & Zettelmeyer 2007). In 1683, Prussia also defaulted on its

debts, but France and Spain were still the prime defaulters, having defaulted 8 times

and 6 times respectively. In 2001, Argentina suffered one of the most catastrophic

events in recent history economically, as the nation defaulted on both its external

debt and restructured its domestic debt, totalling a sum of $120 billion in default

(Caprio 2012). More recently, Greece became the first advanced sovereign state to

default to the IMF in June 2015 on a $1.7 billion payment, after the Global Financial

Crisis (Harrison & Liakos 2015).

According to Casimiro (2015), credit risk is a growing concern among financial in-

stitutions, and has been so since the ruin of the Lehman Brothers due to finan-

cial collapse of 2007-2008. Following the 2007-2008 Global Financial Crisis (GFC),

banks faced significant credit problems and there were high bank failures (Allen &

Powell 2011). Financial institutions suffered extreme damage globally, which also

1
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saw the bankruptcy of Lehman Brothers on the 15th of September, 2008. At country

level, there were emergency multinational bailouts, such as was the case with Greece.

Fiscal policies were also deployed to halt the disintegration of the intercontinental

financial system. Lee et al. (2016) state that the crisis led to concerns arising about

sovereign defaults due to overwhelming bailout attempts, and also aggressive fiscal

policies. Panetta et al. (2011) mentions that due to the GFC, sovereign risk is higher

and has increased the cost and severely affected the bank funding in Euro areas. This

has led to difficulty in raising large-scale debts and deposits, and reliance on central

bank liquidity by banks in Greece, Ireland and Portugal. Other banks in the Euro

area have also been affected by the price inflation in large-scale funding, however to

lesser extents (Panetta et al. 2011).

Sovereign risk, according to Karmann & Maltritz (2009) is the risk that a state’s

government would declare its inability to pay its debt, and thereby defer or even

cease its debt servicing. Sovereign risk is crucial in deciding to lend to a country,

since it has a massive effect on the return expected on investments. For centuries,

sovereign states have had to be reliant on one another for support politically, socially,

culturally, environmentally, and of course, economically, and financially. This inter-

dependence has ensured globalisation which has been beneficial to the world, ensuring

good relations between and among many countries of the world. One of the key ways

countries depend on and come to the aid of one another is via external borrowings

from multilateral and bilateral lenders. However, there is always the risk of the bor-

rowing country being unable and / or unwilling to pay back its debt. In measuring

sovereign risk, the country’s capability and inclination to pay are considered, taking

into account key economic and socio-political factors. In evaluating economic ability

to pay, solvency and liquidity factors are considered, while the political aspects con-

sidered are: constraining forces due to social unrest, level of integration with world

financiers, development level of the government. It is also important to consider the

government’s history as a debtor in the world market. Owing to the political factors

considered in determining sovereign risk, Ghulam & Derber (2018) views its calcula-
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tion as more of art than scientific econometric analysis. Elgin & Uras (2013) opines

that the major problem regarding global lending is that of feasible commitment on

both sides of the global markets; the commitment on the borrower’s side to repay

the debt owed, and the commitment on the side of the lender to enforce repayment.

When a sovereign state fails to honour its debt commitments, the state is said to have

defaulted, and throughout history, up until recent times, there have been such cases.

According to Allen & Powell (2011), some of the leading methods historically are:

external rating services such as Standard and Poor’s Global Ratings, Moody’s In-

vestors Service, and Fitch Ratings; and financial statement analysis models which

provide analysis on the basis of several financial statement items and the ratio of

individual borrowers. However, following the GFC, ratings agencies were criticised

for undervaluing the extent of fundamental risk throughout the fixed income world,

mostly within the financial department and specially for structured credit concerns.

Owing to the fact that among financial economists and financial institutions, credit

risk, which includes sovereign risk has been a principal topic, there have been devel-

opments of several methods and models in an attempt to estimate the probability a

borrower will default on debt commitments made.

Karmann & Maltritz (2009) state that the estimation of the risk of default are mostly

based on Logit models, Probit models and discriminant analysis. Logit models are

also known as linear regression models. They are used to investigate the relationship

between interpretive variables and binary or ordinal response probability (Trueck &

Rachev 2009). Probability of default is interpreted as a binary response probability,

with the probability of default being 1 and the probability of no-default being 0.

Just like the Logit models, Probit models also models a regression function when

the dependent variable is binary (Greene & Zhang 2019). They are also referred

to as Probit regression models. According to Oubdi, Touimer et al. (2017), scoring

credit from discriminant analysis is one of the most commonly applied methods in

determining credit risk. A score function is determined that helps in deciding if
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credit should be granted or not. These approaches are however considered backward

looking, because they are based on the supposition that the correlation between the

probability of default and its explaining factors which is specific for the past, proves

valid also for the future (Karmann & Maltritz 2009).

Some ways sovereign risk can be measured according to Restrepo-Echavarria & Rein-

bold (2018) are:

• Market-determined credit default swap spreads, which can be used to predict

sovereign events through evaluation in the changes in CDS spread.

• Institutional Investor Index, which is based on survey responses from sovereign

risk analysts at leading financial firms and senior economists.

• Agency-issued credit ratings, which is commonly used to measure sovereign

risks. Credit ratings are done by organizations such as S&P, Moody’s and

Fitch.

When CDS spread are properly used, the data provided can help alert investors to

problems of prospective borrowers. However, there have been concerns regarding

the largely unregulated environment of the CDS market and its lack of transparency

(Terzi & Ulucay 2011).

The shortcomings of survey responses and sovereign ratings are their subjectivity.

The ordinal scale used by credit rating agencies is also a problem. Tudela & Young

(2003) also state that credit ratings are devised to assess creditworthiness over a long

time and therefore are inappropriate for determining default probabilities over a short

period of time.

There are three main classifications of models applied in determining credit / sovereign

risk. They are:
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• Structural models: These models are formulated on the basis of the existence

of an intrinsic stochastic variable which act as a default trigger when it falls

below a particular threshold value (Karmann & Maltritz 2009).

• Reduced-form models: Unlike the structural models, they make no attempt to

present a portrayal of the firm. They are statistical models which utilize market

statistics, mostly credit ratings provided by credit rating agencies.

• Intensity-based models: They are continuous-time reduced-form models that

models jumps between various default states making use of transition intensities.

Although the reduced-form and intensity-based models are easy to implement, they

lack clarity, as they fail to make an attempt at modelling the underlying financial

workings of the bond issuer. They also fail to give an explanation as to why a bor-

rowing entity would default on its debt. These major drawbacks make the structural

models more suitable.

Structural models allow the basic characteristics of debt issuers, particularly their

asset value, liabilities and business risk, to be linked with their default probabilities

and loss given defaults (Miranda et al. 2018). The superiority of the structural models

to other traditional models is justified by the use of financial assets value, which

incorporates the expectation of agents (CALIN SR III & Popovici 2014).

Laajimi (2012) stated that structural models give a rationally pleasing technique to

modelling credit risk, as they give a connection between more conventional financial

market methods and the contingent claims analysis (CCA). These structural models

are explicit models which aim to connect events that trigger default expressly to the

fortunes of the issuer.

DiBartolomeo & Belev (2013) stated that the structural credit risk approach to cor-

porate credit, instituted by Merton (1974) has gained wide acceptance since it was

introduced, mainly because of the intuition it inspires building on the rudimenary eco-
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nomics determining the financial worthiness of a debt issuer. The structural model

for credit risk puts in a mathematical framework to the general comprehension that

the more assets and the more secure these assets are, and the less debt owed, the

more creditworthy a borrower is.

According to Belev (2012), there are two types of existing sovereign structural models

in theory namely;

• Type 1 which according to Gray et al. (2007) is the contingent claims analysis

(CCA) approach. The CCA technique is an adaptation of the option pricing

theory originated by Black & Scholes (1973) and Merton (1973) and modelled

on the based of three propositions: the derivation of the worth of liabilities

from assets, assets abide by a continuous-time process, and the liabilities are

prioritized differently. This type models sovereign assets using implied asset

volatility and level.

• Type 2 employed by Jeanneret (2008) and Francois, Hubner & Sibille (2011),

which models sovereign revenues by applying explicit variables. When revenues

fall below current debt servicing dues, default is considered.

There are several types of structural models: The Merton model, the Black and Cox

model, the Moody KMV model, the Longstaff and Schwartz model and the Leland

and Toft model; all of which are explained in detail in Chapter 3 of this dissertation.

While the Merton model asssumes that default happens only at expiry date, the other

4 models corrects this drawback by assuming that default comes about anytime the

value of assets of an entity drops below the threshold. However, the simplicity behind

the logic of the Merton model makes it more suitable for usage.

The structural model applied in this dissertation is the Merton model. It is a diver-

sification of the Black and Scholes’ (1973) model, developed by Merton (1973). It is

used to price corporate liabilities using observable inputs, and is rooted in economic
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analysis. Merton modelled the company’s equity like a call option on the market as-

sets’ price, with the debt of the company equalling the strike price, thus ensuring the

model provides a theoretical relationship between prices of corporate bonds and eq-

uities (Duyvestyn & Martens 2012). The Merton model shows how the probability of

default by a company is deduced from the market estimation of the company, apply-

ing specified assumptions on assets and liabilities evolution (Tudela & Young 2003).

Using the market price of the company’s assets and the framework of liability of the

company, the event of default is determined. Given a certain constraint (the point

of default), default is considered to have taken place when the asset value of the

company falls below said constraint.

Using an adaptation of the Merton (1974), Karmann & Maltritz (2009) evaluated

the default probability of 17 emerging economies. It was concluded that the model

yielded promising results and they endorsed the use of the model for future sovereign

risk analysis. Sy-Hoa (2014) applied the Merton model for the verification of the

2002 Argentina default. The results obtained showed that the default probability of

Argentina had a tendency to accelerate and reach its peak in 2002 and decline after

2002. This was consistent with the real-life situation of Argentina i.e. the model

confirmed exactly the real economy of Argentina.

Applying the Merton model in the estimation of sovereign risk could be quite a daunt-

ing task due to difficulty in determining sovereign asset value and its volatility. A

possibility is to take the assets of the country as consisting of domestic and foreign

currency reserves, commodities reserves, gross domestic product (GDP), bank de-

posits, credits to other sectors. Volatility is the measurement of price variations of

assets over time (De Silva et al. 2017). Glantz & Kissell (2013) states that the finan-

cial industry predominantly makes use of two volatility measures; realized volatility

and implied volatility. The realized volatility is also known as historical volatility.

According to the authors, realized volatility is estimated using historical prices and

the data predicts the future. On the other hand, implied volatility is estimated using

the market’s view of the fair value for a derivative instrument, hence the future is
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predicted by the market.

The CCA approach derives the sovereign asset value and its volatility which can not

be directly observed from the value and volatility of sovereign liabilities which are

observable. Crosbie & Bohn (2003) and Vassalou & Xing (2004) proposed an iterative

approach to calculate the volatility of assets. This was applied by Casimiro (2015),

who stated that the iterative method is a relatively new technique of calculating the

value of assets and its volatility, which has proven useful in better predicting the

default probabilities of firms.

According to Oubdi et al. (2017), asset volatility can be approximated using the

standard deviation of the yearly difference in the value of assets of a sovereign state.

According to Kritzman (1991), standard deviation is the most commonly used mea-

sure of volatility applied by financial analysts. To obtain the volatility, the standard

deviation is quantified by measuring the difference between the sample mean and the

value of each observation in the sample, squaring each difference, taking the average

of the squares and then computing the square root of this average. This procedure

ensures the obtainment of historical volatility. Deshusses (2002) defines historical

volatility as the measurement of the magnitude of past price changes, and can be

computed as the annualised standard deviation of percentage price changes. This

approach is used by Porras & Juárez (2015), and the sovereign asset value is de-

termined to be the ”Total reserves including gold”, which serves as a proxy for the

foreign reserves.

This dissertation makes use of the simple method of the Merton model to estimate the

sovereign-debt probabilities of default of sovereign states applied by Porras & Juárez

(2015). This method is based on the analytically explanation that the Merton model

assumes that the supply of money of a country can be analysed as a call option on

the value of its foreign reserves. However, rather than make use of ”Total reserves

including gold” as a proxy for foreign reserves, the net foreign assets which measures

the difference in external assets and liabilities is used. The NFA is a good gauge of the
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health of a sovereign state as it indicates if a country is a net borrower or a net lender,

and according to Gapen et al. (2008), is equivalent to the international reserves of

a country. The method applied in this dissertation is advantageous as it allows the

estimation of default probabilities using readily available data. In addition, it is

founded on the Black-Scholes option-pricing model, making it a standard method

amongst financial analysts, also ensuring it provides the necessary framework for

deducing vital information about default probabilities. Furthermore, the method used

requires the calculation of a few parameters using historical data, making estimation

of default probabilities quite easy.

A key assumption made in this dissertation in applying the Merton model to sovereign

risk is that the cost of defaulting outweighs the benefits, hence the countries would

be willing to pay if they have the ability to do so. The probability of default obtained

by the application of the adapted Merton model is compared to the sovereign credit

ratings obtained from Standard & Poor, Moody’s Investors Service, Fitch Ratings

(The Big Three) and Trading Economics Rating of sample countries.

1.2 Problem Statement

According to Elgin & Uras (2013), the major problem regarding global lending is

that of feasible commitment on both sides of the global markets; the commitment on

the borrower’s side to repay the debt owed, and the commitment on the side of the

lender to enforce repayment. These commitments are necessary to keep the rate of

interest on a sovereign debt at a low level. A breakdown in either of the commitments

can lead to debt defaults. A sovereign default bares consequences not only for the

creditors, but for the defaulting state as well. For the creditors, there is the loss

of principal loaned and interest owed by the borrower. There is also the need for

partial cancellation of debt, on the condition that the creditor reaches an agreement

with the debtor for the partial repayment of the total principal amount. For the
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defaulting state, although there is a reduction in the debt owed, the state becomes

less attractive to foreign investors. There is also difficulty in assessing new funds from

the international bond market, and devaluation of currency.

Following the 2007-2008 Global Financial Crisis, there has been subsequent emer-

gency multinational bailouts (Allen & Powell 2011). This has made the need for an

accurate estimation of sovereign credit risk of great importance. However, being able

to determine the credit stance of sovereign nations and integrate this information

into a systematic risk structure alongside other asset classes has proven to be quite

challenging. While there has been attempts at estimating the probability of default

of sovereign states using structural models, one of the key challenges has been the

estimation of the sovereign assets values and the volatility.

According to Wang et al. (2012) due to the difficulty in the estimation of sovereign

asset value, most authors make use of implied estimates built on the option pricing

framework of Black & Scholes (1973). This approach treats company equity and debt

as call and put options respectively. Karmann & Maltritz (2003) determined the use

of actual forex reserves and its ability to generate capital as a proxy for for sovereign

assets. The authors inferred the volatility from the price spreads in the bond market

being regarded as the premium of risk.

In this research, a structural model is used to estimate the probability of default of

sovereign states. Structural models assume default occurs when an existing stochastic

variable (usually the asset value) falls below a certain level. The structural model

is preferred over the reduced-form and intensity-based models, because unlike those

models, the structural models link the assets and liabilities of an entity to its default

probability, thereby giving an explanation as to why an entity would likely default

on its debts. Some research has been done on sovereign risk using structural models.

However, the structural models were mostly used to predict bond spreads, rather than

determine the probability of default.
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The structural model used specifically in this research is the Merton model, which is

based on the Black-Scholes option pricing model. This choice is due to the logical

simplicity of the Merton model. A simple method is proposed on the basis of the

assumption that the supply of money of a sovereign state can be analysed as a call

option on its foreign reserves. The method applied can be considered a simplication

of the models used by Gray, Merton & Bodie (2007) and Duyvestyn & Martens

(2012). The major problem however is the determination of the sovereign assets and

its volatility. To overcome this, this dissertation determines the net foreign assets of

the sovereign states to be the estimation of the sovereign assets, and using historical

data on the net foreign assets, the volatility of sovereign assets is estimated as the

standard deviation of the yearly change in the net foreign assets value. The Merton

model is applied to sample countries to estimate their default probabilities, and its

accuracy is measured against the credit ratings of the sample countries.

1.3 Motivation

Creditors are vulnerable against credit risk, as there could be a great loss, if a bor-

rowing country defaults. The importance of being able to predict the debt crises of

a nation’s economy cannot be overemphasized. Hence, the presence of a significant

number of scientific literature on credit and sovereign risk. This research is motivated

by the need to understand and anticipate sovereign-debt defaults through the predic-

tion of the probability of default by a borrowing country. Also, this dissertation adds

to the available literature on the application of structural models in the determination

of sovereign risk.
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1.4 Aim of the Study

The aim of the study is to estimate the probability of default for sovereign credit risk

using structural models.

1.5 Objectives of the Study

The objectives of the study are:

• To estimate the volatility of sovereign assets from historical data.

• To estimate probability of default for sovereign credit risk using the Merton

structural model.

• To compare the probability of default obtained using structural models to the

sovereign credit ratings from credit rating agencies.

1.6 Method of Investigation

• Modelling techniques: Structural model, an adaptation of Merton model for

credit risk of a company is used for the estimation of the probability of default

for sovereign credit risk.

• Programming language: MATLAB for the quantitative analysis of the problem.

• Data acquisition: World Bank Debt Database, Trading Economics.
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1.7 Dissertation Overview

Chapter 1 Introduction

This chapter presents an introduction to the study. It gives the background to the

study. It also clearly states the research problem, motivation, aims and objectives

of the study. In addition, it includes a summary of the method of investigation and

provides a clear and conceptual overview of the study.

Chapter 2 Theoretical background

This chapter focuses on some mathematical and financial preliminaries. Some theo-

ries, definitions and assumptions used in the work are stated. The concepts of options

and the Black-Scholes model for pricing options are explained in detail.

Chapter 3 Concepts of credit risk and sovereign risk

This chapter explains terminologies such as ”sovereign debt” and ”sovereign default”,

as well as other terms relevant to credit and sovereign risk. The Merton method is

explained in detail, and other structural methods used by other academics for deter-

mining the probability of default are also introduced and described. Additionally, the

alphabetical scale used by the Big Three credit rating agencies is explained

Chapter 4 Modelling

This chapter describes the nature and the scope of the methodology applied in the

study. It presents the assumptions made in implementing the Merton model, and

identifies predictive modelling techniques of the Merton model for sovereign default

risk. This chapter also states how the Merton model is applied and how the pa-

rameters used are obtained. Furthermore, the limitations of the Merton model are

stated.
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Chapter 5 Results

This chapter explains the criteria for data selection. It also gives the analysis, and

discusses the findings of the research undertaken.

Chapter 6 Conclusions

This chapter presents the summary of the major findings of the study, concluding

remarks to enhance certain areas of improvement highlighted within the findings,

and recommendations for future possible studies.



2. Theoretical Background

This chapter presents some mathematical and financial preliminaries. Some theories,

definitions and assumptions used in the work are stated. The concepts of options and

the Black-Scholes model for pricing options are explained in detail.

2.1 Mathematical and Financial Preliminaries

2.1.1 Definition. Random Experiment

A random experiment is a process with an uncertain outcome (Pavliotis 2015).

2.1.2 Definition. Sample Space

A sample space Ω is a set of all possible outcomes of a random experiment (Anon

2019).

2.1.3 Definition. Event

An event is an outcome or a specified collection of possible outcomes of a random

experiment (Pavliotis 2015).

2.1.4 Definition. Sigma-Algebra (σ−algebra)

The σ − algebra is also known as a σ − field, represented by F. F is a set of subset

ω of Ω such that (Shreve 2004):

• ∅ ∈ F .

• If ω ∈ F, then ωc ∈ F. (ωc = complement of ω).

• If ω1, ω2, ..., ωn ∈ F, then ∪∞
n=1ωi ∈ F .

15
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2.1.5 Definition. Probability Measure

Probability measure P gives probabilities to a set of experimental outcomes. It helps

to quantify the outcome from each event in the σ − algebra (Pavliotis 2015).

2.1.6 Definition. Measurable Space

A pair (E ,G) is a measurable space if E is a set and G is a nonempty σ − algebra

subsets of E (Sheffield 2016).

2.1.7 Definition. Probability Space

According to Poznyak (2009), an ordered triple (Ω,F,P) and a measurable space

(E ,G) is called a probability space if:

• Ω is a sample space;

• F is a σ − algebra of measurable events of Ω;

• P is a probability measure on F.

2.1.8 Definition. Filtration

The filtration of a process Ft provides the history of the process up to time t. Filtra-

tions give a pattern for information. Ft is a growing series of σ − algebras outlined

on a measurable space (E ,G), and F is the collection of σ− algebras. (Shreve 2004).

Therefore,

Fs ⊂ Ft ⊂ FT ⊂ F for all 0 < s < t < T,

2.1.9 Definition. Filtered Probabillity Space

A filtered probability space consists of a probability space and a filtration. It is a set

of (Ω,F,P, Ft) (Shreve 2004).
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2.1.10 Definition. Stopping Time

A stopping time τ is a fixed time value for which it is possible to decide if τ has been

attained using a single realization (Francois et al. 2011) i.e. τ is a stopping time if

the event τ ≤ n is measurable with respect to Ft.

2.1.11 Definition. Stochastic Process

A stochastic process is a system pertaining to a series of estimates of some variable

where the future estimates cannot be certainly forecast (Buchen 2012). It can also

be said to be a model for a time-dependent arbitrary event. The series of arbitrary

variables of a stochastic process is associated with time.

According to Pavliotis (2015), given an ordered set T , a probability space (Ω,F,P)
and a measurable space (E ,G), a stochastic process is a set of arbitrary variables Xt,

one for each time t in the time set T . The stochastic process is connoted by:

Xt : t ∈ T,

where for each fixed t ∈ T , Xt is a random variable from (Ω,F,P) to (E ,G).

The types of stochastic processes are as follows:

• Discrete Value and Continuous Value Process: If the set of all probable estimates

of Xt at all times t is a countable set Ω, then Xt is discrete; otherwise Xt is a

continuous value process.

• Discrete Time and Continuous Time Process: If Xt is defined only for a set of

time instants tn = nT , where T is a constant and n is an integer, then Xt is a

discrete time process; otherwise Xt is a continuous time process.

2.1.12 Definition. Increments
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An increment of a stochastic process Xt is the amount by which its value changes

over a period of time, e.g. Xt+u - Xt, where u > 0 (Prokhorov 2020).

2.1.13 Definition. Independent Increments

The stochastic process Xt has independent increments if for all t and for every u > 0,

the increment Xt+u - Xt is independent of all previous processes {Xs : 0 ≤ s ≤ t}
(Prokhorov 2020).

2.1.14 Definition. Wiener process

The Wiener process is also referred to as the standard Brownian motion, and is a

continuous time stochastic process.

A stochastic process W is called a Wiener process according to Björk (2009) if the

following conditions hold:

• Wt = 0 for t = 0.

• The process W has independent increments i.e. if r < s ≤ t < u, then W (u)−
W (t) and W (s)−W (r) are independent stochastic variables.

• For s < t, W has a Gaussian (normal) distribution N(0,
√
t− s).

• W has continuous trajectories.

Figure 2.1 depicts some examples of Wiener trajectories.
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Figure 2.1: Wiener Trajectory

2.1.15 Definition. Martingales

A filtered probability space (Ω,F,P, Ft), a stochastic process Xt is referred to as a
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martingale with respect to filtration Ft if (Björk 2009):

• Xt is adapted to Ft,

• E[Xt] < ∞ for all t, and

• E[Xt|Fs] = Xs for all s ≤ t, i.e the current value Xs of a martingale is the

optimal estimator of the future value Xt.

2.1.16 Definition. Stochastic Integral

According to Goodman (2010), given the Wiener process W and a stochastic process

g, the stochastic integral is defined as:∫ b

a

g(s)dW (s)

2.1.17 Definition. Stochastic Differential Equation

A stochastic differential equation (SDE) is a differential equation having a term or

more that is a stochastic process, resulting in a solution that is also a stochastic

process. Given the stochastic process St, a stochastic differential equation comprises

of the combination of a stochastic term and a deterministic term, of the form (Björk

2009):

dSt = µ(St, t)dt+ σ(St, t)dWt,

where µ and σ represent drift and volatility respectively; andWt is a Brownian motion.

In integral form, the SDE is written as:

St = S0 +

∫ t

0

µ(s,Xs)ds+

∫ t

0

(s,Xs)dWs.

2.1.18 Definition. Itô Process
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An Itô process is a stochastic process which consists of a stochastic part and a deter-

ministic part, such as a stochastic integral equation (Björk 2009):

XT = X0 +

∫ T

0

µ(Xt, t)dt+

∫ T

0

σ(Xt, t)dWt,

where Wt is a Wiener process.

The Itô process can also be written as a differential equation as follows:

dXt = µ(Xt, t)dt+ σ(Xt, t)dWt,

2.1.19 Lemma. Itô’s Lemma

According to Goodman (2010), let Xt be of the form:

dXt = µ(Xt, t)dt+ σ(Xt, t)dWt,

and let function f(x, t) be twice partially differentiable with respect to x and once

with respect to t, then by Itô’s lemma, f(t, x) is of the form:

df(Xt, t) =

[
∂f

∂t
+ µ(Xt, t)

∂f

∂Xt

+
1

2
σ2(Xt, t)

∂2f

∂X2
t

]
dt+ σ(Xt, t)

∂f

∂Xt

dWt,

with the following multiplicative properties:

× dt dWt

dt 0 0

dWt 0 dt

Table 2.1: Multiplicative Properties.
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2.2 Geometric Brownian Motion

The geometric Brownian motion (GBM) is a useful model for security prices. It is

sometimes referred to as the lognormal model, because the log of the share price

is supposed to be modelled in accordance with Brownian motion. The GBM is an

exponential process. The SDE of a GBM is given by Björk (2009):

dXt = µXtdt+ σXtdWt, X0 = x,

for known constants µ and σ > 0.

Let Xt be of the form:

dXt = (µ− 1

2
σ2)dt+ σdWt

Therefore,

µ(Xt, t) = µ− 1

2
σ2 and σ(Xt, t) = σ.

Take f(x, t) = ex, then

∂f(x, t)

∂x
= ex

∂2f(x, t)

∂x2
= ex

∂f(x, t)

∂t
= 0.

Applying Itô’s lemma, we obtain:

df(t,Xt) =

[
0 +

(
µ− 1

2
σ2

)
eXt +

1

2
σ2eXt

]
dt+ σeXtdWt = µeXtdt+ σeXtdWt
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Let:

St = f(Xt, t) = eXt .

Therefore,

d(St) = µStdt+ σStdWt = St(µdt+ σdWt)

dSt

St

= (µdt+ σdWt)

The GBM implies that the SDE:

d(St) = µStdt+ σStdWt,

is equivalent to:

St = eXt , where dXt =

(
µ− 1

2
σ2

)
dt+ σdWt.

Let St be of the form

dSt = µStdt+ σStdWt,

and consider the function f(St, t) = log(St). Then:
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∂f(St, t)

∂St

=
1

St

,
∂2f(St, t)

∂S2
t

=
−1

S2
t

,
∂f(St, t)

∂t
= 0.

Applying Itô’s lemma, we obtain:

df(t, St) =

[
0 + µSt

1

St

+
1

2
σ2S2

t

−1

S2
t

]
dt+ σSt

1

St

dWt

=

(
µ− 1

2
σ2

)
dt+ σdWt

Therefore,

d(log(St)) =

(
µ− 1

2
σ2

)
dt+ σdWt

Integrating both sides

log(ST )− log(S0) =

(
µ− 1

2
σ2

)∫ T

0

dt+ σ

∫ T

0

dWt

log
St

S0

=

(
µ− 1

2
σ2

)
T + σWT

ST = S0exp

[(
µ− 1

2
σ2

)
T + σWT

]
log(ST ) = log(S0) +

[(
µ− 1

2
σ2

)
T + σWT

]

The solution is given as:
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St = S0exp

[(
µ− 1

2
σ2

)
T + σWT

]

Figure 2.2 is a typical simulation of the Geometric Brownian Motion.

Figure 2.2: GBM Simulation

Properties of Geometric Brownian Motion

� The mean of St is given by:

E[St] = S0exp(µt).

� The variance of St given by:

V ar(St) = (S2
0)e

2µt
(
eσ

2t − 1
)
.



Section 2.3. Option Pricing Theory Page 26

� The probability density function (PDF) is as follows:

f(S : µ, σ, t) =
1

Sσ
√
2πt

exp

− logS − logS0 −
(
µ− σ2

2

)
t2

2σ2t



2.3 Option Pricing Theory

2.3.1 Definition. Option

An option gives an investor the right, but not the obligation, to buy or sell a specified

asset on a specified future date at a certain price (Bouchaud & Potters 2003).

Types of Option

There are two primary types of options:

• A call option, which gives the holder the right, but not the obligation to buy a

specified underlying asset on a specified future date at a certain price from the

writer of the option (Hull 2003).

• A put option, which gives the holder the right, but not the obligation to sell

a specified underlying asset on a specified future date at a certain price to the

writer of the option (Hull 2003).

Exercise of an Option

Let t be the current time, St be the price of underlying share at time t, K be the

strike price or exercise price, and T be the option maturity date,

• the holder of a call option will exercise the right to buy the underlying share if

ST > K, otherwise the option becomes useless.
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• the holder of a put option will exercise the right to sell the underlying share if

ST < K, otherwise the option becomes useless.

Also, an option could be European or American. A European option can only be

exercised at the expiry date T , while an American option can be exercised before the

date of expiry, T .

2.4 The Black-Scholes Model

The Black-Scholes model for pricing options was propounded by Fisher Black and

Myron Scholes in 1973 (Black & Scholes 1973).

Assumptions

• The price follows a geometric Brownian motion i.e, the share price changes

continuously through time according to the SDE:

dSt = St(µdt+ σdZt).

• Absence of risk-free arbitrage opportunities.

• The risk-free rate of interest is constant.

• Unlimited short selling is allowed.

• There are no taxes or transaction costs.

• The underlying asset can be traded continuously and in infinitesimally small

number of units.



Section 2.4. The Black-Scholes Model Page 28

2.4.1 The Black-Scholes Formula

Let f(t, s) be the price at time t of an option, St be the current share price, T > t be

the time of maturity, and K be the strike price, then the Black-Scholes formula for

the call option is given by:

f(t, St) = StΦ(d1)−Ke−r(T−t)Φ(d2), (2.4.1)

where:

d1 =
logSt

K
+ (r + 1

2
σ2)(T − t)

σ
√
T − t

; (2.4.2)

d2 = d1 − σ
√
T − t (2.4.3)

and Φ(z) is the cumulative distribution function of the standard normal distribution.

For a put option, we have:

f(t, St) = Ke−r(T−t)Φ(−d2)− StΦ(−d1),

where d1 and d2 are as defined above.



3. Concepts of Credit Risk and

Sovereign Risk

This chapter explains terminologies such as ”sovereign debt” and ”sovereign default”,

as well as other terms relevant to credit and sovereign risk. The Merton method is

explained in details, and other structural methods used by other academics for de-

termining the probability of default are also introduced and described. Additionally,

the alphabetical scale used by the Big Three credit rating agencies is explained.

3.1 Terminologies

3.1.1 Credit Events

Credit events are negative changes in a borrower’s standing which could bring about

failure in honouring an obligation. The International Swaps and Derivatives Associa-

tion (ISDA) has defined six credit events according to Tardi & Brock (2021), namely:

• Bankruptcy or insolvency - Bankruptcy is a legal procedure referring to the

incapability of an organisation or an individual to pay back debts owed.

• Payment default - This is a specified event referring to the incapability of the

borrower to pay debts owed in a timely manner.

• Debt restructuring - This is a transition in the terms of debts, making the debt

less favourable to the debtholder.

• Obligation default - This is when an obligation is being declared due before it

should otherwise have been due.

29
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• Obligation acceleration - This is triggered when one or more reference obliga-

tions become due and payable immediately due to a breach in covenant or a

default.

• Repudiation / moratorium - This is a situation whereby there is a dispute over

the credibility of the contract or a temporary deferrral is required of the issuer.

3.1.2 Sovereign Debt

Sovereign debt could also be referred to as government debt, it is the sum total of

what a government owes its creditors. It is also referred to as national debt or country

debt. It helps reveal how much more a government spends than it gets as revenue, and

it could take the structure of business loans or bond issues. According to Abboushi

(2011), sovereign debt is a characteristic of public finance of governments globally,

however it develops into a crisis when the borrowing government realizes it lacks the

financial liquidity for the repayment of the debt in time. Tomz & Wright (2013) are of

the opinion that sovereign debt was one of initial financial assets to be marketed, and

it still comprises of a remarkable portion of international financial assets. Tomz and

Wright name the 2012 Greek restructuring which was worth more than 200 billion in

euros in privately held debt as the largest default in history, followed by Argentina

and Russia in 2001 and 1918 respectively.

In borrowing from foreign bodies, countries more liable to default tend to get higher

interests than those who are less likely to default. When within a reasonable level,

the creditors feel safe that the expanded growth attained by the debtors mean they

would be paid with interest (Amadeo & Boyle 2021). However, when borrowing is

poorly managed, the economy of the country becomes destabilized. Also, creditors

begin to worry, especially as the debt-to-GDP ratio of the countries in debt begin to

rise. This worry might prove valid if the countries in debt begin to borrow at more

expensive rates to pay off older and cheaper debts. If this persists, the countries
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might be forced to default on its debt entirely (Amadeo & Boyle 2021).

3.1.3 Sovereign Default

According to Kaas et al. (2020), sovereign default is a phenomenon which occurs

frequently in emerging economies, and are typically associated with severe economic

recessions. When the government of a sovereign entity is unable to pay back principal

and interest payments at due time, it is said that the government has defaulted, and

this is referred to as sovereign default. This possibility of default has made sovereign

risk assessment models and sovereign ratings beneficial to all parties if they prove

right and have the ability to predict the debt crises ahead of time (Gur 2001).

Sovereign defaults are generally foreshadowed by economic crises. There may or may

not be a formal declaration by the borrowing government that it would be unable to

repay its debts. When there is a default by a sovereign state, it reduces its credit

ratings, making it more difficult to borrow additional funds from the international

bond markets, hence, countries are generally hesitant to default (Boyle 2021). How-

ever, when in default, a government is more inclined to keep on financing expenditure,

rather than paying off debts, due to political, economic, and social priorities.

Some conditions that increase the likelihood of default include (Ghulam & Derber

2018, Boyle 2021)

• Change in government due to a coup.

• Political uncertainty.

• Decline of international monetary conditions.

• Social unrest, terrorism, and wars.

• Deep recession.



Section 3.1. Terminologies Page 32

• Previous banking crisis.

• Increased government regulations on the financial market.

• Struggling economy, and insufficient cash flows.

• Poor investments.

• Deteriorating fiscal conditions.

• Inflation.

• Reduction in exportation growth.

• A high debt-to-GDP ratio.

A sovereign default bares consequences not only for the creditors, but for the default-

ing state as well:

For the creditors,

• Loss of principal loaned and interest owed by the borrower.

• Need for partial cancellation of debt, on the condition that the creditor reaches

an agreement with the debtor for the partial repayment of the total principal

amount.

For the defaulting state,

• A reduction in the debt owed, however the state becomes less attractive to

foreign investors.

• Difficulty in assessing new funds from the international bond market.
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• Devaluation of currency.

A defaulting state negotiates with its creditors to restructure the debt owed (Abboushi

2011). This restructuring of debt may include suspension of debt repayments, re-

duction of interest, and likely the principal, debt-equity swaps i.e. exchanging the

sovereign debt for equity, and other terms the defaulting state agrees with its creditors

(Abboushi 2011).

3.2 Credit Default Swaps

CDS contracts were devised by J.P Morgan in the early 90’s to provide for the in-

creasing request for credit risk transfer (Augustin et al. 2014). According to Wen

& Kinsella (2013), a credit default swap (CDS) is a derivatives instrument meant

to insure against default risk by a specified company. CDS contracts mostly involve

three parties, namely:

• the issuer of the debt security (the first party),

• the buyer of the debt security (the second party), and

• an insurance company or a large bank (the third party).

According to Wen & Kinsella (2013), the third party sells a CDS to the second party.

In the event the issuer of the debt security defaults, CDS provides insurance to the

buyer of the debt security. Also, there is an obligation for the seller of the CDS to

purchase the debt security for its nominal value from the buyer of the CDS. This is

illustrated in the figure below:
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The second party

(Protection buyer)

The third party

(Protection Seller)

The first party

(Reference entity)

Protection payment

Payment if reference entity defaults

Exposure Possibility of default

Figure 3.1: Graphic representation of a CDS.

Bielecki & Rutkowski (2000) states that if there is no default at the time of swap

maturity, the buyer and seller of the debt security end all obligations to each other.

Bielecki & Rutkowski (2000) further identifies the most important agreements of a

CDS, which are as follows:

1. Credit event specification.

2. Contingent default payment.

3. Periodic payments specifications.

3.3 Sovereign Credit Default Swaps

Sovereign CDS was brought to limelight by the European debt crisis, which began at

the end of 2009 (Augustin et al. 2014). Longstaff et al. (2011) states that sovereign
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CDS serves as insurance contracts for investors, protecting them from sovereign de-

faults or debt restructuring. This implies that CDS spreads precisely mirrors the

assessment of the market regarding sovereign risk. Longstaff et al. (2011) opines that

changes in sovereign credit spreads are related more closely to global factors than

changes in the local economy of a sovereign state.

According to Augustin et al. (2014), the following are the main differences between

corporate CDS and sovereign CDS:

• Nature of credit events that prompt a contingent default payment by the insur-

ance company: Corporate credit event happens if the corporate entity renounces

one or more obligations or declares a stoppage regarding one or more obligations

which are relevant to loan agreements and agreed default requirements made.

However, with sovereign credit event, there is no constraint on the maturity of

achievable obligations after the regular 30 years in the case of a restructuring

credit event.

• Sovereign reference entities has less intensive trading in contracts of 5 years, as

opposed to corporate reference entities.

• Currency denomination of contract is of more relevance with a sovereign refer-

ence entity than with a corporate reference entity. This is due to the high risk

of currency depreciation in the event of a sovereign default.

• Sovereign CDS can serve as a proxy hedge counteract the country exposure of

a portfolio.

Sovereign CDS is usually used for measuring credit default risk, and in 2013, Badaoui

et al. applied a factor method approach to determine if sovereign CDS is a clean

measure of sovereign default risk. The default-free zero coupon was chosen as the

”liquidity numeraire”, and it was assumed that the risk-free rate was not dependent
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on the intensities of liquidity and default. The model has the following composition:

D(t, τ) = exp

(
−
∫ τ

0

rsds

)
, (3.3.1)

where D(t, τ) is the factor of the risk-free discount.

P (t, τ) = exp

(
−
∫ τ

0

λsds

)
, (3.3.2)

where P (t, τ) is the probability of the risk neutral survival.

L(t, τ) = exp

(
−
∫ τ

0

γl
sds

)
, (3.3.3)

where L(t, τ) is the intensity of the risk neutral intensity.

Badaoui et al. (2013) stated that a high risk of liquidity is typically followed by a high

bid-ask spreads, hence a high CDS spread. The risk of liquidity escalates the purchase

price of CDS protection owing to the fact that the CDS seller has to be compensated

for the credit and liquidity risk. However, liquidity risk could also reduce the value

of selling CDS protection, as the buyer will only agree a cheap price for the purchase

of CDS protection. Hence, Badaoui et al. opines that the bid-ask spread comprises

of a cost to the market participants which is hidden at the point at which assets are

traded. The effect of this is measured by the liquidity intensities, γask(t) and γbid(t).

Badaoui et al. (2013) analysis showed that sovereign CDS spreads are mostly moti-

vated by liquidity and that the rise in observed CDS spreads in times of crisis has

more to do with an escalation in the level of liquidity, than with an increase in default

intensity.
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3.4 Structural Approaches to Modelling Credit

Risk

Structural models are also known as firm-value models. They define a system for

default and represents a firm’s assets and liabilities. According to Fong (2006), struc-

tural models draw inference from knowledge held by the managers of the firms: the

continuous observations of the assets and liabilities of a firm. Typically, default is

caused to occur when a stochastic process or variable reaches a barrier (threshold)

which represents default.

Structural models are explicit models, as they aim to connect events triggering default

expressly to the assets of the issuing corporate entity. The structural models give a

direct correlation between the default of a firm and it’s economic conditions. These

models are referred to as structural models, because they are focused on the financial

framework of a firm - the split between debt and equity. In applying structural

models, a default event is said to have taken place when the asset level is sufficiently

lower than the level of liabilities. The following are types of structural models:

• Merton model,

• Black and Cox model,

• Moody KMV model,

• Longstaff and Schwartz model, and

• Leland and Toft model.
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3.4.1 The Merton Model

The Merton (1974) model, began the trend of research on structural models. Ac-

cording to Tudela & Young (2003), the Merton (1974) model is a quantitative model

that infers the probability of a company defaulting from the market evaluation of the

company under some specified assumptions on the evolution of assets and liabilities.

In the implementation of the Merton model, the event of default is estimated using the

market value of the company’s assets in conjunction with its liabilities. Default is said

to take place when the value of assets of the firm goes below a certain default point.

The Merton model demonstrates theoretically that a company’s equity is equivalent

to a call option on its assets, while the company’s debt is equivalent to the strike

price (Bolder et al. 2018).

The asset of the firm Ft is illustrated as a lognormal process, and it is supposed that

default occurs when the asset value Ft falls below a certain threshold L. The Merton

(1974) model starts with the firm value at t ∈ [0, T ], and is given by:

Ft = Et + Lt, (3.4.1)

where Ft, Et, and Lt signify the asset value, equity and liabilities of the company at

time t, respectively.

The equity value of the company is given as:

E = FtΦ(d1)− Ltexp(−rT )Φ(d2) (3.4.2)
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where d1 and d2 are given by:

d1 =
logF

L
+ (µ+ 1

2
σ2)T

σ
√
T

,

d2 = d1 − σ
√
T

and Φ is the cumulative normal distribution function. Also, µ and σ represent the

real-world drift and volatility of the company’s value respectively.

The credit spread s is calculated thus:

s = − 1

T
log

[
Φ(d2) +

F

L
exp(rT )Φ(−d1)

]
, (3.4.3)

with the parameters as defined above.

Modeling the Actual Default Probability

To derive the actual default probability at T , we begin by making the assumption

that the value of the company’s assets exhibits the features of a Geometric Brownian

Motion (Omomehin 2021):

dFt

Ft

= µdt+ σFdWt, F0 > 0 (3.4.4)

The probability of default is given mathematically as:

Pdef = Prob(FT ≤ L). (3.4.5)

This implies that the company would default if its asset value at time T is less than
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or equal to its liabilities. Assume the asset value is given as:

Ft = F0e

(
µ−σ2

F
2

)
t+σFWt

(3.4.6)

log(Ft) = log(F0) +
(
µ− σF

2

)
t+ σFWt. (3.4.7)

Ft is the solution to the dynamics of the asset in equation (3.4.4) which is obtained

by the use of Itô’s lemma.

Substituting equation (3.4.7) into equation (3.4.5) yields:

Pdef = Prob
(
log(F0) +

(
µ− σF

2

)
t+ σFWt ≤ log(L)

)
. (3.4.8)

By Brownian motion property,

ϵt+T =
W (t+ T )−W (t)√

T
and ϵt+T ∼ N(0, 1).

Therefore, Wt is equal to
√
tϵ and (3.4.8) becomes:

Pdef = Prob
(
log(F0) +

(
µ− σF

2

)
t+ σF

√
tϵ ≤ log(L)

)
(3.4.9)

Pdef = Prob

(
−
log
(
F0

L

)
+
(
µ− σF

2

)
t

σF

√
t

≥ ϵ

)
. (3.4.10)

Since ϵt+T ∼ N(0, 1), then the corresponding probability of default in equation

(3.4.10) can be written in terms of standard cumulative normal distribution:

Pdef = N

(
−
log
(
F0

L

)
+
(
µ− σF

2

)
t

σF

√
t

)
(3.4.11)
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Equation (3.4.11) can also be written as:

Pdef = N(−d2) = 1−N(d2), (3.4.12)

where N(d2) is the survival function, and d2 is the distance-to-default defined above.

Risk-Neutral Probability of Default

The risk-neutral probability of default is given by 1−N(d), where

N(d) =
logF

L
+ (r − 1

2
σ2)T

σ
√
T

(3.4.13)

The main difference between actual probability of default and risk-neutral probability

of default is that the former makes use of the physical drift parameter (µ), while the

later makes use of the risk-free rate parameter r.

3.4.2 The Black and Cox Model

The Merton model only considered default at time of maturity T . This draw back was

first corrected by Black & Cox (1976), introducing the first-passage-time models. The

Black & Cox (1976) model is an extension of the Merton (1974) model. Omomehin

(2021) stated that the Black and Cox’s model is a natural diversification of the Merton

model with an endogenous default limit. The Black and Cox Model proposes that

default takes place the initial time the asset value Ft drops lower than a specified time

dependent barrier Lt. As such, as opposed to the Merton model in which default only

occurs at maturity, the Black and Cox model deals with early default. This gives the

bondholders the right to a ”safety covenant”, which allows them to declare bankruptcy
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if at any time the company’s asset value goes below the barrier. Thus, the time of

default is given by:

τ = inf{t > 0 : Ft < Lt} (3.4.14)

The bondholders will always be completely protected if Lt < L, which is totally

unrealistic. To have a consistent definition of default however, we should have LT ≤ L.

This can be achieved naturally by increasing time-dependent barrier Lt = L0e
γt, L0 ≤

Le−γt

The first time of passage to the barrier of default is minimised to the initial time of

passage for Brownian motion with drift:

{Ft < Lt} = {Wt + σ−1(r − σ2/2− γ)t ≤ σ−1log(L0/F0)}.

The risk-neutral default probability is given by:

Q[0 ≤ τ < t] = Q

[
min
s≤t

(Fs/Ls) ≤ 1

]
= Q

[
min
s≤t

Xs ≤ σ−1log

(
L0

F0

)]
, (3.4.15)

where Xt = Wt +mt, m = σ−1(r − σ2/2− γ), d = σ−1log(L0/F0)

3.4.3 The Moody KMV Model

The KMV model was introduced by Kealhofer, McQuown and Vasicek in 1989. Ac-

cording to Valášková, Gavláková & Dengov (2014), the KMV model is one of the most

applied approaches to credit risk, as it can easily be applied to publicly traded com-

panies, in which the asset values are determined by the share market. The model was

developed to advance and market credit evaluation tools (Cass 2015). The Moody’s

KMV model is a widely embraced business application of structural models and it
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combines an observed distribution of distance-to-default with the Vasicek-Kealhofer

(VK) model to bring about Expected Default Frequency (EDF) (Omomehin 2021).

Just as with the Black-Cox model, default could occur before maturity time. KMV

model uses a combination of market asset price, volatility of asset and the default

point term framework to quantify a distance-to-default (DD) term framework. In

the KMV model, default occurs when the value of asset drops below the threshold

referred to as the default point (DP).

The default point is usually somewhere between the short-term debt and half the

long-term debt, and is given by:

DP = STD +
1

2
LTD, (3.4.16)

where STD and LTD are the short-term debt and long-term debt respectively.

This implies that priority is given to the short term debt. Also, default does not

necessarily occur when the asset value of the company rises to its liabilities. However,

a company defaults when the difference between the asset value of the firm and the

DP becomes zero.

In order to get the actual probabilities of default, the distance to default (DD) which

is the total of standard deviations by which the value of asset is adrift the default

point, is required, and is calculated thus:

DD =
Ft −DP

σF − Ft

(3.4.17)

Following the definition of structural models, the expected default frequency (EDF )

i.e. the probability of the firm defaulting within a year, should be same as the

normal probability EDFt = Φ(DDt). On the contrary, the EDF depends on its

sizable database of past defaults to map DD to EDF , using a proprietary function
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EDF = f(DD).

In times of recession, the DD decreases as the probability of default increases, and

vice versa.

3.4.4 Longstaff and Schwartz Model

In a diversification of the Black and Cox’s model, Longstaff & Schwartz (1995) insti-

tuted a two factor model for the valuation of risky debt. According to Patel & Pereira

(2007), there are two ways by which the Longstaff and Schwartz model extends the

Black and Cox’s 1976 model; namely:

• incorporation of both risk of default and interest rate risk.

• allowance for variations from rigid absolute priority.

With the Longstaff and Schwartz model, it is possible for two entities to have similar

default risk, but different credit spreads if there is a difference in the correlations

between their assets with interest rates changes.

Dimou (2004) states that the Longstaff and Schwartz model considers coupon paying

bonds and interest rates which are stochastic. Default occurs when the assets market

value drops below a lower point of threshold that is a small proportion of the total

debt value.

Given the default boundary K, asset value V , and setting X to be equal to V/K,

then the value of the riskless bond is given by:

D(X, r, T ) = D(r, T )− αD(r, T )Q(X, r, T ), (3.4.18)

where
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D = value of debt,

α = bankruptcy costs,

r = risk-free rate of interest,

T = debt maturity time,

Q = risk-neutral probability of default.

Q is given by:

Q(x, r, T, nz) =
n∑

i=1

qi, (3.4.19)

and

qi = N(ai)−
i−1∑
j=1

qjN(bij) i = 2, 3, ..., n,

ai =
−logX −M(iT/n, T )√

iT/n
bij =

M(jT/n, T )−M(iT/n, T )√
S(iT/n)− S(jT/n)

,

where

M(t, T ) =

(
α− ρση

β
− η2

β2
− σ2

2

)
t

+

(
ρση

β2
+

η2

2β3

)
exp(−βT )(exp(βt)− 1)

+

(
r

β
− α

β2
+

η2

β3

)
(1− exp(−βt))

−
(

η2

2β3

)
exp(−βT )(1− exp(−βt)),
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and

S(t, T ) =

(
ρση

β
+

η2

2β3
+ σ2

)
t

−
(
ρση

β2
+

2η2

β3

)
(1− exp(−βT ))

+

(
η2

2β3

)
(1− exp(−βt)).

Q(X, r, T ) is the limit of Q(X, r, T < n) as n → ∞.

3.4.5 Leland and Toft Model

The Leland and Toft model was propounded in 1996 and it is reliant on the major

premise of a continuous debt for the purpose of obtaining a formula for equities, debt

and the value of an entity in a closed form (Laajimi 2012).

The Leland and Toft model takes into account costs of bankruptcy and taxes, and

assumes that the barrier of default is determined endogenously (Dimou 2004).

Leland & Toft (1996) start by taking into account a bond with maturity t, which

pays a constant coupon flow ct and principal pt. The bondholders receive a fraction

ρt of the asset value Vt in the case of a default. In a risk-neutral valuation structure,

the value of the bond Vt is given by:

d(V ;VB, t) =
ct
t
+ e−rt

[
pt −

ct
r

]
[1− Ft] +

[
ρtVB − ct

r

]
Gt, (3.4.20)

where Ft is the cumulative distribution function of the initial time of passage to
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bankruptcy,

Gt =

∫ t

s=0

e−rsfs(s;V, VB)ds,

and fs is the density function of the initial time of passage to bankruptcy. Laajimi

(2012) states that another assumption of the Leland and Toft model is that a new

bond at par with maturity T is issued by the entity at a rate p = P/T annually,

where P is the total amount of all unsettled debts (bonds). Hence, each year, the

previously issued bond principal which has matured is substituted. This ensures that

the aggregate principal of outstanding debts P and the annual coupon payment C

remains the same with T if the entity stays solvent. The annual debt service is same

as C + P/T and is independent of time. Also, Leland and Toft assume that the

fraction of assets the bondholders receive if there is a default is not determined by

the time of bond maturity such that whenever there is a default, the holders will

always receive (1− α)VB.

The total outstanding debt value can be expressed as:

D(V ;VB, T ) =

∫ T

t=0

d(V ;VB, t)dt

=
C

r
+

(
P − C

r

)(
1− e−rT

rT
− I(t)

)
+

(
(1− α)VB − C

r
J(T )

)

where

It =
I

T

∫ T

0

e−rtFtdt
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and

Jt =
I

T

∫ T

0

Gtdt

According to Laajimi (2012), the fixed capital structure makes it possible to find a

precise formula for the highest value of the default threshold, which is dependent on

the debt maturity. The equity value V ∗
B optimized for the highest default threshold

is given by:

V ∗
B =

(C/r)(A/(rT )−B)− AP/(rT )− τCx/r

1 + αx− (1− α)B
(3.4.21)

where

A = 2ae−rTN(aσ
√
T )− 2zN(zσ

√
T )− 2

σ
√
T
n(zσ

√
T ) +

2e−rT

σ
√
T
n(aσ

√
T ) + (z + a),

B = −
(
2z +

2

zσ2T

)
N(zσ

√
T )− 2

σ
√
T
n(zσ

√
T ) + (z − a) +

1

zσ2T
,

a =
(r − δ − (σ2/2))

σ2
,

z =

√
a2σ4 + 2rσ2

σ2
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and

x = a+ z.

The first time of passage probability density function for getting to barrier VB from

a starting value V0 > VB at time t is given by (Leland 2002):

f(t; b, µ, δ, σ) =

(
b

σ
√
2t3Π

)
e−(b+(r−δ−5σ2)t)/(2σ2t), (3.4.22)

where

b = log(V0/VB)

The EDF which gives the default probability up to time t is given by (Leland 2002):

EDF (t, b, µ, δ, σ) = N [−b− (µ− δ − 5σ2)t/σ
√
t]+

e−2b(µ−δ−5σ2)/σ2

N [−b+ (µ− δ − 5σ2)t/σ
√
t].

(3.4.23)

3.5 Overview of the structural models

3.5.1 Advantages and Disadvantages

Wang (2009) gives some of the advantages and disadvantages of the structural models.

The advantages are as follows:

• They connect credit risk to primary structural variables.

• They provide an insightful economic clarification and endogenous explanation

of credit defaults.
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• They allow for the application of methods for pricing options.

• They address financial structure choice, in addition to facilitating security val-

uation.

The disadvantages are the following:

• They are difficult to implement e.g. the calibration of stochastic asset processes

with the use of publicly available information.

• They have the tendency of being intensive computationally and are complex

analytically.

3.5.2 Key Assumption

According to Jarrow & Protter (2004), the central assumption of structural models

is that the information obtainable is kept by the company’s executives.

3.5.3 Requirements

Structural models require the following:

• The asset value process and capital structure of the issuer.

• The loss given default.

• The default-risk-free interest rate process.

• The correlation between the price of asset and the default-risk-free interest rate.
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3.6 Sovereign Credit Rating

A credit rating is a viewpoint in respect to the creditworthiness of an entity (De Haan

& Amtenbrink 2011). Since the GFC, credit rating agencies (CRAs) have gained a

significant amount of attention from the media (White 2013). De Haan & Amtenbrink

(2011) highlights two services CRAs essentially provide:

• Appraisal of the capability of issuers to honour their debt obligations. Hence

ensuring the provision of ”information services” that lessens the costs of infor-

mation, leads to an increment in the supply of potential borrowers, and the

promotion of liquid market.

• Provision of ”monitoring services” which influences issuers to take remedial

actions that prevent downgrades through ”watch” procedures.

The demand for sovereign credit ratings stems from the debt service issues on the

part of borrower countries, leading to the popularity of credit rating agencies. When

accurate, sovereign ratings are quite advantageous to the parties involved as they

help predict debt crises (Brautigam et al. 2020). They influence the extent to which

a sovereign nation has access to international capital markets, as they determine

how easy or difficult it would be for a country’s government to borrow funds for its

operations.

Sovereign credit rating is an evaluation of the creditworthiness of a country. According

to De Haan & Amtenbrink (2011), sovereign credit ratings are an appraisal by CRAs

to adjudge a government’s willingness and ability to pay its national debts both in

principal and interest on time. It helps an investor have an insight into the risk or

none thereof, that can be incurred by investing in the debt of a particular country,

including any political risk. Sovereign ratings rely partly on subjective and qualitative

evaluation. Some underlying strategies used include scoring models, country reports

and appraisals by experts (Karmann & Maltritz 2009). Country-specific factors can
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be requested and used to evaluate risks, besides the economic, financial, and political

risks of countries that affect each other. Different countries may likely have different

problems stemming from different origins, this makes sorting countries at different

levels of risk a multicriteria problem (Amadeo & Boyle 2021) .

S&P, Moody’s and Fitch make use of an alphabetical scale in their measurement of

risks. To assign a credit rating, the political, financial and economic environments of

the countries are considered. Some factors that are of importance include growth in

a country’s domestic supply, debt-service ratio, variance of its export revenue and its

import ratio (Chen & Scott 2020).

Trading Economics (TE) provides a comprehensive list of the credit ratings of 196

countries, reflecting these countries’ ratings according to the Big Three. TE also

provides a numerical credit rating of the 196 countries enlisted.

S&P allocates a BBB- or higher to countries it views as investment grade and BB+

or lower to those viewed as speculative i.e. risky, as does Fitch, while Moody’s gives

Baa3 or higher to countries considered investment grade, and Ba1 or lower to countries

considered speculative.

Having a good credit rating helps attract foreign investors and eases access to funding

for development project in the international bond market. Ratings play a vital role

in the rate of interest borrowers are required to pay, and a downgrade may lead to

a higher rate of interest on loans (De Haan & Amtenbrink 2011). A country which

allows itself to be rated by a credit rating agency shows willingness to make its

financial information available to the public.

Creditors usually pay heed to the creditworthiness of their borrowers, because they

expect to be paid back with interest. Credit ratings from credit rating companies is

a standard way to judge the creditworthiness of a borrowing country.

This dissertation makes use of data obtained from Trading Economics which gives
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the sovereign ratings of countries according to Standard and Poor’s Global Ratings,

Moody’s Investors Service, and Fitch Ratings. In addition to the ratings provided

by the Big Three, the Trading Economics (TE) credit rating is also used. The cred-

itworthiness of six countries are determined based on their credit ratings, and the

possibility of default is determined, in comparison to the results obtained using the

Merton model.

3.6.1 Standard and Poor’s Global Ratings

S&P ratings aim to show only the anticipated probability of default occurrence

(Elkhoury 2009). S&P provide no insight regarding the expected default time or

default resolution mode and recovery values. According to S&P, there are 5 key areas

that are evaluated in sovereign ratings, namely: institutional appraisal, external ap-

praisal, monetary appraisal, economic appraisal, and fiscal appraisal (S & P Global

Ratings 2019).

S&P rates borrowers on a scale of AAA to D (Chen & Scott 2020).

• AAA - Prime: This is the highest credit rating assigned, and it indicates an

extremely strong capability to meet financial commitments.

• AA (AA+, AA, AA-) - High grade: This indicates a very strong capability to

meet financial commitments.

• A (A+, A, A-) - Upper medium grade: This indicates a strong capacity to meet

financial commitments, howbeit considerably liable to economic situations, and

changes in circumstances.

• BBB (BBB+, BBB, BBB-) - Lower medium grade: This indicates a sufficient

capacity to meet financial commitments, but more susceptible to economic con-

ditions, and changes in circumstances.
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• BB (BB+, BB, BB-) - Non-investment grade / Speculative grade: This indi-

cates major ongoing unpredictabilities to severe business, financial and economic

situations; and less vulnerability in the immediate future.

• B (B+, B, B-) - Highly speculative grade: This indicates a current capabil-

ity to meet financial obligations, but with an exposure to impairment to such

capability due to adverse financial, business and economic situations.

• CCC (CCC+, CCC, CCC-) - Extremely speculative: This indicates current

vulnerability, and dependence on beneficial financial, business and economic

conditions to meet financial obligations.

• CC: This indicates high vulnerability, with a virtual certainty of default.

• C: This indicates a current high vulnerability to non-payment, and a lasting

recovery is expected to be lower than that of higher rated obligations.

• D: This indicates there has been a default on a financial commitment.

In summary, BBB- or higher are considered investment grade, while BB+ or lower

are considered speculative or junk grade.

3.6.2 Moody’s Investors Service

According to Paudyn (2013), Moody’s first focus before the analysis of debt dynamics

of a country is the country’s ’resiliency’ and its shock-absorbing capability. Elkhoury

(2009) states that Moody’s ratings are focused on the Expected Loss (EL) which is a

function of the default probability (PD) and the expected recovery rate (RE). Hence,

EL = PD(1− RE). Moody’s rates on a scale of Aaa to C (Moody’s Ratings 2019).

Just like with S&P, Moody’s credit ratings can be broadly divided into, investment

grade, and speculative grade.
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The investment grade consists of:

• Aaa, which is assessed as the highest quality and lowest credit risk.

• Aa1, Aa2 and Aa3, which are assessed as high quality, and very low credit risk.

• A1, A2 and A3, which are upper-medium grade, and low credit risk.

• Baa1, Baa2 and Baa3, which are medium grade, with some speculations, and

moderate credit risk.

The speculative grade consists of:

• Ba1, Ba2 and Ba3, which are judged to be speculative with notable credit risk.

• B1, B2 and B3, which are decidedly speculative with high credit risk.

• Caa1, Caa2 and Caa3, which are of poor quality, and are very high risk.

• Ca, which is adjudged to be highly speculative with the possibility of being

close to a default or in default, however with some prospect of principal and

interest recovery.

• C, which is the lowest quality, usually in default, and having a low potential in

terms of principal and interest recovery .

3.6.3 Fitch Ratings

Fitch ratings focus on both default probability and expected recovery rate. Fitch

ratings is characterized by a more explicit hybrid character, as they also remind

analysts to be forward-looking and be on the watch for possible breaks between track

records of the past and future trends (Elkhoury 2009).
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Fitch uses a scale of AAA to D just like S&P and applies same intermediate +/-

modifiers for each category between AA and CCC (Chen & Perez 2020). Hence, its

ratings can be interpreted same as S&P.

3.6.4 Trading Economics Rating.

Trading Economics scores the credit worthiness of the countries between 0 (in default)

and 100 (riskless), making its index numerical, unlike the alphabetical scale of the

Big Three.

The table below shows the summary of the credit ratings of the Big Three credit-

rating agencies, as well as the ratings of TE.
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Figure 3.2: Credit Ratings
Source: Trading Economics.



4. Modelling

As stated earlier, this dissertation aims to predict the probability of default by a

sovereign state using a structural model (the Merton model). The Merton model

being a structural model is reliant on the notion that there is a structural state

variable which can cause a default event by hitting the default barrier or threshold.

This state variable is the firm’s value, and the sovereign asset value for a country. In

this chapter, the assumptions made in the implementation of the Merton model are

presented. The parameter estimates and how they are obtained are also presented,

as well as the limitations to the Merton model.

4.1 Assumptions

This section presents the assumptions considered in the modelling of probability of

default for sovereign countries. The adaptation of the Merton model explained in this

chapter is according to that applied by Porras & Juárez (2015), and the assumptions

made have been considered by Karmann & Maltritz (2009) and Porras & Juárez

(2015).

Assumption 1:

It is assumed that although the country will benefit from a default through the saved

capital, the costs of default are so high such that they outweigh the benefits of default,

hence the sovereign will pay back its loans as long as it has the ability to.

Assumption 2:

The balance sheet of a sovereign state consists of assets and liabilities.

At time t, the assets of the country include the reserves the country has in foreign

58



Section 4.1. Assumptions Page 59

currency, Ft. The liabilities include debt in foreign currency, Dt and the supply of

money expressed in foreign currency, Mt. Gray et al. (2007) proposed an accounting

balance sheet for sovereign states as shown below:

Foreign Reserves

Net Fiscal Asset

Other Public Assets

Guarantees

Foreign-currency Debt

Local-currency Debt

Base Money

� Purple-coloured box [L] = Assets.

� Blue-coloured box [R] = Liabilities.

Assumption 3:

Following Gray et al. (2007), it is assumed that the supply of money Mt is similar

to the firm’s equity, while external debt Dt is equivalent to the debt value of the firm

because it is impossible for the country to produce the foreign currency required to pay

back its external debt.

The balance sheet of the sovereign state is thus given as follows:

Ft = Dt +Mt. (4.1.1)

Assumption 4:

The process of the assets in foreign currency and the supply of money is given by the

following processes respectively:
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dFt = µFFtdt+ σFFtdWt (4.1.2)

dMt = µMMtdt+ σMMtdWt, (4.1.3)

where µF , σF , µM and σM are constants representing the drifts (µ) and volatilities

(σ) of the assets in foreign currency and the supply of money respectively; while Wt

is a standard Brownian (Wiener) process.

Assumption 5:

Default occurs when the total value of repayment requirements at time T , DT (which

includes principal and interests), exceeds the sovereign state’s value of assets in foreign

currency at time T , FT .

In other words, default occurs if FT < DT , but if FT ≥ DT , the sovereign state should

be able to repay its debt at time T and MT = FT − DT . Hence, the value of the

supply of money at time T is given by:

MT = max(FT −DT , 0). (4.1.4)

In comparison to the Black-Scholes formula, the supply of money MT can be likened

to the price of a call option on the reserves in foreign currency FT with the debt

requirement DT being likened to the exercise price. By Black-Scholes formula, the

current value of the real supply of money Mt is given by:

Mt = FtΦ(d1)−Dte
−r(T−t)Φ(d2), (4.1.5)
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where:

d1 =
log Ft

Dt
+ (r + 1

2
σ2
F )(T − t)

σF

√
T − t

, (4.1.6)

d2 = d1 − σF

√
T − t. (4.1.7)

Assumption 6:

The following assumptions hold due to the Black-Scholes equation (4.1.5):

• The risk-free rate of interest r is constant over the time to maturity.

• The real value of the supply of money Mt is determined by a lognormal process

i.e the compounded return from the supply of money in a time period is normally

distributed.

• The unpredictability of the future value of Ft increases with time.

• Φ(x) is the cumulative standard normal distribution for the argument x.

The probability of the country honouring its external debt in a risk-neutral world is

given by:

P (FT ≥ DT |Ft) = Φ(d2), (4.1.8)

while the risk-neutral default probability by the sovereign state is given by:

P (FT < DT |Ft) = Φ(−d2) = 1− Φ(d2) =

∫ −d2

−∞

1√
2π

e−
1
2
x2

dx. (4.1.9)
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The probability of an event occurring is never negative, nor is it ever greater than 1.

Thus probability of default will always lie between 0 and 1, i.e.

0 ≤ P (FT < DT ) ≤ 1.

A default probability of 0 means the sovereign state is sure not to default on its debt,

while a default probability of 1 means the sovereign state will certainly default on its

debt.

4.2 Parameter Estimates

To calculate the probability of default at time T , the knowledge of the risk-free rate

of interest r, the sovereign assets value at time t, Ft, the volatility of the sovereign

assets σF and the default threshold (debt value) at time t, Dt are required. A brief

discussion of the estimation of these parameters is done in the following subsections.

4.2.1 Asset Value

The ability to pay FT is estimated to be the value of net foreign assets of the sovereign

state.

4.2.2 Volatility of Asset Value

The volatility of the net foreign assets σF is measured as its standard deviation,

following the principle of historical volatility of assets, i.e., the volatility is estimated

using the standard deviation of the yearly changes in the net foreign asset value.
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To obtain the volatility, the standard deviation is quantified by measuring the dif-

ference between each annual entry of the yearly return on net foreign assets and the

mean of the yearly returns on net foreign assets for all the years considered. The

difference obtained is squared, the average of squares is taken and the square root of

the average is computed as the standard deviation i.e. volatility of the asset value.

Let yi be the yearly return on net foreign assets for a country in a year, then the

standard deviation (volatility) is given by:

√∑n
1 (yi − y)2

n
, (4.2.1)

where

yi = yearly return on net foreign assets,

y = mean of yearly return on net foreign assets , and

n = number of years considered.

The yearly return on net foreign assets yi is given by:

log

(
xi

xi−1

)
, (4.2.2)

where

xi = net foreign asset value in year i, and

xi−1 = net foreign asset value in the previous year.
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4.2.3 Default Barrier

The default barrier DT is chosen using the Moody’s KMV model determination of a

default point. The default point or barrier is determined to be somewhere between

the sovereign state’s short-term external debt and half the long-term external debt:

Default barrier = STD +
1

2
LTD. (4.2.3)

This is done under the assumption that the sovereign state is likely to prioritize short

term debt over long term debt.

4.2.4 Rate

Government 10-year bond yield is determined to be the risk-free rate of interest r.

4.2.5 Time

The time span is given as: T − t = 1.

4.3 Limitations

It is important to note that the risk-neutral probabilities obtained could be higher

than the real-world probabilities (Hull 2019). This opinion is supported by Porras &

Juárez (2015). However, Dimou (2004) opined that the Merton model underestimates

the probability of default, though the author admitted that absence of publicly acces-

sible data on the volatility and value of equity, which was a main limitation, could have
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influenced the results. Also, the estimations are liable to the limitations of Merton-

based models, such as a constant risk-free rate of return. However, the simplicity of

the model in estimating default probabilities makes up for the limitations.



5. Results

In this chapter, the criteria for data selection are explained. Furthermore, the data

used are described, analysed and the findings are provided. The analysis is carried

out on six sample countries, and the volatilities of their sovereign assets, as well as

their default probabilities are presented. This chapter concludes with the comparison

of the default probabilities obtained using the Merton model with the credit ratings

of the sample countries.

5.1 Data Selection and Description

The probability of default of six sovereign states, 2 each from Africa, the Americas

and Europe respectively, are determined. Three of the sovereign states (a sample from

each continent stated) considered are rated investment grade by the Big Three rating

agencies and the other three (also a sample from each continent stated) are rated

speculative (non-investment grade). The selection is done to allow comparison of

default probability using the Merton model with the credit ratings of sample countries

according to the Big Three and Trading Economics. The investment grade countries

consists of Botswana, Mexico and Bulgaria, while the speculative countries consists

of South Africa, Brazil and Serbia.

The data used spanned a period of 10 years, from 2011-2020. The net foreign asset

value of the countries were obtained from World Bank Database, given in the local

currency unit (LCU) of each country. For proper application of the model, these

were converted to the USD. The short and long term debt values (in USD) were

obtained from the annual edition of the International Debt Statistics (IDS) published

by the World Bank Group, featuring 123 low- and middle-income countries. As

such, countries such as Italy, Germany and Spain, which would have otherwise been

66



Section 5.1. Data Selection and Description Page 67

considered are not, as their debt data are not included in the annual publications.

Debt data for 2016- 2020 was obtained from the 2021 publication (IDS 2022), while

data for 2011-2015 was obtained from the 2016 publication (IDS 2017).

Tables 5.1 and 5.2 show the descriptive statistics of the 6 countries. The mean,

standard deviation, minimum and maximum values are given in US $ (millions).

Country Obs Mean Std. Dev. σF Minimum Maximum

South Africa 10 47114 48565 0.14 33013 75629
Brazil 10 162225 168909 0.15 87622 233756
Serbia 10 9447 9690 0.11 6037 12698

Botswana 10 6569 6618 0.09 5488 7938
Mexico 10 146904 150512 0.10 15127 195728
Bulgaria 10 24169 27136 0.07 12477 39537

Table 5.1: Net Foreign Assets Value of Countries.

Country Obs Mean Std. Dev. σD Minimum Maximum

South Africa 10 114720 77975 0.34 67361 345887
Brazil 10 284612 32877 0.06 220877 321916
Serbia 10 17349 2246 0.08 15029 22994

Botswana 10 1147 225 0.11 812 1388
Mexico 10 239960 27780 0.08 169921 265564
Bulgaria 10 27082 3283 0.10 22614 32065

Table 5.2: Default threshold.
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For the purpose of this dissertation, the default threshold is considered the debt value

of the country as it is taken to be the amount the country is expected to have to pay

at time of expiration T .

From Tables 5.1 and 5.2, it can be observed that Botswana and Bulgaria both have a

higher value of net foreign assets than debt on the average, with South Africa having

by far the most volatile debt. The evidence also shows that South Africa has the

highest debt-to-asset ratio, having a debt value of over twice times its reserve. In

comparison, Botswana has the lowest debt-to-asset ratio, due to its superior higher

net foreign assets value than debt value. Of the three countries considered investment

grade, Mexico has the highest debt-to-assets ratio, with a debt value of almost twice

the net foreign assets value.

5.2 Analysis of Sample Countries

5.2.1 South Africa

Figure 5.1 shows the yearly returns on the net foreign assets of South Africa.

Figure 5.1: Yearly returns for South Africa.
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Figure 5.1 shows that between 2011 and 2017, there were declines in the yearly returns

on net foreign assets in 2012, 2014, 2016 and 2017. However, since 2018, there has

been an increase in the yearly returns.

Applying equations (4.2.1) and (4.2.2), the historical volatility of the net foreign assets

value is estimated to be 0.14.

Figure 5.2 shows the estimation of the probability of default for South Africa over

the years obtained with the application of equation (4.1.9).

Figure 5.2: Estimated risk-neutral probability of default for South Africa.

Table 5.3 shows the yearly net foreign asset value and default barrier in millions of

USD for South Africa.
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Year Net Foreign Assets Value Default Barrier

2011 33059.86 67361.00

2012 33012.75 85041.50

2013 42003.49 82144.50

2014 39308.33 83279.00

2015 51433.08 82269.00

2016 46078.64 85679.00

2017 45744.99 102638.00

2018 49771.56 104182.50

2019 55095.03 108714.00

2020 75629.45 345886.50

Table 5.3: Net Foreign Assets Value and Default Threshold for South Africa.

South Africa, a non-investment grade country has been close to default since 2011, as

shown in Figure 5.2. The probability of default of the country has been approximately

1 from 2011-2020. This is expected as Table 5.3 shows that the net foreign asset value

FT is less than the default threshold DT for the 10 years considered i.e. FT < DT all

through the years.

5.2.2 Brazil

Figure 5.3 shows the anual yearly returns on the net foreign assets of Brazil.
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Figure 5.3: Yearly returns for Brazil.

Figure 5.3 shows that in 10 years, there were only two declines in the yearly returns

on the net foreign assets of Brazil, in 2016 and 2019.

Applying equations (4.2.1) and (4.2.2), the historical volatility of the net foreign assets

value is estimated to be 0.15.

Figure 5.4 shows the estimation of the probability of default for Brazil over the years

obtained with the application of equation (4.1.9).

Figure 5.4: Estimated risk-neutral probability of default for Brazil.

Table 5.4 shows the yearly net foreign asset value and default barrier in millions of
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USD for Brazil.

Year Net Foreign Assets Value Default Barrier

2011 87621.61 220876.50

2012 99328.90 234330.00

2013 120214.76 256413.50

2014 131649.22 305458.00

2015 196274.35 295869.50

2016 174441.86 298289.00

2017 174997.96 295648.00

2018 211049.76 310285.50

2019 192913.81 321916.00

2020 233755.98 307029.50

Table 5.4: Net Foreign Assets Value and Default Threshold for Brazil.

Since 2011, Brazil has had an over 85% (0.85) chance of defaulting on its debt, as

shown by Figure 5.4, affirming its non-investment grade status. From 2011 - 2019,

the probability of default was approximately 0.97 and above, however in 2020, the

default probability fell to approximately 0.87. This result is supported by Table 5.4

which shows that for the years 2011-2020, Brazil’s net foreign asset FT is less than

the default threshold DT i.e. FT < DT for years 2011-2020.

5.2.3 Serbia

Figure 5.5 shows the yearly returns on the net foreign assets of Serbia.
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Figure 5.5: Yearly returns for Serbia.

Figure 5.5 shows that the yearly return on net foreign asset of Serbia sufferd two dips

in 2012 and 2017 in 10 years.

Applying equations (4.2.1) and (4.2.2), the historical volatility of the net foreign assets

value is estimated to be 0.11.

Figure 5.6 shows the estimation of the probability of default for Serbia over the years

obtained with the application of equation (4.1.9)

Figure 5.6: Estimated risk-neutral probability of default for Serbia.

Table 5.5 shows the yearly net foreign asset value and default barrier in millions of
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USD for Serbia.

Year Net Foreign Assets Value Default Barrier

2011 6044.77 15051.50

2012 6036.79 16473.00

2013 7761.56 17661.00

2014 9557.81 16394.00

2015 10004.76 15529.50

2016 10741.63 15029.50

2017 9139.12 17586.00

2018 10399.62 17827.50

2019 12082.32 18945.50

2020 12698.16 22994.00

Table 5.5: Net Foreign Assets Value and Default Threshold for Serbia.

As shown by Figure 5.6, Serbia has been close to default since 2011, and is thus

not suitable for investment, hence of non-investment grade rating. This is proven

by the default probability of Serbia being approximately 1 from 2011-2020. Table

5.5 also shows that for the 10 years considered, Serbia had a lower net foreign assets

value FT than default threshold DT for each of the year i.e. for each year considered,

the inequality showing the relationship between the net foreign assets value and the

deafult threshold is given by: FT < DT .

5.2.4 Botswana

Figure 5.7 shows the yearly returns on the net foreign assets of Botswana.
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Figure 5.7: Yearly returns for Botswana.

Figure 5.7 shows that the annual returns on the net foreign assets of Botswana in-

creased steadily from 2011-2015, but has yielded negative returns from 2016-2020.

Applying equations (4.2.1) and (4.2.2), the historical volatility of the net foreign assets

value is estimated to be 0.09.

Figure 5.8 shows the estimation of the probability of default for Botswana over the

years obtained with the application of equation (4.1.9)

Figure 5.8: Estimated risk-neutral probability of default for Botswana.

Table 5.6 shows the yearly net foreign asset value and default barrier in millions of
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USD for Botswana.

Year Net Foreign Assets Value Default Barrier

2011 5545.75 1356.00

2012 5552.07 1386.50

2013 6272.12 1387.50

2014 7258.29 1370.50

2015 7937.71 1223.50

2016 7169.80 1214.00

2017 7057.15 884.00

2018 6985.88 976.50

2019 6426.55 812.00

2020 5488.30 866.50

Table 5.6: Net Foreign Assets Value and Default Threshold for Botswana.

The probability of Botswana defaulting lies firmly along zero on the x-axis, as shown

by Figure 5.8. Hence, Botswana has had a zero probability of default since 2011,

proving it is indeed an investment grade country. Table 5.6. also supports the result

of Botswana having no chance of defaulting, as it can be seen that for the 10 years

considered, Botswana had a higher net foreign asset value FT than default threshold

DT i.e. for each of the 10 years, FT > DT .

5.2.5 Mexico

Figure 5.9 shows the yearly return on the net foreign assets of Mexico.
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Figure 5.9: Yearly returns for Mexico.

Figure 5.9 shows that the annual returns on the net foreign assets of Mexico were

negative in 2017-2019, but positive for the other years under consideration.

Applying equations (4.2.1) and (4.2.2), the historical volatility of the net foreign assets

value is estimated to be 0.10.

Figure 5.10 shows the estimation of the probability of default for Mexico over the

years obtained with the application of equation (4.1.9)

Figure 5.10: Estimated risk-neutral probability of default for Mexico.

Table 5.7 shows the yearly net foreign asset value and default barrier in millions of
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USD for Mexico.

Year Net Foreign Assets Value Default Barrier

2011 95127.47 169921.00

2012 103035.71 210406.00

2013 108686.78 247173.50

2014 139345.82 264329.50

2015 148643.25 236765.50

2016 178952.76 85679.00

2017 171226.27 246262.50

2018 165901.35 256504.50

2019 162396.96 265564.00

2020 195727.62 256557.00

Table 5.7: Net Foreign Assets Value and Default Threshold for Mexico.

Mexico, though rated investment grade, has been close to default since 2011, as shown

by Figure 5.10. The probability of default by Mexico is approximately 1 for each of

the years considered. This is as expected, due to the default threshold DT being

greater than the net foreign assets value FT for each of the years under consideration

i.e. for each year from 2011-2020, FT < DT .

5.2.6 Bulgaria

Figure 5.11 shows the yearly return on the net foreign assets of Bulgaria.
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Figure 5.11: Yearly returns for Bulgaria.

Figure 5.11 shows that the annual yields on the net foreign assets of Bulgaria was

positive all through the years.

Applying equations (4.2.1) and (4.2.2), the historical volatility of the net foreign assets

value is estimated to be 0.07.

Figure 5.12 shows the estimation of the probability of default for Bulgaria over the

years obtained with the application of equation (4.1.9)

Figure 5.12: Estimated risk-neutral probability of default for Bulgaria.

Table 5.8. shows the yearly net foreign asset value and default barrier in millions of
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USD for Bulgaria.

Year Net Foreign Assets Value Default Barrier

2011 12477.05 29776.50

2012 15053.55 32065.00

2013 16938.64 31767.00

2014 20836.52 29530.50

2015 24209.16 22614.00

2016 29582.24 23890.50

2017 30755.01 24827.50

2018 33321.91 24400.00

2019 34344.77 24776.00

2020 39536.67 27172.00

Table 5.8: Net Foreign Assets Value and Default Threshold for Bulgaria.

Bulgaria was close to default between 2011 and 2014, having default probabilities of

approximately 1 throughout those years. However, in 2015, the probability of default

declined heavily as it approached zero. From 2018-2020, the probability of default

was zero. This is shown by Figure 5.12. Hence, Bulgaria moved from a being a

non-investment (speculative) grade country to being of investment grade. Table 5.8.

supports this result, as it can be seen that from 2011 - 2014, Bulgaria’s net foreign

assets value FT was less than the default threshold DT i.e. for those 4 years the

inequality that showed the relationship between the net foreign assets value and the

default barrier is given by: FT < DT . However, the net foreign assets value rose

higher than the default threshold, as from 2015 up until 2020, having the inequality:

FT > DT . This ensured an approximately 0% chance of default from 2015-2020.
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5.3 Overview of the Estimated Probability of De-

fault of Sample Countries

Table 5.9 shows the estimated annual probability of default (represented by Figures

5.2, 5.4, 5.6, 5.8, 5.10 and 5.12) for the six sample countries.

Countries

Year South Africa Brazil Serbia Botswana Mexico Bulgaria

2011 0.99999622 0.99999999 1 0 0.99999990 1

2012 1 0.99999982 1 0 1 1

2013 0.99998571 0.99999475 1 0 1 1

2014 0.99999901 0.99999968 0.99999738 0 1 0.99999944

2015 0.99701232 0.97997998 0.99987681 0 0.99999494 0.15812422

2016 0.99993436 0.99818128 0.99695078 0 0.98311751 0.00113537

2017 0.99999988 0.99764432 0.99999999 0 0.99853840 0.00111384

2018 0.99999849 0.97020439 0.99999731 0 0.99989835 0

2019 0.99998923 0.99695058 0.99991376 0 0.99999097 0

2020 1 0.86854350 0.99999976 0 0.97870049 0

Table 5.9: Estimated Risk Neutral Probability of Default of Countries.

The figures on the estimated risk-neutral probability of default and Table 5.9 show

that the three speculative grade countries: South Africa, Brazil and Serbia, and an

investment grade country, Mexico have been close to default since 2011. It is also

shown that Botswana, which is the only African country currently rated investment

grade (Trading Economics 2021) has a zero probability of default. Between 2011 and

2014, Bulgaria had an almost 100% probability of default, with the probability of

default dipping massively in 2015, and becoming a steady zero probability of default

as from 2018. It can also be seen that results from Section 5.2 supports Assumption
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5 made in Chapter 4 that a country would default if at time T , FT < DT , and a

country would be able to honour its debt obligations if FT > DT .

5.4 Comparison of Merton Model to Credit Rat-

ings

Country S&P Moody’s Fitch Trading Economics

South Africa BB- Ba2 BB- 45

Brazil BB- Ba2 BB- 42

Serbia BB+ Ba2 BB- 46

Botswana BBB+ A3 - 67.

Mexico BBB Baa1 BBB- 60

Bulgaria BBB Baa1 BBB 61

Table 5.10: Credit Ratings of Countries by Big Three and Trading Economics

Table 5.10 shows that Botswana has the highest credit rating, with Bulgaria having

the second highest credit rating. Hence, making Botswana and Bulgaria the least

likely countries to default. This is in line with the results obtained using the Merton

model, with Botswana having a zero chance of default since 2011 and Bulgaria having

a zero chance of default since 2016.

While Mexico is ranked the 3rd highest of the 6 countries, its probability of default is

just as bad as the 3 countries which are rated speculative, with all four nations having

similar default probabilities. This similarity in default probabilities is also shown in

the credit ratings, with South Africa, Brazil and Serbia rated same by Moody’s and

Fitch, but Serbia rated two levels higher than South Africa and Brazil by S&P. By

Trading Economics rating, Serbia is a point ahead of South Africa and 4 ahead of
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Brazil.

Mexico’s high probability of default despite being rated investment grade follows with

its steady decline in credit ratings with Meana (2020) stating that Mexico is likely to

lose its investment grade status in late 2021 or early 2022.

Also, the reduction in Bulgaria’s probability of default is reflected in S&P raising

Bulgaria from a non-investment grade country to an investment grade country in

2017. (Krasimirov 2017).



6. Conclusions

This dissertation was aimed at estimating the probability of default for sovereign

credit risk using structural models. Using an adjustment of the Merton model, for

corporate credit-risk, the default probabilities of sovereign states were determined.

The Merton model which is a structural model assumes that an entity defaults when

a stochastic state variable falls below a certain threshold (default point) value. A

key assumption made was that whilst a country could benefit from a default through

saved capital, the costs of default outweighs its benefits, and thus the country would be

willing to pay its debt as long as it has the ability to do so (Karmann & Maltritz 2009).

The model also assumed that the supply of money of a sovereign state is equivalent

to the equity of a firm and is like a call option on the state’s net foreign assets.

In order to apply the Merton model for the purpose of estimating default probability

for sovereign credit risk, the sovereign assets value and its volatility are required. This

dissertation took the sovereign assets value to be the net foreign assets value, while

volatility of sovereign assets was estimated to be the historical volatility (standard

deviation) of the net foreign assets of the years considered. This model was chosen

for its logical simplicity.

The model was applied to six economies, three of which are considered investment

grade, and the other three speculative by the Big Three rating agencies (Standard and

Poor’s Global Ratings, Moody’s Investors Service and Fitch Ratings), all of which

had readily available data. The annual default probabilities of the six economies

for 2011-2020 were estimated and the results obtained were compared to their credit

ratings by the Big Three and Trading Economics.

The three speculative economies considered were those of South Africa, Brazil and

Serbia. The results showed that the three countries have been close to default since

2011, affirming their speculative (non-investment) grade status, implying that they
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might not be suitable for investment due to lower likelihood of the repayment of

debts owed to creditors. Also it was shown that for the years under considerations,

the countries of speculative grade all had net foreign assets value which fell below

the threshold each year, causing their default probabilities to be approximately one.

Botswana, Mexico and Bulgaria were the three countries of investment grade status

considered. The results showed that Botswana is the only country of the 6 sample

countries to have a higher level of net foreign asset value than default threshold from

2011-2020. Having a higher asset value than default threshold ensured that Botswana

was highly unlikely to default on its debt. This is proven by Botswana having a zero

probability of default from 2011 up until 2020. This is also in line with Botswana hav-

ing the best rating of the 6 sample countries. It was also shown that although Mexico

is considered investment grade, it has indeed been close to default since 2011. This

has reflected in their credit ratings which has consistently declined with predictions

made of Mexico possibly dropping out of investment grade to speculative grade in late

2021 or early 2022. Also from 2011-2020, the net foreign assets value of Mexico fell

below the default threshold annually. The default probability of Bulgaria was shown

to have dropped significantly from an almost 100% probability of default between

2011-2014 to a near 0% probability of default from 2015-2017, and a zero probability

of default in 2018 up until 2020. This result is also reflected in the country’s credit

rating, as it moved from speculative grade status in 2017 to investment grade status.

This is also supported by the net foreign assets value of Bulgaria being lesser than

the default threshold from 2011-2014, and vice versa from 2015-2020.

The model used seem to be able to reasonably tell the creditworthiness of a country

and estimate its default probability. However, the risk-neutral probabilities obtained

are likely higher than the real-world probability, in some cases. It is also important to

note that for a better estimation of default probabilities of sovereign states, further

improvements can be made to the Merton model. One such improvement could

be using a stochastic interest rate, as opposed to a fixed interest rate, which can

be the basis of further research. Also, according to Reinhart & Rogoff (2008), the
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probabilities of default are perhaps more dependent on overall debt, rather than solely

on external debt. Hence, a different model could be applied to determine default

probabilities, using large amounts of local debt.



Appendix A. MATLAB Codes for

Estimation of Probability Defaults

A.1 South Africa

{F = [95127.47 103035.71 108686.78 139345.82 148643.25 178952.76...

171226.27 165901.35 162396.96 195727.62];}

D = [169921.00 210406.00 247173.00 264329.00 246113.00 236765.50...

246262.50 256504.50 265564.00 256557.00];

a = F./D;

b = log(a);

r = 0.0770;

sigma = 0.09786635;

T = 1;

c = (r+0.5*sigma^2)*T;

num = b + c;

dem = sigma*sqrt(T);

d1 = num/dem

d2 = d1 - sigma*sqrt(T)

PD = 1 - normcdf(d2)}
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A.2 Brazil

F = [87621.61 99328.90 120214.76 131649.22 196274.35 174441.86 174997.96...

211049.76 192913.81 233755.98];

D = [220876.50 234330.00 256413.50 305458.00 295869.00 298289.00 295648.00...

310285.50 321916.00 307029.50];

a = F./D;

b = log(a);

r = 0.1184;

sigma = 0.147503246;

T = 1;

c = (r+0.5*sigma^2)*T;

num = b + c;

dem = sigma*sqrt(T);

d1 = num/dem

d2 = d1 - sigma*sqrt(T)

PD = 1 - normcdf(d2)
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A.3 Serbia

F = [6044.77 6036.79 7761.56 9557.81 10004.76 10741.63 9139.12 10399.62 ...

12082.32 12698.16];

D = [15051.50 16473.00 17661.00 16394.00 15529.50 15029.50 17586.00...

17827.50 18945.50 22994.00];

a = F./D;

b = log(a);

r = 0.0340;

sigma = 0.112382883;

T = 1;

c = (r+0.5*sigma^2)*T;

num = b + c;

dem = sigma*sqrt(T);

d1 = num/dem

d2 = d1 - sigma*sqrt(T)

PD = 1 - normcdf(d2)
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A.4 Botswana

F = [5545.75 5552.07 6272.12 7258.29 7937.71 7169.80 7057.15 6985.88...

6426.55 5488.30];

D = [1356.00 1386.50 1387.50 1370.50 1223.50 1214.00 884.00 976.50 812.00...

866.50];

a = F./D;

b = log(a);

r = 0.0682;

sigma = 0.093150193;

T = 1;

c = (r+0.5*sigma^2)*T;

num = b + c;

dem = sigma*sqrt(T);

d1 = num/dem

d2 = d1 - sigma*sqrt(T)

PD = 1 - normcdf(d2)
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A.5 Mexico

F = [95127.47 103035.71 108686.78 139345.82 148643.25 178952.76...

171226.27 165901.35 162396.96 195727.62];

D = [169921.00 210406.00 247173.00 264329.00 246113.00 236765.50...

246262.50 256504.50 265564.00 256557.00];

a = F./D;

b = log(a);

r = 0.0770;

sigma = 0.09786635;

T = 1;

c = (r+0.5*sigma^2)*T;

num = b + c;

dem = sigma*sqrt(T);

d1 = num/dem

d2 = d1 - sigma*sqrt(T)

PD = 1 - normcdf(d2)
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A.6 Bulgaria

F = [12477.05 15053.55 16938.64 20836.52 24209.16 29582.24 30755.01...

33321.91 34344.77 39536.67];

D = [29776.50 32065.00 31767.00 29530.50 22614.00 23890.50 24827.50...

24400.00 24776.00 27172.00];

a = F./D;

b = log(a);

r = 0.0055;

sigma = 0.070986383;

T = 1;

c = (r+0.5*sigma^2)*T;

num = b + c;

dem = sigma*sqrt(T);

d1 = num/dem

d2 = d1 - sigma*sqrt(T)

PD = 1 - normcdf(d2)



Bibliography

Abboushi, S. (2011), ‘Analysis and outlook of the Greek financial crisis’, Journal of

Global Business Management 7(1), 1.

Allen, D. & Powell, R. (2011), ‘Credit risk measurement methodologies’.

Amadeo, K. & Boyle, M. J. (2021), ‘Sovereign debt, why it’s important, and rankings’,

US & World Economics .

Anon (2019), ‘Random variables: Introduction to probability theory’. http://

eceweb1.rutgers.edu/∼csi/chap1.pdf.

Augustin, P., Subrahmanyam, M. G., Tang, D. Y. & Wang, S. Q. (2014), ‘Credit

default swaps–a survey’, Foundations and Trends® in Finance 9(1-2), 1–196.

Badaoui, S., Cathcart, L. & El-Jahel, L. (2013), ‘Do sovereign credit default swaps

represent a clean measure of sovereign default risk? a factor model approach’,

Journal of Banking & Finance 37(7), 2392–2407.

Belev, E. (2012), ‘A structural model of sovereign credit risk’.

Bielecki, T. & Rutkowski, M. (2000), ‘Credit risk modelling: Intensity based ap-

proach’, Handbook in Mathematical Finance: Option Pricing, Interest Rates and

Risk Management pp. 399–457.

Björk, T. (2009), Arbitrage theory in continuous time, Oxford university press.

Black, F. & Cox, J. C. (1976), ‘Valuing corporate securities: Some effects of bond

indenture provisions’, The Journal of Finance 31(2), 351–367.

Black, F. & Scholes, M. (1973), ‘Th e pricing of options and corporate liabilities’,

Journal of Political Economy 81(3), 637–654.

Bolder, D. J., Bolder, D. & Torregrosa (2018), Credit-Risk Modelling, Springer.

93

http://eceweb1.rutgers.edu/~csi/chap1.pdf
http://eceweb1.rutgers.edu/~csi/chap1.pdf


BIBLIOGRAPHY Page 94

Bouchaud, J.-P. & Potters, M. (2003), Theory of financial risk and derivative pricing:

from statistical physics to risk management, Cambridge university press.

Boyle, M. (2021), ‘Sovereign default’. https://www.investopedia.com/terms/s/

sovereign-default.asp.

Brautigam, D., Haung, Y. & Acker, K. (2020), ‘Risky business: New data on Chinese

loans and Africa’s debt problem’, China Africa Research Initiative (3).

Buchen, P. (2012), An Introduction to exotic option pricing, CRC Press.

CALIN SR III, A. C. & Popovici, O. C. (2014), ‘Modeling credit risk through credit

scoring.’, Internal Auditing & Risk Management 9(2).

Caprio, G. (2012), The evidence and impact of financial globalization, Academic Press.

Casimiro, C. A. F. (2015), Structural models in credit risk, Master’s thesis.

Cass, D. (2015), ‘Lifetime achievement award’, Finance, Economics, and Mathematics

44, 7.

Chen, J. & Perez, Y. (2020), ‘Fitch ratings’. https://www.investopedia.com/terms/

f/fitch-ratings.asp.

Chen, J. & Scott, G. (2020), ‘Sovereign credit rating’, Investopedia. https://www.

investopedia.com/terms/s/sovereign-credit-rating.asp/.

Crosbie, P. & Bohn, J. (2003), ‘Modelling default risk. retrieved 16 august 2009’.

Currie, E. & Velandia, A. (2000), ‘Risk management of contingent liabilities within

a sovereign asset-liability framework’, En: XII Seminario Regional de Poĺıtica
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