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SUMMARY 

Active magnetic bearing (AMB) systems present an elegant solution to many problems associated 

with high-speed machinery design and operation. However, AMBs are deficient in that it allows only 

for contact-free suspension of rotors. Conventional rolling bearings, named backup bearings, are 

usually installed between the magnetic bearings and the rotor in order to avoid machine damage in 

the case of suspension failure. 

Given the critical function fulfilled by backup bearings with respect to system safety, adequacy 

assessment of these bearings is vital. However, literature on the subject reveals that no established 

procedures exist in this regard. This need is addressed in the present study by creating computer 

simulation models which are capable of predicting backup bearing loads during delevitation. This 

provides a basis on which stress-related failure safety of the backup bearings may be evaluated. 

The first simulation model which is developed assumes planar dynamics of the rotor and other 

components. Development of this model mainly serves to resolve computer implementation issues 

which are relevant to the intended full model. Following development of the first model, a more 

detailed model is created by major expansion and modification of the developed code. The detailed 

model accounts for all major effects present during rotor delevitation. These include a rigid rotor 

model capable of accounting for three-dimensional unconstrained motion, a model of rotor-bearing 

contact stiffness and a model of the bearing mount stiffness. 

In order to ensure accurate computer implementation of the models, both are extensively verified by 

testing against manually obtainable solutions. Following verification, the models are also subjected to 

a validation process to ascertain the extent to which the models are representative of real-world 

behaviour. This is done by comparison of model predictions with experimental observations of a 

practical AMB system. 

Many unforeseen problems are encountered during the validation process, hindering detailed 

validation of the models. Notwithstanding these problems, valuable lessons are learnt which can 

contribute significantly to improvement of future validation attempts—a greatly lacking aspect of 

research in the field of rotor delevitation analysis. 
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1 Introduction 

In the opening chapter active magnetic bearing technology is introduced and 

contextualized with in the broader field of bearing technology . Basic concepts of 

active magnetic bearings are then presented after which the problem of rotor 

delevitation is introduced. In turn, this leads to a discussion of backup bearings. 

Following the background to the study, the intended research  is delineated.  

1.1 Background 

1.1.1 Active magnetic bearing systems 

Accurate location of rotors with respect to stationary parts and the simultaneous minimization of 

rotational friction constitute a fundamental problem of machine design. Machine elements which 

perform these functions are called bearings—indicating their load bearing capability. Various types 

are commonly available, e.g. plain, journal and rolling element bearings. Bearings are designed 

according to operational requirements, of which the most important are load-bearing capacity, 

bearing life and reliability [1]. 

Owing to the need for higher efficiency of processes, rotating machinery is designed for increasingly 

higher operating speeds [2]—giving rise to some challenging design problems. These include 

supercritical rotor operation*, bearing performance requirements and minimization of safety risks 

associated with harnessing large amounts of energy. In many instances conventional bearings cannot 

meet the aforementioned challenges. 

Active magnetic bearing (AMB) systems offer an elegant solution to many problems associated with 

high-speed machinery design and operation. Whereas other bearing types require contact with 

rotating parts, active magnetic bearings require no physical contact†. This is achieved by applying 

controlled electromagnetic forces on a rotor. 

                                                           

* Supercritical rotor operation refers to operation above the rotor’s first natural bending frequency. 

† In the case of hydrodynamic bearings contact is required between the working fluid and the rotor. 
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AMB systems are mechatronic systems which consist of mechanical, electronic and software 

components. The basic functioning of an AMB system is illustrated in Figure 1. In order to levitate a 

rotor, sensors are used to monitor the rotor’s position and this information is sent to a control system. 

The control system determines the current needed in the electromagnet’s coils to keep the rotor 

levitated near to its reference position. It generates a control signal which is sent to power amplifiers 

which produce the required coil currents. 

AMB systems have numerous characteristics that render them useful for very high speed applications 

where the use of conventional bearings is not feasible. Of these, the most important are: 

 long life with minimal operational maintenance [3]; 

 inherent and real-time condition monitoring [4], [3]; 

 active rotor control [5], [4]; 

 variable bearing stiffness and damping [6], [5], [4], [3]; 

 low bearing losses—5 to 20 times less at high operating speeds [6]; 

 elimination of the need for lubrication and associated lubrication systems [5], [4]. 

However, it ought to be mentioned that AMB systems are expensive and that implementation is very 

complicated compared to other bearing types [3]. One important reason for this is that mass 

production of AMB systems is not a reality at present [6]. Despite these facts, it can still be a cost-

effective solution when considered from a life-cycle cost perspective. It is estimated that energy cost 

savings of up to €90,000/year (2003) could be possible for turbomachinery above 1 MW [3]. 

Figure 1: Functional diagram of an AMB system [6]. 
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1.1.2 Rotor delevitation and backup bearings 

AMB systems may fail due to a variety of causes including power failure, failure of electronic 

components, control system malfunction and AMB overload [7]. System failure will often lead to rotor 

delevitation—failure of the AMB system to maintain contact-free levitation of the rotor. In very high 

speed applications (for which AMB systems are perfectly suited) rotor delevitation entails immense 

safety risks. In addition, delevitation will invariably result in machine damage*. Given these facts, it is 

vital that backup systems are provided which can ensure safe rotor delevitation. 

While methods of ensuring safety and reliability of complex systems exist (e.g. quality control, use of 

standards, redundancy and robust control), the ideal is to build fail-safe systems [7]. The machine 

components which ensure fail-safe delevitation of AMB-supported rotors are termed backup bearings†. 

Conventional bearings are commonly employed to fulfil this vital function in AMB systems [7]. 

Figure 2 illustrates the functional principle of backup bearings. The clearance (air gap) between the 

rotor and backup bearings is designed to be smaller than the clearance between the rotor and the 

magnetic bearings. When excessive rotor excursion occurs, the backup bearings thus prevent the rotor 

from making physical contact with the magnetic bearings. 

Rolling bearings are by far the most popular choice for AMB system backup bearings since it is 

relatively cheap and easy to replace [8], [9]. The use of rolling bearings also makes sense from the 

                                                           

* The reason for this is that AMBs cannot support a delevitated, spinning rotor; its construction may not even allow for support 

of a stationary rotor without damage to the rotor surface and the bearings’ laminated cores. 

† In the literature these are also referred to as auxiliary-, retainer-, catcher- and safety bearings. 

Figure 2: Functional principle of backup bearings. 
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perspective of dynamics: the inner race of a rolling bearing can be spun up by friction with the rotor. 

After gaining enough speed, a condition of zero relative surface speed can be attained. When relative 

surface motion ceases, so does sliding friction between the rotor and backup bearings [2]. This is very 

beneficial and cannot be achieved by other types of backup bearings (except for the experimental and 

more complicated zero-clearance auxiliary bearing [10]). 

1.1.3 Backup bearing selection 

The foregoing demonstrates that backup bearings perform an essential function in AMB systems. It is 

thus important to address the need for effective backup bearings through proper selection/ adequacy 

assessment procedures. 

Catalogue design of backup bearings is impossible since, as Cole et al. [9] observed, “the mode of 

operation of such bearings is fundamentally different to that originally intended and designed for.” 

Rolling element backup bearings must endure violent acceleration and impacts of the rotor which is 

absent under normal conditions. Proper bearing selection is consequently a major challenge and no 

standard practice exists [11]. There exists, for instance, no means to calculate the life of a backup 

bearing (expressed as the number of safe delevitations); only extensive experience can be trusted in 

this regard* [12]. 

From a mechanical design perspective it is fundamentally important to evaluate the bearings with 

respect to stress-related failure safety. This constitutes the first step towards proper selection of 

backup bearings and, to this end, it is necessary to have knowledge of the bearing loads. 

1.1.4 Delevitation analysis 

The task of obtaining the backup bearing loads is very complicated since each component of the 

delevitation system can significantly influence the overall system response†. In order to obtain the 

backup bearing loads it is necessary to analyse the coupled dynamics of the entire system [13]. This is 

normally done by performing transient delevitation simulations [11]. 

                                                           

* This statement represents the opinion of Cerobear—one of the world’s leading backup bearing suppliers. 

† Components involved are typically the rotor, backup bearings, bearing mounts and mount damping elements. 
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1.1.5 Summary 

Safety of AMB systems is critically reliant on backup bearings. However, no standard backup bearing 

design practice exists. The best starting point for mechanical design of these bearings is to evaluate 

the stresses experienced during rotor delevitation. This requires that the bearing loads be known 

which, in turn, requires transient simulation of delevitation. Owing to the interdependence of 

component dynamics, it is essential that the simulation encompasses all components of the 

delevitation system. 

1.2 Intended research 

In order to enable a concise formulation of the research problem, the rigid rotor delevitation problem is 

first defined. The definition puts clear boundaries on the class of systems to be studied and also on 

the initial conditions to be accounted for. The author contends that successful solution of the rigid 

rotor delevitation problem will provide insight into the delevitation dynamics of a wide array of 

practical systems—thereby facilitating proper selection of backup bearings. 

1.2.1 Definition of the rigid rotor delevitation problem 

A rigid rotor is delevitated under the influence of gravity onto two sets of identical, axially aligned 

roller element backup bearings which are mounted in identical bearing support structures. The rotor 

is rigid, dynamically unbalanced, and of concentric, cylindrically stepped form. 

At the instant of delevitation, the position of the rotor’s center of mass (COM) is known with respect 

to an inertial reference frame A. Moreover, the orientation of the rotor and its rotational velocity are 

known relative to A. The bearing mounts are assumed to be stationary at the time of delevitation. 

It is sought to determine the dynamic response of the system for a specified time interval, starting at 

the instant of delevitation. 

1.2.2 Research problem statement 

The primary goal of this study is to develop computer simulation models in order to facilitate adequacy 

assessment of rolling element backup bearings with respect to stress-related failure safety. To accomplish this 

goal, the models must address the rigid rotor delevitation problem and produce the bearing loads as 

output. This is to be done under the assumption of planar (two-dimensional) dynamics and for the 

general case of non-planar (three-dimensional) dynamics. 
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1.2.3 Research methodology and issues to be addressed 

The methodology by which the research problem will be addressed is now briefly explained. Issues, 

which must be addressed in order to solve the research problem, are identified and methods are 

proposed by which these issues may be dealt with. 

Issues which must be addressed in order to solve the research problem are as follows: 

 Identification of important aspects of delevitation dynamics; 

 Identification of important aspects of rotor delevitation modelling and simulation; 

 Mathematical formulation of the models; 

 Solution of the model equations; 

 Verification of the computer simulation models; 

 Validation of the computer simulation models. 

The first two of these issues will be addressed by conducting a literature study. It will serve to gain 

understanding of the physical processes involved during delevitation as well as the modelling of 

these processes. It is also intended to identify current best practice as regards the modelling of rotor 

delevitation modelling and simulation. 

Following the literature study, and prior to computer implementation, the models must be 

formulated mathematically. This will be done by integrating knowledge of component behaviour, 

obtained through the literature study, by means of the principles of applied dynamics. 

It is foreseen that manual solution of the model equations—typically systems of differential 

equations—will be impractical. Consequently, computer implementation of the models is inevitable. 

The simpler model, in which planar dynamics are assumed, will be implemented first in order to 

facilitate identification and solution of implementation issues. This will greatly aid implementation of 

the more general model. 

Since computer implementation of the models is a highly complex process, it presents much room for 

incorrect translation of model equations into computer code. After computer implementation, it is 

thus necessary to verify that the translation process was performed accurately. This will be done by 

extensive comparison of the computer models with simplified manual calculations. 

Since the primary goal of the simulation models is to facilitate adequacy assessment of backup 

bearings, it is crucial that the models be representative of reality. This requirement will be addressed 

by comparing model predictions with experimental observations of an AMB system (CAD-rendered 

section view shown in Figure 3). The system comprises a shaft which is powered by an induction 

motor and suspended by two radial AMBs and one axial AMB. A solid steel disk is fixed to the one 
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Figure 3: CAD-rendered section view of the experimental system (measurement instrumentation not shown). 
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end of the rotor to simulate the mass of an impeller. The machine has two backup bearing modules—

each consisting of an angular contact bearing pair, a bearing mount and damping material between 

the mount and stator. As will be explained later, the system is comprehensively instrumented to 

enable measurement and recording of system dynamics relevant to the validation process. 

1.3 Dissertation overview 

The present chapter concludes with an overview of the dissertation. In the following paragraphs each 

chapter is briefly summarized, indicating its underlying logic. 

CHAPTER 2: LITERATURE STUDY 

An overview of the literature on rotor delevitation analysis is presented. Since rotor delevitation is 

essentially a problem of rotor dynamics, basic concepts pertaining to this field are presented. An 

exposition of prominent dynamic effects related to rotor delevitation follows this introduction. One of 

the identified effects, namely backward whirling, is then explored at length because of its importance 

in rotor delevitation analysis. Backup bearing adequacy assessment—as opposed to that of 

conventional bearings—is also considered and the necessity of transient delevitation analysis is 

motivated. 

CHAPTER 3: 2-D SIMULATION MODEL 

Recall that two simulation models are created: one which assumes planar (two-dimensional) 

component dynamics and another which accounts for general, non-planar dynamics. Chapter 3 

documents the creation of the former—hereafter named the two-dimensional simulation model or 2-

D model for short. Since the 2-D model is restricted to planar dynamics it is not capable of solving the 

rigid rotor delevitation problem, as defined in section 1.2.1, in general*. Despite this, it may provide a 

good approximation to the dynamics of systems which are more or less symmetrical and, as such, 

may be applicable to a wide array of practical systems. The chapter details the model assumptions, 

mathematical formulation, computer implementation and verification of the simulation model. 

CHAPTER 4: 3-D SIMULATION MODEL 

Following the 2-D model, the more general model is documented in Chapter 4. This model allows for 

non-planar (three-dimensional) dynamics and is fully capable of solving the rigid rotor delevitation 

problem. Documentation of the general model (hereafter referred to as the 3-D model) proceeds 

                                                           

* The rigid rotor delevitation problem allows for arbitrary orientation of the rotor at the instant of delevitation. 
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similarly to that of the 2-D model, giving an account of the model assumptions, mathematical 

formulation, computer implementation and verification of the model. 

CHAPTER 5: MODEL VALIDATION 

Given the aim of the models, namely facilitation of backup bearing adequacy assessment, and the 

critical function of backup bearings, it is imperative that the models be representative of real-world 

behaviour. In Chapter 5 the models are subjected to a validation process in order to determine the 

extent to which this is the case. The chapter documents the characterization of the experimental 

system, the experimental method and comparisons between predicted and observed behaviour. 

Attention is also given to discrepancies which are revealed by the validation process and these are 

thoroughly rationalized. The validity of the models is finally evaluated and documented. 

CHAPTER 6: CONCLUSIONS AND RECOMMENDATIONS 

The final chapter concludes the research by briefly summarizing the work, drawing conclusions from 

previously presented findings and exploring implications of the research. Suggestions for future 

work which emanate from the conducted research are finally offered. 

 





 

 

2 Literature study 

This chapter is intended as an overview of  the literature concerning rotor 

delevitation analysis. Since rotor delevitation is essentially a problem of rotor 

dynamics, basic concepts of this field are presented. This is followed by an 

exposition of  delevitation dynamics.  Because of  its  criticality with respect to 

backup bearing design, backward whirling is also explored at length. Backup 

bearing design—as opposed to normal bearing selection—is also considered and the 

necessity of transient analysis motivated. Finally,  the literature on rotor 

delevitation analysis and modelling is explored.  

2.1 Basic concepts of rotor dynamics 

Rotor delevitation analysis is inextricably linked with the subject of rotor dynamics which concerns 

the behaviour, motion and forces related to the motion of rotors. It is thus unavoidable that concepts 

from rotor dynamics will emerge in a discussion of literature related to rotor delevitation analysis. 

This section intends to introduce basic concepts of rotor dynamics that are critical to fluent exposition 

of the literature. 

2.1.1 Modes of vibration and mode shapes 

Mode of vibration is a concept that is fundamental to the description of vibrations in rotating and 

nonrotating structures. In essence a mode of vibration—or mode in short—is simply an indication of 

the manner of motion present in a structure. The three most important modes of rotor vibration are 

related to lateral, torsional and axial movements. Of these, the lateral mode is of greatest concern [14]. 

The modes associated with free vibration of mechanical systems are fundamentally important. These 

modes are linked with harmonic vibration of systems at their natural frequencies. During such 

vibration maximum displacement of system elements occurs at identical times. Moreover, the 

displacements of all elements occur according to fixed ratios. This suggests the idea of a mode shape—

the physical form that a structure will assume when vibrating at its natural frequency. Note that the 

mode shapes only describe the relative amplitudes of system elements; actual amplitudes are 

determined by excitation forces. 
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It is seen that mode shapes are closely related to natural vibration of systems. Note also that 

resonance occurs when structures are excited at their natural frequencies. Mode shapes are thus 

intimately connected with structural resonances—or critical speeds in the case of rotating machinery 

[14]. 

2.1.2 The Jeffcott model 

The simplest model of harmonically excited (unbalanced) lateral rotor vibrations is the classical 

Jeffcott model. As shown in Figure 4, the model comprises an axially symmetric pinned/pivoted, 

massless shaft supporting a massive disk in its center. A stiffness (indicated by k in the illustration) is 

also associated with the shaft. The displacements of the disk perpendicular to the axis of rotation, 

,x y , constitute the two degrees of freedom of the model [15]. 

2.1.3 Differences between the dynamics of rotating and nonrotating structures 

Although rotor dynamics is concerned with vibration of rotating structures, it is instructive to 

compare the basic dynamics of rotating and nonrotating structures [16]. 

Consider the axially symmetric rotor-bearing system shown in Figure 5 (a) in which the rotor’s 

rotational speed is zero. The rotor is subject to an external harmonic excitation force F(t) of which the 

frequency corresponds to the system’s lowest natural frequency. The mode shape of the rotor is 

represented by the solid line in Figure 5 (b) which indicates the shape of the rotor’s centerline. 

Suppose the lowest natural frequency of the rotor-bearing system is 100 Hz and that the rotor is now 

spun at 6000 rpm (which corresponds to 100 cycles per second). Since it is impossible to balance a 

rotor perfectly, some residual unbalance will be present. The centrifugal force caused by the 

Figure 4: The two-degree of freedom Jeffcott model of rotor-bearing system vibration. 
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imbalance forces will cause synchronous harmonic excitation of the rotor—excitation at a rate equal 

to the rotor’s rotational frequency. Since the excitation frequency coincides with the system’s natural 

frequency, the system is in a state of resonance. 

Whereas the centerline of the nonrotating rotor moves in a single plane during resonance, centerline 

motion of the spinning rotor during resonance is three-dimensional. Figure 6 illustrates how the 

deformed rotor centerline of the spinning rotor orbits the nominal centerline, tracing out a surface of 

revolution. 

2.1.4 Whirling 

The aforementioned orbiting motion of the rotor centerline leads to the concept of whirling which is 

fundamental to rotor dynamics. Consider the instantaneous motion at a section plane perpendicular 

to the nominal centerline (z-axis) of the rotor shown in Figure 6. The resulting snapshot is shown in 

Figure 5: (a) Harmonic excitation of a nonrotating rotor-bearing system. (b) The mode shape of the rotor at the lowest 

natural frequency of the system. 

Figure 6: (a) The rotor in Figure 5 (a) seen in the positive z-direction. Excitation of the rotor is now caused by an eccentric 

mass (indicated by the shaded element). (b) The mode shape of the rotating rotor associated with its lowest critical speed. 
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Figure 7. It is seen that the rotor centerline is displaced by a distance W  as a result of the imbalance 

excitation. The vector from the nominal centerline (the origin) to the instantaneous centerline 

position, W, is called the whirling vector. It rotates about the nominal centerline as the rotor performs 

an orbiting or whirling motion. 

Two characteristics of whirling motion are particularly important, namely synchronicity and sense. 

Whirling can be either synchronous or nonsynchronous. When the rotor speed   and the whirl speed 

  (as shown in Figure 7) are equal, the phase of the excitation force WRT the whirling vector stays 

constant. In this case the whirling motion is termed synchronous [15]. When this is not the case, the 

whirling motion is termed nonsynchronous. 

Whirling sense refers to the relative rotation between of the whirling vector and the rotor. When the 

whirling vector rotates in the same direction as the rotor, the whirling motion is termed forward. 

Conversely, backward whirling constitutes opposite rotation of the whirling vector and the rotor [15]. 

Figure 7: Whirling of a rotor. 

Figure 8: Whirling sense [16]. 
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These concepts are illustrated in Figure 8. (Note that the shaded elements do not indicate imbalance, 

but simply a fixed position on the rotor disk.) 

2.1.5 Orbit plots 

Orbit plots are used extensively for description of rotor dynamics. An orbit* is defined as the path of a 

rotor’s centerline, viewed along the nominal centerline at a specific axial location. An orbit plot is thus 

a two-dimensional plot of a rotor’s orbit at a given axial location [14]. To illustrate the concept it is 

briefly noted that an orbit plot at any axial location of the rotor in Figure 6 would reveal circular 

motion of the rotor centerline. 

It is noted that orbit plots are widely used in literature on rotor delevitation as a descriptive tool. 

Confusion may arise in this regard since it is entirely possible for orbiting (whirling) motion to be 

absent during rotor delevitation. By adopting the definition stated above, the use of orbit plots for 

description of rotor delevitation need not be a problem. 

2.1.6 Rotational cross-coupling 

The behaviour of rotating and nonrotating bodies under the influence of external forces and torques 

are generally dissimilar. In particular, the rotational degrees of freedom of a rotating body can 

become coupled under the influence of external disturbances†. As will be seen later, the gyroscopic 

effect may have a significant influence on rotor delevitation dynamics. 

                                                           

* The term “orbit” is related to the “orbiting” motion of whirling rotors about their nominal centerlines (see section 2.1.4). 

† Most sources on rotor dynamics (e.g. [14], [15]) refer to this phenomenon as “the gyroscopic effect”. 

Figure 9: Illustration of a spinning rotor to which an external torque is applied. 
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Consider Figure 9 which shows a rotor that is subject to an external resultant torque resT . If the rotor 

were stationary ( 0  0 ) at the instant of disturbance, pure rotation about the x-axis would ensue. 

However, if 0  0  at the time of disturbance, it would be observed that the rotor rotates about both 

the x and y-axes*—a manifestation of the gyroscopic effect.  

For an illustrated explanation of rotational cross-coupling see Appendix A†. 

2.2 Delevitation dynamics of rotor-bearing systems 

Recall that the present study focuses on simulation of rotor delevitation dynamics. Modelling of such 

dynamics require in-depth knowledge of the physical phenomena involved. In this section it is first 

pointed out that rotor-stator rubbing dynamics (as studied in rotor dynamics) are similar to rotor 

delevitation dynamics. The major physical phenomena involved in delevitation are then identified 

and elaborated on. Lastly, generally observed delevitation behaviour which has been well-

documented, is expounded. Collectively this information enables focused analysis and simulation of 

rotor delevitation. 

2.2.1 Similarity of delevitation and rotor-stator rubbing 

Rotating machines are designed to avoid rotor-stator contact entirely. When it does take place, the 

rotor usually rubs against seals where rotor-stator clearances are minimal [15]. Such contact usually 

results from abnormal centerline displacement which, in turn, stems from excessive rotor vibration. 

Sources of vibration may include rotor misalignment and fluid-induced forces. Rotor-to-stationary 

part rubbing is considered a serious malfunction in rotating machinery and can lead to catastrophic 

machine failure [14]. 

While considered a malfunction in rotating machinery, rotor-stator contact forms an integral part of 

the function of the backup bearings. Muszyńska [14] as well as Markert and Wegener [17] noted the 

similarity of the dynamics encountered during full annular rub‡ and during rotor delevitation. This 

substantially widens the knowledge base applicable to the study of rotor delevitation dynamics. 

                                                           

* See for example [54]. 

† The explanation offered in the appendix is the author’s own construct. Hence, it contains no references. 

‡ Full annular rub occurs when a rotor whirls in a circular stator part. This results in continuous rotor-stator contact. 



DELEVITATION DYNAMICS OF ROTOR-BEARING SYSTEMS 17 

 

 

2.2.2 Physical phenomena involved in delevitation 

According to Muszyńska [14], the most important physical phenomena involved during rotor-stator 

contact are friction, impact and modification of the rotor stiffness. The following paragraphs will 

briefly elaborate on the aforementioned. 

Because of sliding friction, mechanical energy is converted to thermal energy at the contact site, 

raising temperatures and causing surface wear. This may result in modified frictional properties of 

the contact surfaces as well as problems related to local heating e.g. bowing of the rotor [14]. 

During delevitation intermittent impacts will occur between the rotor and backup bearings. Such 

impacts constitute highly transient states which are characterized by very short contact times and 

large accelerations. Large, impulsive forces are thus associated with such interaction. Because of local 

deformation and elastic wave propagation impact also causes mechanical damping [14]. 

When rotor-stator contact takes place the stiffness of the rotor is also modified. It is noted by 

Muszyńska [14] that this leads to changes in the rotor’s natural frequencies and related mode shapes. 

2.2.3 Dynamic behaviour associated with delevitation 

Some authors have attempted to analyse the delevitation process according to types of motion having 

specific dynamic traits. Although these classifications are qualitative, they are useful for discussion of 

delevitation dynamics. 

The first classification is due to Fumagalli [8] who considered the delevitation process according to 

the following “phases:” 

 free fall of the rotor, 

 impact of the rotor and backup bearings, 

 sliding motion between the rotor and backup bearings, and 

 rolling motion between the rotor and backup bearings. 

At a later stage Helfert et al. [18] classified the delevitation process according to dynamic “regimes”, 

identifying the following four: 

 rotor oscillation in the bottom of the bearings, 

 bouncing of the rotor in its bearings, 

 backward whirling, and 

 forward whirling (which may occur due to imbalance or forced deceleration). 
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Some of these “phases” or “regimes” are observed on orbit plots* like the ones shown in Figure 10†. In 

(a) alternating impact and free falling—bouncing of the rotor in the backup bearings—can be 

observed as well as oscillation in the bottom of the backup bearings. (Note that the broken circle 

indicates the interaction boundary between the rotor and backup bearing.) In (b) backward whirling 

of the rotor is prominent‡. 

Note that the remaining types of motion—sliding and rolling motion and forward whirling are not 

readily distinguishable on orbit plots. For example, it is not possible to tell from an orbit plot whether 

sliding or rolling motion is present during backward whirling; both are possible, though not 

simultaneously. It can neither be seen which is present during oscillation in the bottom of the 

bearings. 

According to Muszyńska [14], researchers seem to agree that oscillatory motion in the bottom of the 

backup bearings constitutes the ideal delevitation dynamic response. This type of motion is 

characterized by pendulum-like behaviour of the rotor [8], [19] and the associated bearing loads 

normally approach the static weight of the rotor [20]. 

With regard to bearing loads, bouncing motion of the rotor presents a worse case than oscillatory 

motion. Raju et al. [21] reported a bearing load of 12.5 times the rotor weight for the initial impact 

after delevitation. 

                                                           

* See section 2.1.5 for a description of orbit plots. 

† Annotations added by the author. The broken circle in (a) indicates the contact boundary between the rotor and backup 

bearing. 

‡ See section 2.3 for a detailed explanation of backward whirling. 

Figure 10: Rotor orbits obtained in delevitation experiments by Helfert et al. [18]. One graph division = 100 µm. 
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During impacts rotor-stator friction transfers energy from the rotor’s rotational motion to its 

translational motion [14]. As the rotor gains translational kinetic energy, intermittent impacting of the 

bearings normally ensues, and after further energy gains its tangential velocity may increase up to a 

point where it starts to whirl about the backup bearing center—resulting in continuous contact 

between the rotor and bearings. 

Continuous backward whirling is an extremely harmful phenomenon and will be explored at length 

in the following section. 

2.3 Backward whirling 

Backward whirling is by far the most harmful type of response that may occur during rotor 

delevitation. If a simulation of rotor delevitation is to be effective, it must be able to predict its 

occurrence as well as the dynamics accompanying its occurrence. It is therefore critical to have an in-

depth understanding of the backward whirling phenomenon. 

2.3.1 The nature of backward whirling 

Backward whirling is a type of self-excited, nonsynchronous* rotor motion and is one of two steady-

state, quasi-stable vibrational dynamic regimes associated with rotor-stator rubbing† [14]. It has been 

reported to cause catastrophic machinery failure and is widely regarded as the most critical state 

possible during rotor delevitation [9], [14], [18] etc. Its damaging effects include the following: 

 rotor fatigue loads of very high frequency and large amplitudes [14]; 

 plastic deformation resulting from thermal gradients caused by friction [14]; 

 severe wear and melting resulting from intense friction [8], [22]. 

During backward whirling, energy is transferred from rotational motion of the rotor to its 

translational motion through sliding friction [14]. This process is illustrated in Figure 11. The 

frictional force exerted on the rotor, f , accelerates the rotor and increases its tangential velocity v . 

Mechanical energy is converted to thermal energy at the contact site through the mechanism of 

friction. This raises surface temperatures and accelerates wear. In turn, it may lead to modified 

frictional properties of the contact surfaces as well as problems related to local heating [14]. 

                                                           

* See section 2.1.4 for a definition of nonsynchronous whirling. 

† The other dynamic regime is called synchronous annular rub and usually involves light, intermittent rotor-stator contact and 

can be caused by small amounts of imbalance [14]. It is considered less critical than backward whirling of the rotor [24]. 
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2.3.2 Whirling tendency of rotor-bearing systems 

As noted previously, it is important that a model of rotor delevitation be able to predict the 

occurrence of backward whirling. In view of this it is useful to understand the whirling tendency of 

systems. This section gives an exposition of the literature on the aforementioned. (Note that 

“whirling” will henceforth refer to backward whirling. If forward whirling is meant, it will be 

explicitly stated.) 

The following factors have been identified in literature as conducive to whirling: 

 large rotor-bearing friction coefficients* [22]; 

 large rotational inertia of the backup bearings [23]; 

 high levels of rotor imbalance [11], [24]; 

 high mount stiffness [25]; 

 operation near the first bending mode of the rotor [26], [24]. 

From section 2.3.1 it was seen that backward whirling is driven by friction. Without friction it is not 

sustainable. It thus makes sense that large friction coefficients will increase the whirling tendency of a 

system. It is also reasonable that large bearing inertia can increase whirling tendency: as long as 

slipping occurs between the rotor and bearings, friction will be present. Increased bearing inertia thus 

prolongs the presence of friction. The remaining factors are, however, much less intuitive. In addition 

                                                           

* A convenient interpretation of the friction coefficient in the present context is that of a measure of the intensity of the 

mechanism by which energy is transferred to the tangential motion of the rotor [22]. 

Figure 11: Illustration of rotor-stator friction. (Forces shown are those acting on the rotor.) 
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the available literature does not offer explanations (intuitive or mathematical) of the influence of these 

factors on whirling tendency. 

Without means to quantify the influence of these factors on whirling tendency, however, the 

abovementioned is of little practical use. In view of this, efforts have been made to establish criteria to 

ensure absence of whirling during delevitation. Alternatively it is sought to predict the whirling 

tendency in some quantitative way. Such attempts are explored in the remainder of this section. 

Maslen [27] derived a condition for the existence of steady-state, circular whirling in a compliantly 

mounted stator. The result permits calculation of the necessary variation needed in the (actual) 

friction coefficient for whirling to occur at a given frequency*. It therefore does not give information 

regarding the absolute probability of whirling occurrence. It only provides information regarding the 

likeliness of whirling occurring at a given frequency† (should whirling occur at all). 

In order to the address the problem of whirl prevention, Zhang [28] investigated the dynamic 

stability of full annular rub using the perturbation method. Under the assumption of a rigid stator a 

critical tangential speed was determined for a given system. Should the critical speed be exceeded at 

any stage, the rotor will enter into prolonged whirling motion, with the converse also true. While 

giving insight into the inception of whirling, no indication is given as to how the actual critical 

tangential speeds are to be found. The results are consequently of little practical value. 

In order to circumvent the problem of finding the actual critical tangential speed, Bartha [22] 

investigated the relationship between the tangential and radial rotor speeds after a “typical” radially 

directed excitation and found an approximately inverse relationship: as the tangential speed increases 

the radial velocity diminishes proportionately. In view of this finding, it was proposed that a critical 

radial impact speed could be found that would lead to occurrence of a given critical tangential velocity‡. 

Since the critical radial impact speed, as proposed by Bartha, cannot be analytically determined, the 

use of simulation models is necessitated. It is thus limited as a practical measure of systems’ whirling 

tendencies. 

                                                           

* The frequency referred to here is the whirling frequency—the rate of whirling vector precession. It does not refer to the shaft 

speed at which whirling occurs. 

† Recall that whirling is a nonsynchronous vibrational phenomenon (see section 2.3.1). The whirling speed therefore cannot be 

used to determine the rotor speed at which it will occur. 

‡ It has been experimentally observed that backward whirling motion can occur spontaneously due to rotor imbalance [24]. 

Muszyńska [14] therefore dismisses the necessity of a critical tangential velocity for occurrence of backward whirling in 

practical systems. 
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Bently et al. [25] investigated the existence and stability of steady-state, circular backward whirling in 

rotor-seal systems using a model of a compliantly mounted Jeffcott rotor. A stability criterion was 

found in terms of common system parameters: 

 2 1 p
p


    (2.1) 

where   is the sliding friction coefficient,   the damping factor of the system and p  the ratio of 

stator mount stiffness to the rotor stiffness. When this condition is satisfied, backward whirling 

motion will be stable regardless of rotor speed. Bently et al. concluded from this that backward 

whirling may occur over a wide speed range. This agrees with experimental results which were 

published by the same authors [24]. 

It must be kept in mind that the aforementioned analyses involve extremely simple systems for which 

planar motion is assumed in a stator (not rolling bearings) under negligible gravitational forces. 

Rotors in practical systems may be axially non-symmetric and will exhibit gyroscopic coupling of 

rotational motion, compromising the assumption of planar motion. Delevitation in rolling element 

backup bearings will also be different from that in a stator. Additionally, the tendency of gravity to 

lower the potential for backward whirling in horizontal machines has been noted* [4], [29]. It is thus 

no surprise that Muszyńska [14] considers the definition of practical whirling prevention criteria a 

“considerable challenge”. Bartha [22] also acknowledges this as a major hurdle. 

2.3.3 Dynamics of established whirling 

Attention is now focused on the influence of various parameters on the dynamics of established 

whirling in backup bearings. Important factors may then be included in the simulation model to 

enable adequate representation of whirling dynamics. 

Experimental data suggests that whirling frequencies encountered in rotor-stator systems are close to 

the systems’ lowest natural frequencies† [8], [14], [22]. This frequency has also been found to be 

largely independent of rotor speed [22], [24]. It can thus be reasoned that the parameters which 

determine the natural frequencies of rotor-stator systems also determine its predominant whirling 

frequencies. It is known from vibration theory that these parameters are mainly the masses and 

                                                           

* Note, however, that gravity also increases the initial impact velocity. According to Bartha [22], which uses a critical radial 

velocity to gauge the inception of whirling in systems, gravity should lead to increased chances of whirling. 

† During full backward whirling, the rotor and its bearings form a coupled vibratory system [14]. 
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stiffnesses of the rotor, bearings and mounts. Note that lowering the whirling frequency reduces the 

centrifugal forces associated with precession of the rotor about the bearing centerline*. 

Rolling element bearings are very stiff (~108 N/m) and would lead to whirling frequencies on the 

order of 103 Hz in combination with relatively rigid rotors. This would result in catastrophic failure of 

backup bearings. Bearings are thus usually fitted in mounts which are softly supported (henceforth 

this practice will be referred to as “soft mounting” of the bearings). Soft mounting results in lowered 

system stiffness and thus also in lowered natural frequencies and lowered whirling forces. 

Consequently it is considered an essential part of backup bearing design [11], [20]. Since soft 

mounting favourably influences whirling, it is fortunate that it also reduces impact forces sustained 

by the backup bearings during delevitation [19]. 

Whirling dynamics are also influenced by other system parameters. Bearing support damping is the 

most prominent of these. It permits energy dissipation which contributes to break-up of whirling 

motion [23] (except in cases of extremely high damping [30]). In general there seems to be an optimal 

value for support damping [4], [30]. It has also been noted that rotor imbalance [20] and delevitation 

near critical speeds [31] can result in exacerbated whirling. 

2.4 Adequacy assessment of rolling element backup bearings 

Recall from the research problem statement in section 1.2.2 that the primary goal of the computer 

simulations is to “facilitate design of rolling element backup bearings.” Design of REABs (rolling element 

backup bearings) is quite unlike that of conventional bearings. In view of the foregoing, REAB design 

practice is investigated to identify simulation requirements (e.g. output) that will facilitate REAB 

design. 

In general engineering, the design of roller element bearings consists of adequacy assessment and 

selection of components previously designed by bearing specialists. To assess the adequacy of a 

rolling bearing for normal operation†, it is necessary to consider the bearing life, subject to a specified 

reliability, at specified operating conditions. These conditions normally encompass the operating 

speed and the effective radial load [1]. 

                                                           

* This fact is based on the dynamics of planar particle motion. When in circular motion, the magnitude of the centripetal force 

acting on the particle is proportional to the square of its angular speed. 

† “Normal operation” refers to fitted mounting of the bearing on a shaft (as opposed to intermittent contact across an air gap in 

rotor delevitation systems). 
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In the case of REABs, catalogue design is impossible since, as Cole et al. [9] succinctly observed, “the 

mode of operation of such bearings is fundamentally different to that originally intended and 

designed for.” REABs must endure violent acceleration and impacts of the rotor which is avoided in 

normal bearing operation. Moreover, a minimum operating load is also required for normal rolling 

bearings. REABs may not satisfy this requirement during speed-up of the inner ring. It is noted that 

bearing manufacturers (e.g. SKF and Cerobear) offer bearings that are designed to function as backup 

bearings. However, no selection criteria or procedure is offered and bearing selection is performed in 

close cooperation with the companies offering them [12]. 

In their 2008 article titled “Rotordynamic Auditing of AMB Supported Machinery” Swanson et al. 

[11], cited relevant standards for dynamic performance of AMB-supported rotors. However, in their 

consideration of rotor dynamics pertaining to backup bearing operation, they did not refer to any 

design codes or standards. This either implies that such codes and standards did not exist at the time 

or that existent ones were not suited to practical application. 

The absence of established design procedures alludes to the current inability to generalize knowledge 

about delevitation dynamics from one system to the next. This view is reinforced by the fact that a 

wide experience base has been accumulated with respect to operation of AMB systems [29]. 

Rotor delevitation is a complex phenomenon, with the dynamics of each component entirely 

dependent on that of the others. Complete system analysis is thus necessary if insight is to be gained 

into the underlying processes [13]. As a result of the foregoing, REAB design mainly relies on 

transient rotor drop simulation and experience [7], [11]. 

2.5 Modelling and analysis of rotor delevitation system components 

In the previous section it was noted that backup bearing design relies heavily on simulation of rotor 

delevitation dynamics. Recall that it is also the purpose of the present research to develop a 

simulation model of rotor delevitation. This section thus explores methods of rotor delevitation 

dynamic analysis. Individual component modelling is first addressed after which literature on 

component interaction modelling is explored. 

In the literature concerning rotor delevitation of AMB systems, modelling of systems and components 

is encountered mainly in three contexts: 

 complete system modelling (comprising rotor, bearing and bearing mount); 

 detailed modelling of backup bearing dynamics; 
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 industrial research and development*. 

Throughout the following literature overview, these modelling contexts will be explicitly referred to. 

This will aid judgment regarding the usefulness of different models in the context of the present 

study. 

2.5.1 Rotors 

In the context of rotor delevitation analysis, the following types of rotor models are found in 

literature: 

 models which assume planar dynamics and rigidity [32], [33]; 

 modified versions of the Jeffcott rotor model [30], [22], [25], [34], [35]; 

 models which assume rotor rigidity and accounts for three-dimensional motion [36]; and 

 models which account for flexibility of the rotor [2], [19], [37], [38]. 

The first of these models is the simplest, with the rotor considered a rigid body subject to motion in a 

single plane. As far as modal analysis is concerned, only the cylindrical rigid body mode can be 

accounted for when coupled with a bearing model. 

While the Jeffcott rotor model also considers planar motion, the two translational degrees of freedom 

are associated with a massive, eccentric disk supported in the middle of a flexible, massless shaft. 

This model can account for lateral vibration associated with the first bending mode of the rotor. 

The Jeffcott rotor model is often also modified to include more complexity (e.g. internal shaft 

damping) while retaining the simplicity of axial symmetry and planar motion. One notable extension 

of the Jeffcott model is one that considers the rotor as three lumped masses—two masses at the 

bearing locations in addition to the centred disk of the Jeffcott rotor [30]. Although this resembles the 

actual mass distribution more closely, no additional modes are accommodated by the model as a 

result of this modification. 

The aforementioned models all assume planar rotor dynamics. Therefore they cannot account for 

axially unsymmetrical rotor features (as in the case of overhung rotors) and gyroscopic coupling of 

rotational motion.† In cases where these factors may be significant and where the rotor is sufficiently 

rigid, a three-dimensional rigid body model of the rotor is appropriate. Owing to the risk associated 

                                                           

* The third context is not necessarily distinct from the others. However, it is considered because of the practical nature of such 

investigations—usually requiring successful design and/or commissioning of machinery. 

† In the case of rotor delevitation, where the torque caused by backup bearing forces will always be approximately 

perpendicular to the primary rotation axis, this may have an important influence. 
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with delevitation near the first bending frequency [11], [35] supercritical delevitation* is usually 

avoided by design. Most rotors can thus be assumed rigid for practical purposes. The fact that only 

one source in the available literature, [36], utilizes a three-dimensional rigid rotor model is thus rather 

perplexing. 

Rotor models that take flexibility into account are employed when the assumption of rigidity is not 

justified. Contrary to the aforementioned models, flexible ones are capable of representing lateral 

vibration associated with higher bending modes (e.g. second and third bending modes). 

Two methods of flexible rotor modelling are found in literature, namely the Transfer Matrix (TMM) 

and Finite Element Methods (FEM). The TMM models rotors as lumped, rigid, inertial elements 

connected by elastic, massless shaft elements [15]. A state vector, representing the degrees of freedom 

and forces at a section of the rotor, is transferred between different elements using transfer matrices 

[39]. While not a new technique, implementation of transient rotor models in TMM-environments is a 

new development [39] which is not in widespread use. The use of the FEM for dynamic rotor 

simulation, on the other hand, is well-established†. For most rotor systems the higher modes of 

vibration have a negligible effect on lateral vibration [22]. The availability of reduction techniques 

(e.g. modal truncation), which are compatible with the FEM, therefore greatly facilitates the use of the 

FEM in this regard. 

As a last word on rotor modelling, the different contexts in which rotor models are used are 

considered. In the context of full rotor delevitation analysis the models are used more or less equally. 

Literature concerning the detailed dynamic behaviour of REABs during delevitation is much less 

common but, in that found, simpler models seem to be preferred. In a study by Sun [36] on high-

fidelity backup bearing models, the rigid planar model was used, and in a similar study by Cole et al. 

[9] rotor motion was not even considered—the influence of the rotor on the bearing was represented 

by a single, constant force. As far as industrial research and development of backup bearing systems 

is concerned, more complex rotor models tend to be used. In order to analyze a compressor failure, 

Kirk et al. [35] used a modified version of the Jeffcott rotor. Furthermore flexible, unbalanced rotor 

models were used for the development of industrial machinery backup bearing systems [19] and [38]. 

                                                           

* The term refers to delevitation above the first bending natural frequency of the rotor. 

† As evidenced by its use in commercial rotor dynamics software e.g. DyRoBeS, ARMD, XLRotor etc. 
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2.5.2 Rolling element backup bearings 

As a result of the interdependence of component dynamics during delevitation, reliable models of all 

components are needed for meaningful modelling of overall system dynamics. Bearing models are no 

exception and the models found in literature range from simple to extremely detailed. 

Simpler models usually employ parameters which define the dynamic behaviour of bearings. The 

software package DyRoBeS, for example, utilizes a reduced friction coefficient to model the influence 

of a rolling element bearing on a rotor [26]. More commonly, however, REABs are modelled as 

having one rotational degree of freedom. The rotational behaviour is then described by a constant 

value of rotational inertia [19], [23], [37]. 

REABs introduce various nonlinearities into rotor delevitation dynamics* and some researchers 

attempt to account for this in their analyses. Sun [36], for instance, created sophisticated models to 

study the dynamics of angular contact backup bearings. These models account for thermal expansion 

of the bearing elements and for axial preloading. Kärkkäinen [2] also created highly detailed bearing 

models by using the methods of computational multi-body dynamics. Factors accounted for include 

internal bearing friction, contact damping (in ball-to-ball and ball-to-race contacts) and even elasto-

hydrodynamic lubrication between the balls and races. 

One additional case deserves to be mentioned. Tessier [38] developed the backup bearing system for 

an industrial Hydrogen process compressor. The angular contact bearings were modelled by a 

“simple PD control to simulate stiffness and damping properties [of the backup bearing system+.” 

This control was applied to a flexible rotor model and used to determine the optimal ranges of 

stiffness and damping for stable rotor delevitation. Using this information, the bearing mounts were 

designed to provide the required stiffness and damping. Delevitation tests were successfully 

performed for the entire speed range of the machine, including eight tests above the first bending 

frequency of the rotor. Given the method’s apparent simplicity and successful application, it is 

surprising to note its subsequent absence in the available literature†. 

While extremely detailed bearing models exist, the focus of the present study concerns engineering 

design. In this context, an adequate model enables satisfactory design without the consideration of 

                                                           

* There may be clearance between the inner race and the rolling elements, which causes a discontinuously nonlinear stiffness 

effect. Additionally, roller-race contact stiffness is also nonlinear. 

† The article by Tessier was published in 1997. More than ten years have thus passed since its publication. 
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unnecessary complexities. In view of this, it is noteworthy that simple, parameter-based models were 

used in the studies which had direct industrial and practical significance*. 

2.5.3 Damping elements 

It was noted in section 2.3.3 that soft mounting of backup bearings is generally favourable with 

respect to delevitation dynamics. The reasons for this are that it reduces impact forces and that it 

lowers whirling forces in the event that it should occur. In their article titled “Rotordynamic design 

audits of AMB supported machinery” Swanson et al. [11] notes that industrial mounts typically 

contain damping elements. They also consider it “...essential that<backup bearing[s] be mounted in a 

compliant, damped mount system.” It is thus crucial that realistic simulation models account for soft 

mounting of the backup bearings. 

Little attention has been given to the modelling of damping elements/soft mounts in the literature†. 

Sun [4] made use of a squeeze-film damper and modelled it in detail by the fluid-flow equations 

pertaining to journal bearings. Schmiedt and Pradetto made use of a corrugated, metallic damping 

ribbon [23] and assumed it to have linear stiffness and viscous damping properties in their 

delevitation model. Mention is also made of the use of “elastomeric dampers” which were custom-

designed in order to give a predetermined stiffness and damping. After manufacturing, the mounts 

were tested by means of an electromagnetic shaker in order to determine the frequency-dependent 

stiffness and damping of the material‡ [38]. Frequency-dependent behaviour of the mounts was, 

however, not taken into account in the modelling process. O-rings have also been used as damping 

elements and two accounts of this are found in the literature. Kirk et al. [35] assumed the o-rings to 

have linear stiffness and viscous damping properties, whereas Reitsma [13] makes no mention of the 

modelling method. 

2.6 Modelling and analysis of rotor-bearing interaction 

Modelling of rotor delevitation behaviour requires models of individual components but also of the 

interaction between these components. In the context of rotor delevitation, rotor-bearing interaction 

basically involves contact/impact analysis in order to determine the forces involved. 

                                                           

* These are the studies conducted by Schmied and Pradetto [23], Hawkins et al. [19] and by Tessier [38]. 

† Damping element design and construction is currently a key technology in the AMB industry and the author speculates that 

this is a major factor contributing to its absence in literature. 

‡ Frequency-dependent stiffness and damping is a general trait of viscoelastic materials. 
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2.6.1 Contact and impact dynamics—general considerations 

According to Gilardi and Sharf [40] the terms contact and impact are used ambiguously and 

interchangeably in literature. As a result of this they consider contact to be a continuous process, 

taking place over a finite time and occurring when multiple bodies touch one another. Impact is a 

special case of contact that occurs when multiple bodies collide. It is characterized by brief duration, 

relatively high acceleration levels and rapid energy dissipation*. 

In a broad sense, there are two approaches to contact modelling: the impulse-momentum or discrete 

approach and the force-displacement or continuous approach. In the discrete approach it is assumed that 

the bodies involved are rigid. The impact duration must therefore be zero and the system state must 

change discontinuously. Only conditions before and after impact are thus considered† [40]. In discrete 

formulations a dimensionless restitution coefficient accounts for energy dissipation and provides a 

global measure of energy dissipation effected through various mechanisms [41]. In contrast with the 

discrete approach, continuous models explicitly account for the deformation of contacting and 

impacting bodies [40]. 

It is important to note that the nature of discrete models does not permit determination of contact 

forces [41]. With regard to backup bearing design—which is driven by accommodation of loading 

conditions—this is essential. 

2.6.2 Elements of rotor-bearing interaction modelling and analysis 

It must be remembered that rotor-bearing interaction modelling, as currently addressed, fits into the 

framework of rotor delevitation dynamics modelling. Therefore the emphasis is on the forces of 

interaction since these facilitate determination of system dynamics. Within these boundaries, two 

aspects of rotor-bearing interaction are important, namely contact normal and frictional forces. 

2.6.3 Contact normal force modelling 

In general, force-penetration relations of curved bodies in contact are nonlinear since the contact area 

increases with increasing indentation. Loading and unloading of a contact also gives rise to energy 

dissipation (in the form of heat and vibration caused by elastic wave propagation) and is therefore 

                                                           

* This statement represents an interpretation of the original authors’ explanation; contact and impact were not explicitly defined 

in [40]. 

† This also implies that static contact (e.g. two bodies pressed against each other by constant forces) cannot be described by a 

discrete contact model. 
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accompanied by damping. These complexities render mathematical treatment difficult, and as a result 

contact force modelling presents considerable challenges. This is also evident from the fact that exact 

analytical solutions of interaction forces are only available for extremely simplified geometry—and 

then only under additional simplifying assumptions [40]. 

With regard to continuous force-penetration models, three types of forces are normally considered: 

 conservative contact forces, 

 forces due to viscous damping in the bodies involved and 

 forces due to plastic deformation [41]. 

The first two forces strongly suggest analogy with a spring-damper system, as commonly employed 

in vibration theory. Impact is consequently modelled almost exclusively by using this analogy. Since 

plastic (permanent) deformation of a rotor or its bearings is not desirable during delevitation, it is 

usually avoided by design. Therefore models which allow for plastic deformation need not be 

considered in the present context. 

In the literature, the following models are commonly used to describe normal forces resulting from 

rotor-bearing contact: 

 no explicit contact force model [19], [23], [25], [26]; 

 spring-dashpot model [30]; 

 Hertz model (line contact) [21], [36], [42]; 

 Hunt & Crossley model [2], [8], [18], [32], [33]. 

Each of the mentioned contact force models will now be briefly described. 

NO EXPLICIT CONTACT FORCE MODELLING 

Several sources were studied (see the list above) in which rotor-bearing contact was not explicitly 

modelled. The analyses contained in the mentioned articles all employ a single “resultant” stiffness 

which encompasses all compliance in a given system. Hawkins et al. [19] used the soft mount stiffness 

as the resultant stiffness*. Schmied and Pradetto [23] similarly used the stiffness of a corrugated 

damping ribbon as their resultant stiffness—thereby ignoring the effects of ball bearing and rotor-

                                                           

* The mount stiffness was 1.3 x 107 N/m. 
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bearing contact deformation*. According to Bartha [22] contact stiffness in practical rotor-bearing 

systems is “high enough to be regarded as rigid†.” 

SPRING-DASHPOT MODEL 

As mentioned earlier, contact penetration and energy dissipation are modelled by analogy with 

spring-damper systems. Since material damping is considered viscous [41], the simplest model 

possible is that of a linear spring-dashpot system. In such a system the spring represents the 

conservative force and the dashpot the dissipative force present in the interaction. According to this 

model the contact normal force, F , is given by 

 F k c     (2.2) 

where k  and c  are the stiffness and viscous damping coefficients and   the relative penetration. A 

qualitative representation of this relation is shown in Figure 12. 

This model has some prominent weaknesses: firstly, it contains a linear stiffness term, while the 

physical process is nonlinear; secondly, a nonzero contact force exists at zero penetration as a result of 

the damping term (this can be seen in Figure 12). The model is thus physically unsound in more than 

one way [40]. Despite these weaknesses, it is popular due to its simplicity. 

                                                           

* The stiffnesses of the damping ribbon and the ball bearing were measured as 5.7 x 107 N/m and 4.3 x 107 N/m respectively—

differing approximately by an order of magnitude. 

† Closer scrutiny reveals that this statement is not completely correct. Contact stiffness can only be considered negligible when 

it is high relative to other stiffnesses in the system. 

Figure 12: Qualitative representation of the spring-dashpot model force-penetration relation. 
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HERTZ MODEL 

In general, the relation between the conservative part of the contact force and penetration for curved 

surfaces (as opposed to flat surfaces) is nonlinear. This is a result of the enlargement of contact area 

with increasing penetration [40]. When considering the spring-dashpot model, an improvement in 

this regard is the next logical step. 

The classical nonlinear model of contact forces between curved bodies is attributed to Hertz. The 

model was derived from first principles of the theory of elasticity. The force-penetration relationship 

predicted by the Hertz model is given by the equation 

 nF k . (2.3) 

In the above equation k and n  are constants which are dependent on material properties and 

geometry of the bodies involved. It is important to note the following underlying assumptions of the 

Hertz model: 

 contacts are elastostatic*; 

 contacts are nonconformal†; 

 the contact surface has a planar, elliptic form; 

 the contact is frictionless so that the contact forces are normal to the contact surface. 

These assumptions render the Hertz model particularly useful for situations involving hard materials 

and low impact speeds‡. Note also that the first of these assumptions implies that the model cannot 

account for energy dissipation during contact. The next model explicitly accounts for contact energy 

dissipation. 

HUNT AND CROSSLEY MODEL 

The Hunt and Crossley model [43] incorporates hysteretic damping into the Hertz model and is 

expressed by the equation  

 n nF k     . (2.4) 

                                                           

* This means that the relative penetration velocity is zero and that the bodies involved exhibit linear elastic deformation 

behaviour. 

† The bodies’ curvature radii at the contact site are not of similar magnitude. This implies that the contact deformation is highly 

localized. 

‡ With “low impact speeds” it is meant that the primary mechanism of energy dissipation is elastic hysteresis in the material. 

Plastic deformation becomes the dominant mechanism of energy dissipation when the initial penetration velocity approaches 

the speed of elastic wave propagation in the material [52]. 
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In this equation the stiffness coefficient (k ) and stiffness exponent (n ) is identical to that of the Hertz 

model. 

Recall that the coefficient of restitution, as employed in discrete contact modelling approaches, is a 

measure of energy dissipation. In contrast with the damping parameter  , it can be measured easily. 

In order to facilitate the use of eq. (2.4) the damping parameter was related with the coefficient of 

restitution. In order to achieve this, they adopted the following result obtained by Goldstein*: 

 01     (2.5) 

in which 0  represents the initial relative impact velocity and   is a constant. It was found that the 

damping parameter is related to the coefficient of restitution by the equation 
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which is valid under the condition that  20 02   . By using the relation in eq. (2.6) it was 

possible to express the model in its final, more usable form: 
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LINE CONTACT MODEL OF CYLINDRICAL JOINTS WITH CLEARANCE 

Though not used in the literature relating to rotor delevitation analysis, a model due to Liu et al. [44] 

is added to the list of contact normal force models. It describes the force-displacement behaviour of 

cylindrical joints with clearance and was derived from finite element analyses of such joints. The 

model is described by the equation 
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 (2.8) 

where E  represents the Young’s moduli of both materials†, L  the length of the line contact and R  

the radial clearance in the joint. 

                                                           

* Goldsmith, W., Impact. London: Edward Arnold (Ltd.), 1960. 

† The model is only valid for the case where the Young’s moduli of both materials are the same. 
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Note that this model explicitly relates contact force and displacement. Compared to other line contact 

models, which invariably relate these parameters implicitly, the model of Liu et al. is much more 

suited to implementation in a computing environment. 

2.6.4 Contact friction modelling 

Up to this point, the normal forces of impact and their modelling have been discussed. It is especially 

to consider frictional forces between contacting surfaces—both in relative sliding and rolling motion. 

Each of these will now be explored briefly. 

SLIDING FRICTION 

Sliding friction is a phenomenon whereby the kinetic energy of touching objects in relative motion is 

dissipated by several types of surface interaction. These include cold welding, formation and 

breakage of adhesive bonds and physical interaction between surface asperities. It is a complex 

phenomenon which depends on many factors e.g. contact geometry and topology, material properties 

and relative surface speed [45]. 

The Coulomb model of friction, treated in most texts on elementary physics, is the simplest available. 

It encompasses static and dynamic friction behaviour and is mathematically expressed as 

 
s,max

.

s

d d

f N

f N








 (2.9) 

In this equation s,maxf  and df  represent the maximum static friction force and dynamic friction force 

respectively, s  and d  the corresponding coefficients of static and dynamic friction and N  the 

contact normal force. 

Although many other friction models exist, Coulomb friction is used almost exclusively in rotor 

delevitation dynamic modelling (see [8], [23], [32], [36], [33] etc.). While some authors suggest 

refinement of this approach—for example Fumagalli [8] and Helfert et al. [18]*—others contend that 

the Coulomb model is sufficient [2], [46]. 

Lastly, a case deserves to be mentioned in which the authors totally ignore rotor-bearing friction in 

delevitation analysis of a 30000 rpm industrial cryogenic gas expander [19]. This is perplexing since 

friction is the sole mechanism by which energy is transferred to backward whirling motion—the most 

                                                           

* Both express concern about the effect of high relative surface speed on rotor-bearing friction. 
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critical state of operation possible*. It would thus be entirely possible for a catastrophic machine 

failure to occur even if simulations had predicted satisfactory delevitation behaviour. 

ROLLING FRICTION 

Rolling friction is the phenomenon whereby energy is dissipated in dry, rolling contacts and may 

additionally contribute to energy dissipation during delevitation. 

In rolling contacts the primary mechanism of energy dissipation is elastic hysteresis caused by cyclic 

strain and relaxation of material moving into and out of the contact zone [47]. “Bulging” of the load-

bearing surface in front of the rolling object also impedes forward motion (this is illustrated in Figure 

13). This results in energy dissipation in the form of heat. Typically, rolling friction is modelled as a 

single force opposing the relative rolling motion—much like sliding friction. The rolling friction force 

is given by 

 r rrf N  (2.10) 

where rf  and N  are the rolling friction and contact normal forces respectively and rr  is the 

coefficient of rolling resistance. 

The available literature is inconclusive concerning the significance of rolling friction in rotor 

delevitation. Many researchers ignore rolling friction in rotor delevitation analyses ([23], [25], [19], 

etc.) while others do not ([30], [22], [37]). With regard to its effect on established whirling, Bartha [22] 

noted that it makes little difference. However, another study suggests the contrary: a gas circulator, 

developed by James Howden & Co., had displayed unexpectedly high damping levels during 

delevitation testing. The unexpected damping was attributed to rolling friction between the rotor and 

backup bearings. A subsequent study suggested that an amplification factor, equal to the ratio of 

                                                           

* See section 2.3.1 where this statement is motivated from the literature. 

Figure 13: Physical causes of rolling friction. 
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bearing diameter to rotor-bearing clearance, is associated with rolling inside circular surfaces [29]. No 

mathematical or experimental proof of this conjecture has however been attempted. 

2.7 Summary 

The literature shows clearly that backward whirling is the most critical delevitation behaviour 

possible. It results in extremely large bearing loads and may cause catastrophic machine failure. 

Rotor-bearing impacts also result in relatively high bearing loads. It is thus essential that the 

proposed computer simulation be able to account for these phenomena. This necessitates modelling 

of rotor-bearing friction and impact. It is also clear from the literature that soft mounting of the 

backup bearings are indispensable and a standard industrial practice. Realistic simulation models 

therefore need to account for soft mounting. 

Finally, it is noted that the literature exhibits lack of generalized knowledge about rotor delevitation. 

This is evidenced by the absence of established design practice in the form of codes and standards. 

However, the physical phenomena involved in the delevitation process are understood well. The 

author is thus of the opinion that simulation of rotor delevitation can be approached sensibly. 

 



 

 

3 2-D Simulation model 

This chapter documents the creation of a two -dimensional model  of rotor 

delevitation.  The assumptions, mathematical  description, computer implementation 

and verification of the simulation model are detailed . While not capable of solving 

the rigid rotor delevitation problem, the 2 -D model is  expected to provide a good 

approximation of the behaviour of fairly symmetrical systems.  

3.1 Introduction 

From the literature study in the previous chapter it is seen that it is standard practice to address 

adequacy assessment of delevitation system designs by simulation of transient rotor delevitation 

behaviour. This is a direct consequence of the inadequacy of existing analytical rotor delevitation 

models. 

This chapter details the creation of a two-dimensional (2-D), transient rotor delevitation model which 

addresses the lack of current analytical models. Although it is a stepping stone towards a more 

complete model—the 3-D model in Chapter 4—it is also a model in its own right. Since its primary 

assumption is that of planar dynamics it is expected to provide a good approximation to the 

behaviour of fairly symmetrical systems. 

3.2 Primary model assumptions 

3.2.1 Planar motion of components 

The primary assumption of the 2-D model is that of planar component dynamics—thereby restricting 

the motions of the rotor, bearings and bearing mounts to two dimensions. This assumption implies 

the following; 

 the rotor must be axially symmetric; 

 no couple/dynamic imbalance can be present in the rotor (static imbalance is permissible); 

 the bearings, bearing mounts and damping elements must be identical; 

 the backup bearings are located equidistantly from the rotor’s center of mass; and 

 the rotor centerline is initially parallel to that of the bearings. 
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3.2.2 Rigidity of components 

The present analysis is not concerned with rotor flexibility—as will be recalled from section 1.2.1. It is 

therefore restated that the rotor is assumed to be a rigid body. 

It is also assumed that the bearings are radially rigid*. This is a good approximation when the bearing 

supports are mounted softly since the radial deflection of the bearings is then negligible compared to 

that of the mounts. 

3.2.3 Contact stiffness model 

It is assumed that the rotor-bearing contact behaviour can be adequately described by the contact 

model proposed by Liu et al. [44] for contact forces in cylindrical joints with clearance. This model 

does not account for contact damping. 

3.2.4 Damping material model 

As noted in the literature study, backup bearings are usually soft-mounted. The 2-D model assumes 

that the behaviour of the damping material can be adequately described by a combination of linear 

stiffness and viscous damping properties—in essence by a parallel spring-dashpot model. 

3.3 Description of the model features 

The 2-D simulation model considers interaction of a rotor, backup bearings and bearing mounts, all of 

which are constrained to planar motion. This is illustrated in Figure 14 which shows the 

corresponding lumped masses and the stiffness related to contact and the damping material. Owing 

to gravity the rotor is accelerated across the air gap upon delevitation after which it impacts the 

bearings and bounces back. During impact, rotor-bearing friction will cause translational and 

rotational acceleration of both the rotor and bearings. 

                                                           

* This assumption only implies that no radial displacement will take place upon application of a force. The bearings can still 

rotate and are not considered to be solid bodies. 
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3.3.1 Rotor model 

Given the assumption of planar motion, the rotor model is fairly simple: it is considered as a lumped 

mass that moves in a single plane (see Figure 14) and its rotation takes place about a single axis that is 

parallel to the bearing centerline. Static imbalance of the rotor is also considered. 

3.3.2 Bearing model 

Recall that the rotor delevitation system is assumed to be axially symmetrical. This implies that the 

bearing setup must also be symmetrical. It is assumed that an equal amount of identical bearings are 

used in each bearing module of the actual system. In the 2-D model the dynamic effects of these 

bearings—their linear and rotational inertias—are lumped together. In other words, the bearings are 

assumed to move and rotate in unison. Since the bearings are securely fitted in their mounts, their 

translation is fully coupled with that of the bearing supports*. As a result, the bearings and mounts 

move as single units. 

The 2-D model accounts for rotation of the bearing inner rings. As will be derived later, the effects of 

both inner ring and rolling elements on the rotational inertia are considered. Although rotational drag 

torque exists in the bearing, no justified means exist by which it may be accounted for. The classical 

                                                           

* This is shown in Figure 14 by lumping the masses of the bearing support (variable subscript bs) and the bearings (subscript b) 

together as a single vibrating mass. 

Figure 14: Approximation of a rotor delevitation system by a simplified vibratory system. 
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formula of Palmgren (see for example [47]), which comes first to mind, is dependent on a constant 

bearing load. Since no single, well-defined backup bearing load is present during delevitation, this 

effect is ignored. 

3.3.3 Rotor-bearing contact model 

In order to describe contact normal forces, rotor-bearing interaction is modelled by compression of a 

spring-damper system (see 2.6.3). Since contact deformation is a highly localized effect, the rotor and 

inner rings are still considered as rigid bodies. Frictional forces are modelled by the familiar Coulomb 

friction model (see 2.6.4). 

3.3.4 Bearing mount and damping material models 

Similarly to the rotor, the bearing mounts are considered as lumped masses which are constrained to 

move in a single plane. The damping material which supports the bearing mount is modelled by a 

parallel spring-dashpot model, accounting for linear stiffness and viscous damping behaviour. 

3.3.5 Hard stop model 

Hard stops are almost invariably incorporated into practical rotor delevitation systems. Although 

compliance of the bearing modules is desirable, the displacement must be limited. This is to prevent 

the rotor from hitting the magnetic bearings. 

A hard stop effect is incorporated in the 2-D simulation model. This is done by considering additional 

stiffness and damping when the bearing support is displaced more than a certain amount. In Figure 

14 the effects of both damping material and hard stop is incorporated in the spring-damper system 

labelled kd. 

3.4 Mathematical formulation 

3.4.1 General approach to translation and rotation of components 

Newton’s second law of motion, applied to rigid bodies, is used to describe translational motion of 

the system components. Given a rigid body of mass m  of which the center of mass (COM) is located 

at r , the resultant force acting on the body is given by 

 res mF r . (3.1) 
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Furthermore, a simplified relation between resultant torque (about the COM), resT , and angular 

acceleration, , is used to describe the planar rotational component dynamics: 

 res IT  . (3.2) 

This relation is valid only for rotation about the principal axis of a body with which the principal 

moment of inertia, I , is associated. 

3.4.2 Rotor motion 

In order to describe the translational motion of the rotor’s COM, eq. (3.1) is applied. In the present 

case the resultant force, ,res rF , is equal to the sum of gravitational force, the contact force, cF , and 

(static) imbalance force, imbF , acting on the rotor: 

 ,res r r c imbm  F g F F . (3.3) 

The torque acting about the COM is solely caused by the rotor-bearing contact force*. If the position 

vector of the contact site is represented by cr , the resultant torque about the rotor COM, ,res rT is† 

 ,res r c c T r F . (3.4) 

3.4.3 Imbalance forces 

Static imbalance is taken into account by adding the imbalance force to the resultant force acting on 

the rotor. Figure 15 shows the residual imbalance mass on a rotor (shaded element) and its location 

relative to the COM, imbr . If the angular speed of the rotor about the z-axis is represented by  , the 

static imbalance force, imbF , is given by 

 2
imb imb imbm F r . (3.5) 

                                                           

* Given the assumption of planar dynamics, it is not possible to account for distributed rotor unbalance which could have 

added to the resultant torque on the rotor. 

† See section 3.4.2 for calculation of the contact force. 
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3.4.4 Rotor-bearing contact 

Two aspects of contact modelling are important for computer implementation of the 2-D model: 

 determining whether contact is present at a given instant; 

 determining the direction and magnitude of the contact forces and torques if present. 

The issue of contact detection is addressed first. Consider the (planar) representation of the system 

geometry shown in Figure 16. The nominal centerline position of the rotor and bearing is located at O. 

Suppose that the rotor and bearing position vectors with respect to the XY coordinate axes are given 

by ,cL rx  and ,cLbx . The vector from the bearing centerline to the rotor centerline is then given by 

 , , ,b r cL r cLb x x x . (3.6) 

If the rotor and bearing radii are represented by rR  and bR  respectively, the radial clearance can be 

calculated by using the formula 

 rad. clearance = b rR R . (3.7) 

A contact criterion can be formulated from these two definitions: contact will occur when 

 ,b r b rR R x . (3.8) 

Furthermore the contact displacement,  , is calculated as the amount by which ,b rx  exceeds the 

radial clearance: 

  , ,   0b r b rR R    x . (3.9) 

Figure 15: Static imbalance model employed in the 2-D rotor model. 
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If the contact displacement is negative, it indicates that rotor-bearing contact is not present. 

If contact occurs, the normal force line of action will be collinear with ,b rx . The direction of the 

normal force acting on the rotor will then be opposite that of ,b rx . A unit vector pointing in the 

direction of the normal force exerted on the rotor, n̂c , is thus given by 

 
,

,

ˆ b r
n

b r


x

c
x

. (3.10) 

Owing to the assumption of planar motion, contact between the rotor and bearing will always result 

in line loading. In order to determine the contact normal force as a function of contact displacement, 

the model of Liu et al. [44] (see section 2.6.3) is used. Applied to contact between the rotor and a 

backup bearing, the relation between contact normal force magnitude, ,c nF , and displacement 

becomes 

 
 , 2 2c n EL
R

 





 
F  (3.11) 

where E  represents the Young’s moduli of both materials, L  the length of the line contact and R  

the radial clearance in the joint. 

Figure 16: Contact detection in the 2-D simulation model 
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The reader can orientate him/herself by noting that ck  shown in Figure 14 is given by the equation 

 ,c n
ck 

F

. (3.12) 

By eqs. (3.11) and (3.10) the contact normal force (exerted on the rotor) is completely determined: 
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. (3.13) 

With the contact normal force known and by using the Coulomb model of friction, the contact 

frictional (tangential) force, ,c tF , can be determined. Its magnitude is given by 

 , ,c t c nF F . (3.14) 

Note that the frictional force will always be directed along the tangent line at the contact site. Its 

precise direction, however, is dependent on the relative velocity at the contact site. Note that the 

sliding frictional force will only be present when the relative surface speed between the rotor and 

bearing is nonzero. The surface speed of the bearing relative to the rotor surface, ,b rv  is given by 

 , , ,b r b surf r surf v v v  (3.15) 

where ,b surfv  and ,r surfv  are the bearing and rotor surface velocities at the contact site. If the angular 

velocities of the rotor and bearing are represented by   and  , and the vectors from the rotor and 

bearing centerlines to the contact site by ,c rr  and ,c br , the surface velocities are given by 

  , , ,b surf c b cLb  v r x  (3.16) 

and 

  , , ,r surf c r cL r  v r x . (3.17) 

Using these definitions, the unit vector in the direction of the frictional force, t̂c , can now be 

determined. It is the vector that satisfies the following conditions: 

 ˆ ˆ 0t n c c  (3.18) 

and 

 , ˆ 0b r t v c . (3.19) 
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From eq. (3.14) and the conditional statements in eqs. (3.18) and (3.19), the frictional force exerted on 

the rotor can be determined: 

 , , ˆc t c n tF F c . (3.20) 

The sum of the normal and tangential forces gives the total force exerted on the rotor as a result of 

contact: 

 , ,c c n c t F F F . (3.21) 

3.4.5 Influence of damping material 

The damping material is modelled by a parallel spring-dashpot model which assumes linear stiffness 

and viscous damping behaviour. This material is located between the bearing support/mount and the 

rigid outer housing and it ensures that the bearing support can give way under loads. This enables 

introduction of damping into the system. 

If the position vector of the bearing support is represented by bsr * the force, dF , exerted on it by the 

damping material is given by 

 d d bs d bsk c F r r  (3.22) 

where dk  and dc  represent the stiffness and damping coefficients of the damping material (see Figure 

14). 

3.4.6 Influence of the hard stop 

When the bearing supports are displaced by an amount larger than a threshold value, hsr , the hard 

stop is engaged. The force exerted by the hard stop on the bearing supports, hsF , will be in a direction 

opposite the displacement of the bearing supports. A unit vector in the direction of this force, ˆhsn , is 

thus given by 

 ˆ bs
hs

bs

 
r

n
r

. (3.23) 

 

                                                           

* The position vector is defined such that it is zero when the bearing support is centered (on the nominal bearing centerline). 
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The magnitude of the force exerted on the bearing supports by the hard stop is given by 

  hs hs hs hs hs bsx k x c      F r  (3.24) 

where    represents the Heaviside step function and 

 hs bs hsx r r  (3.25) 

The hard stop force is now completely determined by eq. (3.23) and (3.24): 

 ˆhs hs hsF F n . (3.26) 

3.4.7 Bearing rotation 

Recall that the bearings and bearing mounts are considered to move as single units. The translational 

motion of the bearing modules* will be treated in the following section. 

As mentioned earlier, the model of the bearing accounts for the rotational inertia of the rolling 

elements as well as the inner ring of the bearing†. Though no steady-state bearing load is present 

during delevitation, it is assumed that the bearing has no internal clearance and also that no internal 

skidding or slipping takes place between the rollers and races. The derivation of the bearing polar 

moment of inertia, bI , under the mentioned conditions, is detailed in Appendix B and the result 

stated here. 

By using the result obtained in Appendix B and applying eq. (3.2) to the bearing, the resultant torque 

on the bearing, ,res bT , can be written as 

 ,res b bIT   (3.27) 

where   is the angular velocity of the bearing inner ring and the polar moment of inertia, bI , is 

given by eq. (B.17): 

  2 22
5b bearings IR balls ball ballI n I n m r r r

            
. (3.28) 

                                                           

* A bearing module is defined as the assembly of backup bearings, a bearing mount and the damping elements. 

† Although it may seem unnecessary to account for rotational inertia of the rolling elements, a study conducted by Helfert et al. 

[18] found that it contributes significantly to the total rotational inertia. 
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In this equation, bearingsn  represents the number of (identical) backup bearings, IRI  the polar moment 

of inertia of a single inner race, ballm  the mass of a ball, ballsn  the number of balls in a bearing, r the 

rolling radius of the bearing* and ballr  the radius of the balls. 

While eq. (3.27) facilitates numerical computation of the angular acceleration, it does not provide a 

means by which the bearing torque can be calculated. Note that rotor-bearing friction is the sole cause 

of resultant bearing torque. The tangential (frictional) component of the contact force, given by eq. 

(3.20), is used to calculate the resultant bearing torque as follows:† 

  , , ,res b cb c t  T r F . (3.29) 

3.4.8 Bearing module motion 

In order to describe the translational motion of the bearing modules, eq. (3.1) is applied. If a bearing 

module contains bn  bearings, and there are two bearing modules in the system, the total mass of the 

bearing modules, sysm , is given by 

 sys bs b bm m nm  , (3.30) 

where the subscripts bs and b indicate “bearing support” and “bearing” respectively (compare with 

Figure 14). 

The resultant force on the bearing modules is given by the sum of the gravitational force, rotor-

bearing contact force,‡ the force exerted by the damping material on the mounts and the hard stop 

forces. Recall from eq. (3.3) that the contact force exerted by the bearing on the rotor is represented by 

cF . According to Newton’s third law, the contact force exerted by the rotor on the bearing, bF , is 

therefore given by 

 b c F F . (3.31) 

 

                                                           

* See Appendix B for the definition of the rolling radius. 

† The negative sign is used because the contact force on the bearing is directed oppositely the contact force on the rotor. Note 

that the position vector in this equation is defined before eq. (3.16). 

‡ Since the bearing is securely fitted into its housing and assumed to be radially rigid, the force exerted by the rotor on the 

bearings is transferred directly to the bearing supports. 
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From the discussion above, the resultant force on the bearing modules, ,res bmF , can be determined by 

using eqs. (3.22), (3.26) and (3.31): 

 ,res bm sys b d hsm   F g F F F . (3.32) 

3.5 Computer implementation 

Following the mathematical formulation developed in the previous section, an overview of the 

computer implementation of the model is now given. It will take the form of a brief discussion of 

various script files and functions under further subheadings in this section. Infrastructure functions—

functions which facilitate calculation, but that do not contribute directly to transient response 

calculation—will not be discussed here. 

The MATLAB® source code of the 2-D model is included in pdf format on the accompanying data CD. 

(See Appendix G). 

3.5.1 CreateRotorManual 

This script file is used to create a rotor input file—a file containing the geometry, material properties 

and imbalance parameters of the rotor. It is used in the case where the rotor is geometrically simple. It 

is assumed that the rotor is cylindrically stepped; the geometry is thus defined by the diameters and 

lengths of the individual rotor sections. 

Recall from section 3.2.1 that the rotor is permitted to have static (not dynamic) unbalance. In the 

present m-file* it can be seen that multiple balance planes may be specified, each having a residual 

imbalance and phase—implying that the rotor can be dynamically unbalanced. This is not a 

contradiction. It is done in order to accommodate real rotors which will always exhibit dynamic 

imbalance. In the context of planar motion it has to be assumed that the imbalance forces are applied 

in a single plane; the pre-processing function therefore ignores the axial location of the balancing 

planes†. 

                                                           

* MATLAB® scripts and functions are known by the file extension .m—hence the term m-file. 

† It may be asked why it was considered necessary to provide for input of the balancing plane locations at all. It will be seen 

that the rotor input files are identical for both the 2-D and 3-D simulations. The simulation models thus handle the same input 

differently. This is done to emphasize the fact that each model approximates the same reality by employing different 

assumptions. 
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3.5.2 CreateRotorComplex 

Similar to CreateRotorManual, the script file CreateRotorComplex is used to create rotor input files. 

The difference between the two is that the latter is suited to structurally complex rotors (e.g. turbine 

rotors). Using the previous script in such a case would prove a prodigious task. 

CreateRotorComplex requires input from the user that would otherwise have been calculated by the 

pre-processing function from the input data, e.g. total mass, principal moments of inertia and position 

of the COM. 

3.5.3 CreateBearing 

Like in the case of the rotor input, an input file must be created in which bearing data and properties 

are stored. This script file is used to create bearing input files. It is tailored for input of roller bearing 

properties and data. 

3.5.4 ControlCenter2D 

ControlCenter2D takes final input from the user and starts the response calculation. Additional input 

taken in the present script pertains to the following: 

 simulation control/execution, 

 environmental influence, 

 bearing configuration, 

 bearing mounts, 

 damping materials, 

 rotor-bearing interaction, and 

 initial conditions of the system. 

The additional input taken comprises variables that need to be changed often. This may be done to 

evaluate different designs or the influence of parameters which are significantly uncertain. 

In addition to accepting input, ControlCenter2D loads the rotor and bearing input files. It then calls 

the InputSetGenerator function which creates a consolidated input file, containing all system 

parameters and initial conditions. 

After all of the above have been performed, Backbone2D is called. 
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3.5.5 Backbone2D 

This function performs high-level structuring of calculations. It is called by ControlCenter2D and 

receives the consolidated input file as input. After loading this information it calls the pre-processing 

function, PreProcessor2D. Using the updated input variables*, it then calls Response2D which directs 

calculation of the system response. 

3.5.6 PreProcessor2D 

Before calculation of the system response, it is necessary to perform some calculations on the input 

data. This function is performed by PreProcessor2D. The pseudocode of this function provides a 

concise summary of its functionality and is given here: 

%Component properties 

 if (rotor input type = manual) then (calc rotor mass) end 

 calc bearing equivalent polar moment of inertia 

%Rotor-bearing interaction properties 

 calc line contact length† 

%Rotor dynamic properties 

 if (rotor input type = manual) then (calc rotor principal moment of inertia) end 

%Geometric referencing 

 locate unbalance force application points WRT principal axes 

%Calculation of simulation parameters 

 calculate time step for no rotor-bearing contact 

 calculate time step for rotor-bearing contact 

%Calculation of initial state variables 

 calc initial forces and torques on all components 

 calc initial dynamic variables of components 

compose state0 structure variable 

update input variables 

                                                           

* In PreProcessor2D some variables are updated with newly calculated properties. For example, all rotor properties are stored 

in a structure variable. If a simple rotor input file is created using CreateRotorManual, the mass and principal moments of 

inertia will be calculated in PreProcessor2D. After calculation, the rotor property structure is updated to include the new 

information. 

† The total width of the bearings are modified to take the edge radii of the bearings (where contact will not be present) into 

account. 
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3.5.7 Response2D 

Given the complete set of input parameters and initial conditions, Response2D calculates the system 

response. Pseudocode for the function is given below: 

while (t < specified calculation time) 

 %Integrate previous state and discard if unacceptable* 

 while (state is unacceptable) 

  integrate(previous state) 

  %Calculations based on new state (NewStateCalcs subfunction) 

  calc new orientation of principal axes 

  calc resultant forces and torques on components 

  calc component accelerations 

 

  %test acceptability of new state 

  assume new state is acceptable 

  if (contact transition has occurred) &  

   (contact displacement > specified tolerance) † 

  then 

   flag state as unacceptable 

   reduce time step‡ 

  end 

 end 

 update response variables 

 %reset time step  

 if (contact) then (assign contact time step) 

 if (no contact) then (assign no-contact time step) 

end 

                                                           

* A state is considered unacceptable when the contact detection tolerance is not met during a contact state transition. A contact 

state transition occurs when rotor-bearing is present in the pre-integration step and not in the post-integration step (or vice 

versa). 

† A contact detection tolerance, sim.contdtect, is specified in ControlCenter2D. This variable specifies the contact detection 

tolerance as a fraction of the air gap between the rotor and bearing. 

‡ Reduction of the time step improves the contact detection resolution. 
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3.5.8 ContactForces2D 

This function is called by Response2D after integration at each time step. It receives the new state 

(positions, velocities etc.) and calculates the new contact forces and torques exerted on the rotor and 

bearings. In order to perform this task, the function does the following: 

 it determines whether rotor-bearing contact occurs; 

 if contact occurs, the relevant forces and torques are calculated*. 

3.5.9 ImbalanceForces 

Similarly to ContactForces2D, ImbalanceForces is called by Response2D after each integration step. It 

calculates the forces exerted on the rotor due to residual imbalance. See section 3.4.3 for details. 

3.5.10 MountForces 

This function is called by Response2D after each integration step. It calculates the forces exerted by 

the damping material and the hard stop on the bearing mount. These forces are calculated according 

to the detail given in sections 3.4.5 and 3.4.6. 

3.6 Verification 

In sections 3.3 and 3.4 a model was put forth that is expected to provide an approximation to real-

world rotor delevitation. Implementation of this model in a computing environment (MATLAB® in 

this case) is complicated, leaving much room for error. The present section documents the verification 

process of the computer simulation model. This process aims to provide a degree of confidence in the 

correctness of the computer implementation of the model equations. 

Rather than scrutinize algorithmic logic and code segments, verification will be done by comparing 

responses predicted by the simulation model to exact manual solutions. Non-infrastructure functions 

will be tested separately and, finally, the behaviour of the integrated system will be evaluated 

qualitatively. 

The reasoning behind the verification process is now outlined. In order to demonstrate the 

correctness of the calculated system response (according to Newton’s second law), the following must 

be demonstrated for each moving mass: 

                                                           

* See section 3.4.4 for detail. 
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 that it behaves correctly under the influence of external forces and torques*; 

 that the correct external forces and torques are applied during the simulation process. 

This covers all possible situations and demonstrates truthful implementation of the model equations. 

Following the above line of thought, verification of the 2-D simulation model will be performed by 

demonstrating the following: 

i. system components respond correctly under the influence of forces and torques; 

a. the rotor responds correctly (according to Newton II) to external forces 

b. the rotor responds correctly to external torques (about the Z-axis) 

c. bearing modules respond correctly to external forces† 

d. bearings respond correctly to external torques‡ 

ii. external forces which act on components are calculated correctly; 

a. gravitational forces (on rotor and bearing modules) are calculated correctly 

b. rotor imbalance forces are calculated correctly 

c. forces exerted by the damping material on the mounts are calculated correctly 

iii. contact is handled correctly; 

a. contact transitions are detected correctly 

b. the magnitudes and directions of contact forces and torques are determined 

correctly 

iv. integrated system behaviour is qualitatively correct; 

a. a nonrotating, balanced rotor behaves correctly when delevitated 

b. a rotating, balanced rotor behaves the same as in (a) when the friction coefficient is 

zero. 

3.6.1 Response of the rotor to external forces 

This section aims to verify that the rotor model behaves correctly under the influence of arbitrary 

external forces and torques. This will be done by checking that a given external force results in correct 

acceleration, correct changes in velocity and changes in position after some time interval. 

                                                           

* “Correct” behaviour of a mass is defined as behaviour which is coherent with Newton’s second law .The reason for this is that 

it is used to describe the dynamics of all lumped masses in the mathematical formulation of the 2-D model. 

† It is assumed that the bearings transfer a negligible amount of torque to their housings. The bearing modules are therefore 

considered to have only translational degrees of freedom. 

‡ Recall that the bearings’ translational degrees of freedom are coupled with that of their housings. Translation of the bearings 

is therefore considered in the analysis. 
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In order to facilitate the testing procedure, the effect of gravity is firstly eliminated by modifying line 

40 of ControlCenter 2D to read 

envir.g = [0;0;0];. 

Secondly, line 49 in Response2D is commented so that the influence of the contact, imbalance and 

gravitational forces on the rotor is eliminated: 

%newpartial.fr = 2.*fr_cont + sum(f_imb,2) + (rot.m).*envir.g;. 

This line is then successively replaced by the following statements, each applying a different resultant 

force on the rotor: 

 newpartial.fr = [0;0;0]; 

 newpartial.fr = [500;500;0]; 

 newpartial.fr = -1*[500;500;0]; 

 newpartial.fr = -1*[500;0;0]; 

 newpartial.fr = -1*[0;500;0]; 

In this test a rotor of mass 16.74 kgm   is used. If a force of magnitude 500 N is applied in a certain 

direction, the magnitude of the acceleration (in the same direction), a , can be calculated as follows: 

 2500
29.9 m.s

16.74
F

a
m

   . 

It is now assumed that the initial velocity and displacement of the rotor are both zero. If the rotor is 

subjected to this force for 5 mst  , it will undergo a change in speed, v , of 

   
1

29.9 5e-3

150 mm.s

v at



 




 

and a change in position, x , of 

   

2

2

0.5

0.5 29.9 5e-3

374 m.

x at
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Table 1: Rotor model response to different input forces (each applied for 5 ms). 

Applied force [N] a [m.s-2] v  [m.s-1] x  [m] 

[0; 0; 0] [0; 0; 0] [0; 0; 0] [0; 0; 0] 

[500; 500; 0] [29.9; 29.9; 0] [149e-3; 149e-3; 0] [373e-6; 373 e-6; 0] 

[-500; -500; 0] [-29.9; -29.9; 0] [-149; -149; 0] [-373 e-6; -373 e-6; 0] 

[-500; 0; 0] [-29.9; 0; 0] [-149; 0; 0] [-373 e-6; 0; 0] 

[0; -500; 0] [0; -29.9; 0] [0; -149; 0] [0; -373 e-6; 0] 

 

Note that the case treated above applies to any force component (not just to the resultant force). If a 

force of [-500; -500; 0] N is applied to the rotor, an acceleration of 29.9 m.s-2 and changes in velocity 

and position of 0.15 m.s-1 and 374 µm are thus expected in both the –x and –y directions. 

Table 1 shows the responses obtained from the simulation model for the listed resultant forces, each 

applied for 5 ms. It can be seen that a given force results in the correct acceleration ( a ), change in 

velocity (v ) and change in position (x ) of the rotor*. 

It is thus demonstrated that the rotor behaves correctly under an arbitrary external force. 

3.6.2 Response of the rotor to external torques 

Following the demonstration of correct rotor behaviour under the influence of external forces, correct 

behaviour under the influence of external torques is now demonstrated. 

In order to perform the tests, the resultant force on the rotor is set to zero by commenting line 49 in 

Response2D to read 

%newpartial.fr = 2.*fr_cont + sum(f_imb,2) + (rot.m).*envir.g; 

and by adding the line 

newpartial.fr = [0;0;0];. 

                                                           

* Discrepancies between the values in the table and the calculated values result from rounding the value of the rotor mass to 

16.74 kg. 
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Additionally, the influence of contact torques on the rotor is eliminated by commenting line 50 in 

Response2D to read 

%newpartial.tr = 2.*tr_cont; 

and by individually adding the lines 

 %newpartial.tr =  [0;0;0]; 

 %newpartial.tr =  [0;0;100]; 

 %newpartial.tr = -[0;0;100];. 

A test rotor of mass 16.74 kgm   and polar moment of inertia 2
zz 0.063 kg.mI   was used for the 

verification tests. If a torque of magnitude ±100 N.m. is applied to the test rotor about a certain axis, 

the magnitude of the angular acceleration (about the same axis),  , is calculated as follows: 

 
zz

2

100 0.063

1587 rad.s .

T I




  

 

 

It is now assumed that the initial angular speed is 1000 rad.s-1 and that the displacement is zero at t=0. 

After 5 ms the change in angular speed,  , and the change in displacement,  , should 

respectively be 

   
1

1587 5e-3

7.94 rad.s

t 



 
 

 

 

and 

     22
0

5.020
0.5 1000 5e-3 0.5 1587 5e-3  rad.

4.980
t t  

       
 

Table 2 summarizes the tests that were performed on the simulation model. From the responses 

obtained it can be seen that the rotor model behaves correctly under the influence of external torques. 

3.6.3 Response of backup bearings to external torques 

Verification of the backup bearing response under the influence of externally applied torque is now 

done. The process followed is very similar to that in the previous section where the rotor response 

under the influence of external torques was verified. 
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As in the previous test, the rotor resultant force is set to zero to perform the tests. Additionally the 

number of bearings in a module is set to 2 by modifying line 61 in ControlCenter2D to read 

bearing.n_set = 2;                  %Number of bearings in a set. 

Finally, line 53 in Response2D is commented, 

%newpartial.tb = tb_cont; 

and successively replaced by 

 newpartial.tb = [0;0;0]; 

 newpartial.tb = [0;0;100]; 

 newpartial.tb = [0;0;-100];. 

For the tests a bearing with rotational inertia 2
zz 136e-6 kg.mI   is used. If a torque of magnitude 

±100 N.m is applied to the test bearing about a certain axis, the magnitude of the angular acceleration 

(about the same axis),  , is calculated as follows: 

 
2

100 136e-6

735e3 rad.s .

T I




  

 

 

Assuming that the bearing is stationary at t=0, the change in angular speed,  , and the change in 

angular displacement,  , after 5 ms should be 

   
1

735e3 5e-3

3680 rad.s

t 



 
 

 

 

Table 2: Response of the rotor model to different input torques (each applied for 5 ms). 

Applied torque* [N.m]  [rad.s-2]  * [rad.s-1]   [rad] 

[0; 0; 0] [0; 0; 0] [0; 0; 0] 5.00 

[0; 0; 100] [0; 0; 1587] [0; 0; 7.94] 5.02 

[0; 0; -100] [0; 0; -1587] [0; 0; -7.94] 4.98 
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and 

   

2
0

2

0.5

0 0.5 735e3 5e-3

 9.19

9.19 rad.

t t    

  
 

 

From the tests performed on the simulation model, summarized in Table 3, it is concluded that the 

backup bearing model behaves correctly under the influence of external torques*. 

3.6.4 Bearing module response to external forces 

Since the bearings are assumed to be mounted securely in its mounts, the translational motion of 

these components is fully coupled so that they will vibrate as singe units. The bearings and bearing 

housing thus act like a single mass in a restoring medium and can consequently be considered as 

single mass two degree-of-freedom vibratory systems†. 

This property is exploited for verification purposes. Impulse and step forces are applied to the 

bearing modules (vibratory systems) for damped and undamped cases. Since the translational 

degrees of freedom of the bearing modules are not coupled, verification proceeds by comparison with 

classic results of vibration theory. 

                                                           

* Discrepancies between the manually calculated values and those in the table are a result of rounding the bearing inertia to 

136e-6 kg.m2. 

† The restoring medium is the damping material and the two degrees of freedom are the translations of the lumped mass. 

Table 3: Response of the backup bearing model to different input torques (each applied for 5 ms). 

Applied torque [N.m]  [rad.s-2]   [rad.s-1]   [rad] 

[0; 0; 0] [0; 0; 0] [0; 0; 0] 0 

[0; 0; 100] [0; 0; 738e3] [0; 0; 3690] 9.22 

[0; 0; -100] [0; 0; -738e3] [0; 0; -3690] -9.21 
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The mentioned tests are performed by using the simulation model as follows: firstly, the influence of 

gravity is eliminated by modifying line 40 of ControlCenter2D to read: 

envir.g = [0;0;0];               %Gravitational acceleration [m/s^2]. 

Secondly, line 73 in ControlCenter2D is modified for the undamped and damped cases to 

respectively read 

mount.c1 = 0;                   %Damping material damping coeff. [Ns/m] 

or 

mount.c1 = 2500;                %Damping material damping coeff. [Ns/m]. 

Thirdly, line 59 in Response2D, in which the bearing force is applied to the bearing module, is 

commented: 

%fabsys_b = fb_cont;     %The bearing fits securely into the mount. 

The following lines are then individually added to apply the impulsive test forces to the bearing 

modules:* 

 fabsys_b = [0;0;0] *for 1ms; 

 fabsys_b = [100;0;0] *for 1ms; 

 fabsys_b = [0;100;0] *for 1ms; 

 fabsys_b = [-100;-100;0] *for 1ms; 

 fabsys_b = [-1000;-1000;0] *for 1ms;. 

In the ensuing tests the components have the following properties: 

 bearing: 0.13 kgbm   

 bearing housing: 0.5 kghm   

 damping material: 15e7 N.mdk
  and 12500 Ns.mdc

 . 

For the abovementioned system the undamped natural frequency ( 0dc  ) is calculated as follows: 

 
1 1 5e7

1418 Hz.
2 2 0.5 0.13

d
N

b h

k
f

m m 
  

 

 
 

                                                           

* In each of these lines the phrase “* for 1 ms” is taken to mean multiplication by the factor (heaviside(state(i).t -1e-3) - 

    heaviside(state(i).t -2e-3)) which applies the given force from t=1 ms to t=2 ms. 
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The damped natural frequency of the system is calculated as follows: 

 
    

2 2
2500

1  1 1418 1382 Hz.
2 2 5e7 0.5 0.13

d
D N

d b h

c
f f

k m m

                        
 

Table 4 shows the damped and undamped frequencies of vibration obtained from the simulation 

model testing. From the results obtained it is demonstrated that the bearing modules behave correctly 

under the influence of impulsive forces. 

After concluding that the bearing modules behave correctly under the influence of impulsive forces, it 

is sought to demonstrate correct behaviour under the influence of step input forces. Whereas 

impulsive forces are encountered during rotor-bearing impact, forces that approximate step inputs 

will be encountered when the rotor settles in the bottom of the backup bearings. 

A procedure similar to the impulsive force test is followed to determine the response of the 

simulation model in the present case. The only exception is that the line, 

fabsys_b = heaviside(state(i).t -1e-3)*[-1000;-1000;0];, 

is added below line 59 of Response2D. 

In the damped case, vibration of the bearing modules should gradually settle around the static 

deflection point. Or, put another way: when damping is present and a step force input is given, it is 

expected that the settling position be independent of the damping: 

 
,lim res bm

bmt
dmk


F

r  

Table 4: Response of the bearing modules to impulsive forces. 

Applied impulsive force* [N] Undamped natural freq*. [Hz] Damped natural freq. [Hz] 

[0; 0; 0] No vibration No vibration 

[1000; 0; 0] 1411 1388 

[0; 1000; 0] 1410 1384 

[-1000; -1000; 0] 1417 1387 
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where bmr  represents the position vector of the bearing modules. In the present case, 

 
1000; 1000; 0

lim 1e-6 20; 20;  0  m.
5e7bst

         r  

The response obtained is shown in Figure 17 and it agrees with the manual calculation above. The 

impulse response of the AB system was therefore also demonstrated to behave correctly. Note that it 

can be inferred from the correct behaviour of the modules that the damping material forces, acting on 

the modules, are also correct. 

3.6.5 Calculation of gravitational force on the rotor 

In the section on the response of the rotor under external forces, it has essentially been shown that 

any force applied to the rotor, through line 49 of Response2D, is correctly translated to rotor response. 

In order to ensure correct influence of the gravitational force on the rotor, it has to be shown that the 

gravity term in the same line is always correct. 

Instead of tracing the mass and gravity variables through the simulation, the gravitational 

acceleration of the rotor will be set in line 40 of ControlCenter2D and the rotor response verified. 

In order to perform the tests, the influence of all forces, except for the gravitational force, is 

eliminated by commenting line 49 of Response2D to read 

%newpartial.fr = 2.*fr_cont + sum(f_imb,2) + (rot.m).*envir.g;. 

Figure 17: Response of the bearing modules to a step force input. 



62 2-D SIMULATION MODEL 

 

A line is then added in which only the gravitational force is applied on the rotor:* 

newpartial.fr = (rot.m).*envir.g;. 

The value of rot.m is entered in line 15 of CreateRotorComplex, or when CreateRotorManual is used 

to create a rotor input file, it is calculated in lines 23-24 of PreProcessor2D. The value of envir.g is set 

in line 40 of ControlCenter2D. 

For the tests that follow, line 40 of ControlCenter2D is commented to read 

%envir.g = [0;-9.8;0];               %Gravitational acceleration [m/s^2] 

and the following lines are individually added: 

 envir.g = [0;0;0]; 

 envir.g = [0;-10;0]; 

 envir.g = [-10;0;0]; 

 envir.g = [10;10;0];. 

For gravitational acceleration of 10 m.s-2 in a certain direction, the rotor acceleration must, per 

definition, be exactly the same. If the mass of the test rotor is 16.74 kgm  , the magnitude of the 

resultant force , F , acting in the same direction as the acceleration a , is calculated as follows: 

   16.74 10

167.4 N.

F ma

  

After 5 ms the change in speed in the same direction as gravity, v , should be 

   
1

10 5e-3

0.05 m.s

v at



 




 

and, assuming that the initial speed and displacement are zero, the change in position, x , must be 

   

2

2

0.5

0.5 10 5e-3

125 m.

x at



 




 

                                                           

* Note that the term on the right hand side of the new line is exactly the same as the one in line 49 that will finally be used. 
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The response of the rotor to the different gravitational accelerations is summarized in Table 5. From 

the test results it is concluded that the user-specified gravitational acceleration in line 40 of 

ControlCenter2D is always correctly translated into response of the rotor. 

3.6.6 Calculation of rotor imbalance forces 

As with the gravitational force, it is sought to demonstrate that rotor imbalance forces are calculated 

correctly. In order to do this, two test cases will be considered. The first will use a rotor with static 

(single-plane) imbalance; the second will use a rotor with two-plane imbalance. In the second test, the 

residual imbalance in each plane will be equal in magnitude and opposite in phase. This should result 

in zero residual unbalance. 

In both tests line 49 of Response2D will be commented to read 

%newpartial.fr = 2.*fr_cont + sum(f_imb,2) + (rot.m).*envir.g; 

and the following line added: 

newpartial.fr = sum(f_imb,2);. 

The term on the right hand side of this line is exactly the term normally used in line 49 of 

Response2D. Note that f_imb is calculated by ImbalanceForces, which is called in line 45 of 

Response2D. Its column vectors are the respective forces caused by the residual imbalances in each 

specified balancing plane. The term sum (f_imb,2) thus sums the components of the imbalance. 

Table 5: Response of the rotor model to gravitational forces (individually applied for 5ms). 

Gravitational accel. [m.s-2] a  [m.s-2] resF  [N] v  [m.s-1] x  [m] 

[0; 0; 0] [0; 0; 0] [0; 0; 0] [0; 0; 0] [0; 0; 0] 

[0; -10; 0] [0; -10; 0] [0; -167.4; 0] [0; -0.05; 0] [0; -125e-6; 0] 

[-10; 0; 0] [-10; 0; 0] [-167.4; 0; 0] [-0.05; 0; 0] [-125e-6; 0; 0] 

[10; 10; 0] [10; 10; 0] [167.4; 167.4; 0] [0.05; 0.05; 0] 1e-6[125; 125; 0] 
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FIRST TEST CASE 

For the first test case a rotor is used with a single-plane residual imbalance of 10e-6 kg.m. The 

imbalance parameters were specified using the following code in CreateRotorManual: 

rotor.residimb    = 1e-6.*[10];             %Residual imbalance in balance planes [kg.m] 

rotor.imbphase    = [0];                    %Imbalance phases measured from +X-axis [deg] 

Recall from section 3.5.1 that the axial locations of the balancing planes are not used in the 2-D 

simulation for calculation of the rotor response. 

At a rotational speed of 5000 rad.s-1 the rotational frequency of the unbalance force must be  

 
5000

796 Hz
2 2imbf

 

   . 

Its magnitude is given by eq. (3.5) as follows: 

 

 
 

2

210e-6 5000

250 N.

imb imb imbm  

 


F r

 

A plot of the x- and y-components of fr, obtained from the 2D simulation model, is shown in Figure 

18. It is seen that the magnitude of the imbalance force is correctly calculated as 250 N. Moreover, 

recall that that the imbalance phase was set to 0 deg (measured from the +x-axis). This is correctly 

reflected in the model since the x-component is initially maximum and the y-component minimum. 

From the annotations of the graph, the frequency can be calculated as 

 797 Hzimbf   

which shows agreement with the manual calculation. 

SECOND TEST CASE 

For the second verification test, a rotor is used with 10 kg.m of residual imbalance in two balancing 

planes. The phases of the residual imbalances are exactly opposite. These parameters are specified by 

using the following code in CreateRotorManual: 

rotor.balancepls  = 1e-3.*[175,350]; %Rotor balancing planes axial (Z) location [m] 

rotor.residimb    = 1e-6.*[10,10]; %Residual imbalance in balance planes [kg.m] 

rotor.imbphase    = [0,180];  %Imbalance phases measured from +X-axis [deg]. 
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It was shown that the 2-D simulation model correctly handles this case by checking that the net 

imbalance force exerted on the rotor is zero*. 

3.6.7 Detection of contact transitions 

In order to ensure correct contact transition detection, verification tests are performed on the function 

Contact2D. By manual input of rotor and bearing sizes and positions, the function will be tested for 

correct calculation of contact displacement (cdisp) and the variable incontact†. 

These tests were performed by commenting lines 20-28 in Contact2D and by adding the following 

lines: 

d = 49e-3;  D = 50e-3;  

xr = testvalue;  xb = 1e-3*[3;-4;0]; 

vr = [0;0;0];  vb = [0;0;0]; 

w = [0;0;0];  W = [0;0;0]; 

mud = 0.2; 

For each test, the function was called from the MATLAB®   command line with the following 

statement‡: 

[fr,tr,fb,tb,incontact,contactdisp]=Contact2D(struct([]),struct([]),struct([]),struct([])) 

                                                           

* Because of numerical computation errors this force is not exactly zero; it is on the order of 10-17. 

† incontact is a Boolean variable. If incontact =1, positive rotor-bearing contact/interference occurs. If the contact displacement 

is zero, incontact = 0. 

‡ The function argument structures are empty because the necessary values were added to the function code. 

Figure 18: Rotor force components caused by imbalance. 
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For the verification tests, the position of the bearing, xb, is kept constant and the rotor position varied 

by changing the value of the variable testvalue (see code segment above). Manual calculations for the 

test cases are not shown as it involves simple geometry. The reader can note that the rotor is centered 

in the bearing when its displacement, xr, is equal to the bearing displacement*. Any radial movement 

of 0.5 mm will thus cause the rotor to contact the bearing. 

Table 6 summarizes the tests performed on Contact2D. It is seen that the function correctly detects 

contact transitions. 

3.6.8 Calculation of contact forces and torques 

In order to verify the calculation of contact forces, the rotor positions documented in Table 6 were 

used. Additionally the rotor and bearing angular velocities are taken as [0; 0; 1000] rad.s-1 and [0; 0; 

500] rad.s-1. For each input set the friction coefficient is taken to assume the values 0 and 0.2. 

Furthermore the rotor and bearings’ Young’s moduli are taken to be 200 GPa and the line contact 

length as 0.04 m. The lines added to Contact2D therefore read: 

d       = 49e-3;   D       = 50e-3; 

xr      = testvalue;  xb      = 1e-3*[3;-4;0]; 

vr      = [0;0;0];   vb      = [0;0;0]; 

w       = [0;0;1000];  W       = [0;0;500]; 

mud     = mutest;   E = 200e9; 

L = 0.040; 

Additionally the lines 116 and 117 are commented to read 

%E = rot.E; 

and 

%L = rbi.lcontactlength; 

Manual calculations are done only for a single case where testvalue = 1e-3[2.64; -3.64; 0]. Recall that 

the rotor is centered when testvalue = 1e-3[3; -4; 0]. The deflection from the centered position, ,b rx , 

is thus† 

     2 2
, 2.64e-3 3e-3 3.64e-3 4e-3  509.12e-6 mb r       x  

                                                           

* This is the case when testvalue = 1e-3[3; -4; 0]. 

† See section 3.4.4 for definition of the rotor-bearing interaction variables. 
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in the direction [-1; 1; 0]. The contact normal force on the rotor will thus be directed along -[-1; 1; 0] = 

[1; -1; 0]. Since the air gap is 0.5( ) 0.5 mmD d  , the contact displacement (interference),  , is 

given by 

 
, air gap

= 509.12e-6 500e-6

= 9.12e-6 m.

b r  


x

 

From eq. (3.11) the magnitude of the contact normal force can be calculated as follows: 

 

 

     

, 2 2

9.12e-6
9.12e-6 200e9 0.040

2 2 500e-6 9.12e-6

10846 N.

c n E L
R

 







 






F

 

Since the force on the rotor is directed along [-1; 1; 0], both the x and y-components are equal in 

magnitude and can be calculated as 7669 N. The contact force is thus 

 
0

7669; -7669; 0  Nc 
   F . 

According to eq. (3.14) the magnitude of the frictional force will be 

Table 6: Contact2D contact detection verification test results. 

testvalue (rotor position) 

[m] 
incontact (0 or 1) 

testvalue (rotor position) 

[m] 
incontact (0 or 1) 

1e-3[3; -4; 0] 0 1e-3[3.6; -4; 0] 1 

1e-3[3; -4.5; 0] 0 1e-3[2.65; -3.65; 0] 0 

1e-3[3; -4.6; 0] 1 1e-3[2.64; -3.64; 0] 1 

1e-3[3.5; -4; 0] 0   
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, ,

0.2 10846

2169 N.

c t c n



F F

 

In order to obtain the direction of the frictional force, eqs. (3.15)-(3.19) are used. By combining eqs. 

(3.15), (3.16) and (3.17) and assuming that the rotor and bearing have no translation, the relative 

surface velocity may be determined: 

 

, , ,

1

0;  0; 500 17.68e-3 1;  1; 0 0;  0; 1000 17.32e-3 1;  1; 0

8.479 1;  1; 0  m.s .

b r c b c r



   

                   

   

v r r 

 

By eqs. (3.18) and (3.19) it can be found that the frictional force will be directed along [1; 1; 0]. By the 

same reasoning as in the case of the normal force, the frictional force is found to be 

 , 1534; 1534; 0  Nc t
   F . 

Adding the tangential (frictional) and normal components of the contact force gives 

 9203; -6135; 0  Nc
   F . 

Table 7 summarizes the verification test results. Note that line 7 corresponds to the manual 

calculations performed above. It can be concluded from the results that Contact2D correctly calculates 

the contact forces when rotor-bearing contact occurs. 

The same extensive procedure is not followed for the contact torque. Note that the variables R and 

rcom is correctly calculated in lines 69 and 70 of Contact2D since correct results are obtained for the 

contact force in line 91. These variables are not overwritten in the main function from this point 

onwards; the subfunction, ContactForce, does not use these variables either. They therefore have the 

correct values when lines 107 and 108, 

tr = cross(r_com,fr);                      %Torque about rotor COM 

tb = cross(R,fb);                          %Torque on one set of bearing inner rings, 

are executed. Moreover, the formulas employed in these lines are correct according to eqs. (3.4) and 

(3.29). Contact torques are therefore correctly calculated in Contact2D. 

Together with section 3.6.7, in which it was demonstrated that contact transition is correctly detected, 

the present section demonstrates that contact is correctly handled in the 2-D simulation model. 
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3.6.9 Integrated system behaviour 

In the previous sections it was aimed to demonstrate that the forces applied to the respective 

components are both correctly calculated and correctly translated into the system response. This 

section aims to demonstrate that the integrated system behaves correctly. This will be done by 

considering two cases. In the first, a nonrotating, balanced rotor will be delevitated onto its (softly 

mounted) backup bearings under the influence of gravity. In the second, the same rotor, now initially 

spinning, will be delevitated. However, the friction coefficient will be set to zero. 

BALANCED, NONROTATING ROTOR DELEVITATION 

When a balanced, stationary rotor is delevitated, it should bounce up and down (in the direction of 

gravity) in its backup bearings. Because of the damping material this motion will be damped. The 

rotor will therefore tend to settle at the bottom of the bearings. 

To investigate whether the 2-D simulation model correctly handles this scenario, the following 

parameters are assumed: 

 gravitational acceleration: 2[0; 10;  0] m.s g  

 

Table 7: Contact2D force and torque verification testing results. 

Rotor position [m] Contact disp. [m] cF  [N] for mutest =0 cF  [N] for mutest =0.2 

1e-3[3; -4; 0] -- [0; 0; 0] [0; 0; 0] 

1e-3[3; -4.5; 0] -- [0; 0; 0] [0; 0; 0] 

1e-3[3; -4.6; 0] 0.1e-3 1e3[0; 362.8; 0] 1e3[-72.55; 362.8; 0] 

1e-3[3.5; -4; 0] -- [0; 0; 0] [0; 0; 0] 

1e-3[3.6; -4; 0] 0.1e-3 1e3[-362.8; 0; 0] 1e3[-362.8; -72.55; 0] 

1e-3[2.65; -3.65; 0] -- [0; 0; 0] [0; 0; 0] 

1e-3[2.64; -3.64; 0] 9.12e-6 [7666; -7666; 0] [9199; -6132; 0] 
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 rotor 

o 47 kgrm   

o 49.7e-3 mmd   

 bearing 

o 50 mmD  

o 0.13 kgbm   

o number of bearings in a module = 2 

 bearing housing 

o 0.5 kghm   

o number of modules = 2 

 damping material 

o 15e7 N.mdk
  

o 120e3 Ns.mdc
 . 

Figure 19 shows the x and y components of the rotor displacement as predicted by the model. It can 

be seen how the rotor y-motion (direction of gravity) is damped and how it tends to settle at the 

bottom of the bearing (the air gap is 150 µm). Moreover, the x-component is zero. If this were not so, 

it would be a clear indication of error. 

Note that the rotor settles a little more than 150 µm below the nominal centerline; the exact value is 

155.6 µm. The extra displacement is a result of the compliances of the damping material and the 

rotor-bearing contact. The deflection of the damping material, dm , can be manually calculated as 

follows: 

 
 10 47 2 0.5 4 0.13Total weight

4.85 m.
Total stiffness 2 5e7dm 

    
   


 

Figure 19: Rotor displacement components vs. time: delevitation of a nonrotating, balanced rotor. 
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To obtain the contact deflection it must be remembered that only the weight of the rotor is supported 

by the contact (when the rotor has settled in the bearings). The magnitude of the force is thus 470 N. 

Eq. (3.11) can be used to calculate the contact displacement which is 0.71 µm. Together, the 

compliances of the damping material and the rotor-bearing contact add to give 5.56 µm. This gives 

the total deflection of 155.6 µm, as predicted by the simulation model. 

From Figure 20, which shows the magnitude of the rotor resultant force vs. time, it can be seen that 

the rotor forces are correctly predicted. Between bounces (when in free fall) it is seen that only gravity 

acts on the rotor (-470 N). As it settles in the bottom of the bearings, the resultant force tends to zero 

as expected. 

BALANCED, ROTATING ROTOR DELEVITATION (ZERO FRICTION COEFFICIENT) 

If the previous test is modified so that rotor is initially spinning and the friction coefficient is zero, the 

outcome should be exactly the same. This is because friction is the sole mechanism by which 

tangential acceleration of the rotor occurs. 

This test was performed for the case where the initial rotor speed is 1000 rad.s-1 and the response 

obtained was indeed the same as in the previous test. 

3.7 Summary 

This chapter detailed the development of the 2-D model of rotor delevitation. The primary 

assumption contained in the model is that of planar component dynamics and is thus suited to the 

analysis of fairly symmetrical systems. The mathematical formulation of the model was developed 

after which computer implementation in MATLAB® was briefly addressed. Considerable effort was 

Figure 20: Graph of rotor resultant force vs. time for delevitation of a nonrotating, balanced rotor. 



72 2-D SIMULATION MODEL 

 

also made to verify the model—to ensure that the model equations were accurately translated into 

computer code. This testing procedure was extensively documented and it serves as an important 

precursor to later validation of the model. Should validation testing, for example, reveal discrepancies 

between model predictions and real-world behaviour, it may be said with considerable certainty that 

the code-embodiment of the model is not to blame. 

 



 

 

4 3-D Simulation model 

This chapter documents the creation of a three-dimensional model of rotor 

delevitation. The 3-D model  does not require axial symmetry or symmetrical initial 

conditions and is therefore a more general model. Unlike the 2 -D model, the 3-D 

one is fully capable of solving the rigid rotor delevitation problem, as defined in 

section 1.2.1.  

The previous chapter introduced a two-dimensional model of rotor-delevitation which assumed 

planar component dynamics. In many cases this assumption is rather crude. For example, in 

machines with overhung rotors the bearing loads are usually considerably different. This will also be 

the case for delevitation in such a system. Even if the physical components of a rotor-AMB system 

could be perfectly symmetric, the control system would not be able to center the rotor perfectly in its 

backup bearings. There is consequently a need for a more general model and this chapter documents 

its development. The three-dimensional (3-D) model permits axial asymmetry and also delevitation 

from an arbitrary orientation and is thus fully capable of solving the rigid rotor delevitation problem, 

as defined in section 1.2.1. 

4.1 Description of the model features 

The three-dimensional model approximates a typical rotor delevitation system, as shown in Figure 

21, by the model shown in Figure 22. Apart from accounting for general, unconstrained motion of the 

rotor, the model also considers separate motion of the bearing modules. 

4.1.1 Rotor model 

In the 3-D model the rotor is considered as a rigid body with five degrees of freedom. Note that six 

coordinates are necessary for a completely general description of rigid body motion. However, since 

axial force components are ignored (see section 4.2.1), motion of the rotor’s COM will be planar. One 

less coordinate is thus needed. By considering the rotor’s motion in three dimensions, it is possible to 

account for rotational cross-coupling (commonly referred to as “gyroscopic effects”) and dynamic 

imbalance of the rotor. 
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4.1.2 Bearing model 

The same bearing model is used as for the 2-D model. In the 3-D simulation model, however, it 

cannot be assumed that the response of both bearing sets will be the same. Consequently, rotation of 

each bearing set is modelled separately. 

Recall from section 1.2.1, in which the rigid rotor delevitation problem is defined, that the present 

dissertation is concerned only with rotor delevitation onto identical bearing modules. It is thus 

assumed that each bearing module contains the same number of bearings. 

4.1.3 Rotor-bearing contact model 

Two modes of contact are considered in the 3-D model. In addition to line contact, which occurred 

invariantly in the 2-D model, point contact is now also possible. Line contact occurs when the rotor 

and bearing centerlines are parallel and point contact when this is not the case. Since the 3-D model 

permits arbitrary orientation of the rotor, it is possible to account for different modes of contact. 

Figure 21: Simplified representation of a typical rotor delevitation system. 
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Switching between different contact modes is based on the instantaneous angle between the rotor and 

bearing centerlines. 

4.1.4 Bearing mount model 

Motion of the individual bearing modules are considered independently in the 3-D model. It is, 

however, assumed that the bearing modules are identical (see the rigid rotor delevitation problem 

which is defined in section 1.2.1). Since it is assumed that axial forces in the system are negligible, 

motion of the modules are planar. 

4.2 Primary model assumptions 

4.2.1 Negligibility of axial force components 

Whereas the 2-D simulation model requires axial symmetry of the system, the requirement of rotor 

symmetry is now waived. Basically this implies that the rotor and bearing centerlines will not, in 

Figure 22: The 3-D model of rotor delevitation. 
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general, remain parallel throughout the delevitation process. As a result, axial rotor-bearing contact 

forces can occur. 

Despite the fact that axial forces can develop in the system, it is assumed that these are negligible. 

This is justified since the rotor-bearing clearances encountered in rotor delevitation systems are 

usually very small (d/D > 0.98). 

This assumption guarantees that the motion of the rotor’s COM and that of the bearing modules will 

be planar. 

4.2.2 Negligibility of rotor orientation WRT contact detection 

Since the 3-D model permits arbitrary orientation of the rotor centerline with respect to the bearing 

centerlines, the nature of rotor-bearing contact is significantly more complex than in the case of the 2-

D model. Appendix C explores the aspects related to 3-D contact and the following effects are 

explored: 

 rotor ellipticity in the contact planes; 

 variation of the Hertzian contact stiffness with varying inclination of the rotor’s centerline. 

Section C.3 of Appendix C, demonstrates that these effects are negligible in rotor delevitation systems 

with normal clearances (d/D > 0.98). For practical purposes, contact detection at each bearing station 

can thus be approximated as a two-dimensional problem (as illustrated in Figure 16). Additionally, 

calculation of contact forces can be determined in the same way as for the 2-D model without 

corrections or modifications. 

4.2.3 Rigidity of components 

As in the 2-D model, the rotor is assumed to be a rigid body. Moreover, the bearings are assumed to 

be radially rigid. This is justified when the bearings are compliantly mounted. In such cases the 

bearing stiffness is much higher than that of the mounts. Upon application of a radial force, 

displacement of the bearings is thus negligible compared to mount displacement. 

4.2.4 Damping material modelling 

As with the 2-D model it is assumed that the damping material can be adequately modelled by a 

parallel spring-dashpot model which accounts for linear stiffness and viscous damping. 
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4.3 Mathematical formulation 

4.3.1 Definition of reference frames 

In order to facilitate mathematical description of the model, the following frames of reference are 

defined (see Figure 23): 

 the global reference frame (XYZ), 

 the local reference frame (xyz), and 

 the body reference frame (p123). 

The global reference frame, indicated by XYZ, is assumed to be an inertial reference frame. 

Coordinate vectors in XYZ are described with respect to the basis  ˆˆ ˆXYZ , , i j k  (the unit vectors 

are not shown in the figure). 

A local frame, indicated by xyz, is further chosen to be located at the rotor’s COM. This non-inertial 

frame is defined to have the basis  1 1 1
ˆ ˆ ˆxyz = , ,i j k . The basis vectors of xyz are defined to be 

parallel to the corresponding ones of XYZ. The xyz and XYZ coordinate systems therefore do not 

rotate with respect to each other. 

Finally, a non-inertial body frame is defined to be fixed in the rotor, having its origin at the rotor’s 

COM. It will be referred to as the p123-system and has the basis  1 2 3ˆ ˆ ˆp123 , , p p p . Note that the 

origins of the xyz and p123 coordinate systems are coincident. However, the p123 system rotates with 

the rotor while the orientation of the xyz system stays constant with respect to the global system 

during movement. 

Figure 23: Definition of reference frames for mathematical treatment of general rigid body rotation. 
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4.3.2 Rotor motion 

TRANSLATION 

The same approach used to describe linear motion of the rotor in the 2-D model is adopted here, 

namely that the acceleration, velocity and position of the rotor can be determined once the resultant 

force exerted on the rotor is determined. Equation (3.3) of section 3.4.2 consequently applies and is 

restated here: 

 ,res r r c imbm  F g F F . (4.1) 

Since contact forces at the bearing locations must be considered independently, the contact force, cF , 

is given by the sum of the individual rotor-bearing contact forces, ,1cF  and ,2cF : 

 ,1 ,2c c c F F F . (4.2) 

ROTATION 

In the 2-D model only the tangential part of the contact force exerted torque about the rotor’s COM. 

However, in the 3-D model both contact forces as well as imbalance forces can have moment arms 

about the rotor’s COM, resulting in torque exerted on the rotor. If the contribution of the imbalance 

torque is represented by imbT  and the contact torque by cT , the equation for the resultant torque on 

the rotor is* 

 ,res r c imb T T T . (4.3) 

Recall that the rotor model must account for unconstrained rotation. The approach described by eq. 

(3.2) to relate rotational motion with resultant torque is therefore invalid in the present case. A 

general description of rigid body rotation is needed. Appendix D reviews the relevant theory in 

detail; only important results are stated here. 

The relation between the resultant torque about the rotor’s COM, ,res rT , and the angular momentum 

of the rotor, comL  is given by 

 (xyz) , (xyz).com res r
d
dt

L T  (4.4) 

                                                           

* See sections 4.3.3 and 4.3.4 for calculation of imbalance and contact torque. 



MATHEMATICAL FORMULATION 79 

 

 

Subscripts (xyz) indicate that the vectors are expressed with respect to the base vectors of the local 

frame. The rotor’s angular momentum can also be expressed as a product of the inertia matrix, xyz[ ]I , 

and the rotor’s angular velocity, xyz  (both with respect to the local frame): 

 (xyz) xyzxyzcom
   L I  . (4.5) 

The inertia tensor in the local frame, xyz[ ]I , can be determined from the time-invariant inertia tensor 

in the body frame, p123[ ]I , by means of the following formula: 

 
1

xyz p123

              I P I P . (4.6) 

In the above formula, [ ]P  represents the 3x3 orientation matrix of the rotor. Its column vectors are the 

basis vectors of the body frame expressed with respect to the local frame: 

 1,xyz 2,xyz 3,xyzˆ ˆ ˆ, ,      P p p p . (4.7) 

The time derivative of the orientation matrix, which can be used to determine the rotation (change in 

orientation) of the rotor is given by 

      1,xyz 2,xyz 3,xyzˆ ˆ ˆ,  ,  
d
dt

         P p p p    (4.8) 

where   represents the angular velocity of the rotor. 

4.3.3 Imbalance forces and torques 

Consider Figure 24 which facilitates discussion of rotor imbalance. It can be seen that the position 

vector of the imbalance mass, imbr , is not generally normal to the angular velocity vector. Recall that 

this was not the case for the 2-D model (see Figure 15). Figure 24 illustrates the general situation 

encountered the 3-D model. For the i-th imbalance mass ,imb im  located at P, the corresponding 

imbalance force, ,imb iF , is given by 

 
2

, ,imb i imb i imF y . (4.9) 
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In the above equation iy  represents the component of the i-th imbalance position vector that is 

normal to the axis of rotation (coincident with the angular velocity vector). It is calculated as follows: 

 ,i imb i i y r x  (4.10) 

  ,i imb i dir dir x r    (4.11) 

 dir 





. (4.12) 

The net imbalance force, imbF , is then given by the sum of the individual imbalance forces: 

 ,imb imb i
i

F F . (4.13) 

4.3.4 Rotor-bearing contact 

Two aspects of contact are important with respect to the 2-D rotor delevitation model: contact 

detection and modelling of contact forces. These will be treated in the current section. 

CONTACT DETECTION 

In section 4.2.2 it was noted that several factors complicate the description of rotor-bearing contact in 

three dimensions and that none of these factors are significant for machines with small air gaps. The 

important consequence of this is that the scheme outlined in section 3.4.4, for contact detection in the 

2-D model, can be used in the 3-D model. This scheme, described by equations (3.6) - (3.10), has to be 

applied at both bearing locations. 

Figure 24: Rotor imbalance force calculation in three dimensions. 
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SWITCHING BETWEEN CONTACT MODES 

Since the rotor centerline is permitted to be inclined with respect to the nominal bearing centerline, 

two contact modes are possible*: line contact and point contact. Line contact will occur when the rotor 

and bearing centerlines are aligned exceptionally well and point contact when this is not the case. 

An important consideration in the simulation model is when to switch between the modes. Switching 

is accomplished by monitoring the angle ,r b  between the rotor and bearing centerlines. The bearing 

centerlines are initially defined to be coincident with the Z-axis (see Figure 22) . If the unit vector in 

the direction of the rotor centerline is represented by ,ˆcL rn , then 

 , ,
ˆˆcos r b cL r  n k  (4.14) 

(see definition of global frame basis vectors in section 4.3.1). The simulation model is set to switch to 

point contact when† 

 5
, 10  rad.r b

  (4.15) 

This corresponds to an inclination of 10 µm/m. 

MODELLING OF CONTACT FORCES 

In the case where line contact occurs between the rotor and a specific bearing, the contact normal 

force is described by applying eq. (3.11). 

In the case of point contact between the rotor and a specific bearing, the general Hertzian contact 

force-deflection relation is used. According to this model, the magnitude of the contact normal force, 

,c nF , is related to the contact interference,  , by the equation 

 1.5
,c n kF  (4.16) 

where 

 
3 2
D

E

K
k

C
  (4.17) 

                                                           

* In reality point and line contact are not sharply delimited contact modes. Transition modes do occur.  

† This is not standard practice and is the authors own construct. To the knowledge of the author no existing models incorporate 

contact mode switching. 
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  cosf  * (4.20) 
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. (4.21) 

Symbols in the above equations are used as follows (subscripts 1 and 2 refer to bodies 1 and 2): 

 1R  and 1'R  are the minimum and maximum radii of curvature in body 1†; 

 2R  and 2 'R  are the minimum and maximum radii of curvature in body 2; 

   is the Poisson ratio of the body; 

 E  is the Young modulus of the body 

   is the contact angle—the angle between the planes containing the minimum radii of 

curvatures ( 1R  and 2R ) in the respective contacting bodies. 

It is seen from the above equations that the stiffness parameter k  is indirectly dependent on the 

contact angle  . In the context of rotor-bearing contact, this angle is the angle between the rotor and 

bearing centerlines. Note that it is variable, having a direct influence on the stiffness parameter. In 

section C.3.2 of Appendix C, it is shown that this variation is negligible in typical rotor delevitation 

systems so that cos 1  . Consequently 

 0.288, cos 1    (4.22) 

and 

 
3 20.288
D

E

K
k

C
 . (4.23) 

 

                                                           

* Values of lambda are tabulated against values of cos(theta) in Roark’s Formulas for Stress and Strain [53]. 

† The radii are taken to be positive when the center of curvature lies within the contacting body and negative otherwise. 
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Recall from section 3.4.4 that the direction of the contact normal force, n̂c , is given by eq. (3.10). The 

contact normal force, in the case of point contact is thus* 

 1.5
, ˆc n nk F c . (4.24) 

Note that eq. (3.20) is still valid for calculation of the frictional (tangential) contact forces. However, 

the scheme for determining the direction of the frictional force, detailed in eqs. (3.15) - (3.19), needs to 

be revised. 

The new scheme is now outlined for a single bearing location. The surface speed of the bearing 

relative to the rotor surface, ,b rv  is given by 

 , , ,b r b surf r surf v v v  (4.25) 

where ,b surfv  and ,r surfv  are the bearing and rotor surface velocities at the contact site. If the angular 

speeds of the rotor and bearing are represented by   and  , the surface velocities are given by 

  , , ,b surf c b cLb  v r x  (4.26) 

and 

  , , ,r surf c rcom comr  v r x . (4.27) 

In these equations ,c br  represents the vector from the bearing centerline in the contact plane to the 

contact site; ,c rcomr  represents the vector from the rotor’s COM to the contact site; ,cLbx  represents the 

linear velocity of the bearing; ,com rx  represents the velocity of the rotor’s COM. 

The conditional statements in eqs. (3.18) and (3.19) can now be used to determine the direction of the 

frictional force, t̂c . The frictional contact force, ,c tF , is given by 

 , , ˆc t c n tF F c  (4.28) 

where   represents the rotor-bearing friction coefficient. Summing the contributions of the normal 

and frictional forces at the i-th bearing location, the i-th contact force, ,c iF , is obtained: 

 , , ( ) , ( )c i c n i c t i F F F . (4.29) 

Summing the individual contact forces gives the total contact force exerted on the rotor: 

                                                           

* Note that this equation has to be applied to every bearing location where point contact occurs. 
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 ,c c i
i

F F  (4.30) 

By applying Newton’s third law to the rotor-bearing contacts the bearing forces are found to be 

 , ,b i c iF F  (4.31) 

MODELLING OF CONTACT TORQUES 

The resultant torque on the rotor is simply the sum of the torques caused by the individual contact 

forces. If , ( )c rcom ir  represents the vector from the rotor’s COM to the i-th contact site, then* 

 , ( ) ,  ,  1,2c c rcom i c i
i

i  T r F . (4.32) 

4.3.5 Bearing module motion 

Recall from section 4.2.1 that the motion of the bearing modules are planar since the effects of axial 

forces are ignored. Except for being considered separately, motion of the bearing modules are 

handled like in the 2-D model. The vibration of two masses, instead of a single one is thus 

accommodated in the 3-D model. The equation of motion for the two bearing modules is as follows†: 

 , ( ) , , ,  , 1,2res bm i bm b i dm i hstop im i    F g F F F . (4.33) 

4.3.6 Influence of the damping materials and hard stops 

Since there are two bearing modules, the forces exerted by the respective damping materials are 

considered separately (compare eq. (3.22)): 

 , , ,dm i bs bs i bs bs ik c F r r . (4.34) 

The influence of the hard stops on the motion of the bearing modules is handled like in the 2-D 

model. Since the motion of each bearing module is considered independently, eqs. (3.23) - (3.26) are 

modified as follows: 

                                                           

* Compare eq. (3.4). 

† Compare eq. (3.32). 
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. (4.35) 

The magnitude of the force exerted on the i-th bearing support by the hard stop is given by 

  , , , ,hstop i hstop i hstop hstop i hstop bs ix k x c      F r  (4.36) 

where    represents the Heaviside step function and 

 , ,hstop i bs i hstopx r r  (4.37) 

The i-th hard stop force is completely determined by eqs. (4.35) and (4.36): 

 , , ,ˆhstop i hstop i hstop iF F n . (4.38) 

4.3.7 Bearing rotation 

The bearing model used in the 2-D simulation (see section 3.4.7) is also employed in the 3-D model. 

The dynamics of each bearing set is, however, considered separately in the 3-D model.  

Bearing rotation is handled like in the 2-D model. However, the dynamics of each bearing set is 

considered separately. The resultant torque on the i-th bearing set is given by 

 , ( )res b i b iIT   (4.39) 

where bI  is given by eq. (3.28) and 

 , ( ) , ( ) ,res b i c b i b i T r F . (4.40) 

Having obtained the resultant torque on each bearing module, the approach outlined in section 3.4.1 

can be used to obtain the rotational acceleration and speed of each bearing set. 

4.4 Computer implementation 

The 3-D computer simulation model was mainly built by modification and expansion of the 2-D 

model. Infrastructure code for the 2-D model was originally written so that it could eventually 

accommodate the 3-D case.  
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Major modification and expansion were related to the following: 

 creation of a 3-D referencing system; 

 accommodation of fully general rotor rotation by implementation of the relevant equations; 

 implementation of separate equations of motion for the bearing modules and bearing sets; 

 accommodation of multiple rotor-bearing contact sites; 

 accommodation of line and point contact between the rotor and bearings. 

Detailed description of the code will not be undertaken here. Only one aspect of the computer 

implementation, namely implementation of the referencing system, will be detailed in the following 

section. 

The MATLAB® source code of the 3-D model is included in pdf format on the accompanying data CD. 

(See Appendix G). 

4.4.1 Referencing in three dimensions 

Consider the problem of calculating dynamic imbalance torque (exerted on the rotor) in three 

dimensions. In order to calculate the torque, the vector cross product of the following vectors must be 

determined: 

 the vectors from the rotor COM to the imbalance masses; 

 the imbalance force vectors. 

This is a complex task in three dimensions since the imbalance mass translates and rotates with the 

rotor. Calculation of the first vector therefore requires that the locations of the imbalance masses be 

tracked throughout the simulation process. Notice from the definition of the body frame, introduced 

in section 4.3.1, that the positions of the imbalance masses are invariant with respect to it. The body 

frame was thus chosen to serve as a position reference. 

In order to serve as a reference, the orientation of the basis vectors of p123 must be tracked 

throughout the simulation process. Essentially the matrix P, defined in eq. (4.7), must be calculated 

at each time step. This is done by numerical integration of eq. (4.8). Notice that [ ]P  has 9 elements. 

Nine initial value problems must therefore be solved at each time step. The rotating reference 

therefore comes at high computational expense. 
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4.5 Verification 

As with the 2-D model, it is necessary to verify the computer implementation of the 3-D mathematical 

model. The reasoning underlying the verification of the 3-D computer simulation model is now 

discussed; it is similar to the reasoning underlying verification of the 2-D model. In order to verify the 

correctness of the predicted system response, the following must be demonstrated for each moving 

mass: 

 that it behaves correctly under the influence of external forces and torques; 

 that the correct external forces and torques are applied during the simulation process. 

The following testing procedure, outlined below, will be followed to verify the 3-D model. 

i. Verify that system components respond correctly under the influence of forces and 

torques by testing whether< 

a. the rotor responds correctly to external forces 

b. the rotor responds correctly to external torques (about all axes) 

c. bearing modules respond correctly to external forces* 

d. bearing sets respond correctly to external torques† 

ii. Verify that forces acting on components are correctly calculated by investigating 

whether< 

a. gravitational forces (on rotor and bearing modules) are correctly calculated 

b. rotor imbalance forces are correctly calculated (static and dynamic imbalance) 

c. forces exerted on the individual bearing modules are correctly calculated 

iii. Verify that contact is correctly handled by testing whether< 

a. contact transitions are correctly detected 

b. the magnitudes and directions of contact forces and torques are correctly 

determined 

iv. Verify qualitatively that behaviour of the integrated system is correct by testing 

whether< 

a. a nonrotating, balanced rotor behaves correctly when delevitated 

b. a nonrotating, balanced rotor that is initially not parallel to the bearing centerline 

behaves correctly when delevitated 

                                                           

* It is assumed that the bearings transfer a negligible amount of torque to their housings. The bearing modules are therefore 

considered to have only translational degrees of freedom. 

† Recall that the bearings’ translational degrees of freedom are coupled with that of their housings. Translation of the bearings 

is therefore considered. 
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v. Verify that the 3-D model correctly predicts planar responses for symmetrical systems in 

which the rotor and bearing centerlines are initially parallel. The planar response that is 

predicted by the 3-D model should be identical to the response predicted by the 2-D 

model for the same system. 

4.5.1 Response of the rotor to external forces 

This section aims to verify that the rotor behaves correctly under the influence of an externally 

applied force. It is done by testing whether a given force, applied for a specified time, results in the 

correct acceleration, change in velocity and change in position of the rotor. 

In order to eliminate the effects of gravity, line 40 of ControlCenter3D is modified to read: 

envir.g = [0;0;0];. 

To further facilitate testing, line 59 (in the subfunction NewStateCalcs) of Response3D, which 

calculates the resultant force on the rotor, is commented to read 

%newpartial.fr = sum(fr_cont,2) + sum(f_imb,2) + (rot.m).*envir.g;. 

This line is then successively replaced by the following statements: 

 newpartial.fr = [0;0;0]; 

 newpartial.fr = [500;500;0]; 

 newpartial.fr = -1*[500;500;0]; 

 newpartial.fr = -1*[500;0;0]; 

 newpartial.fr = -1*[0;500;0]; 

Note that the tests described above are identical to those performed on the 2-D simulation model in 

section 3.6.1*. The same test rotor, with mass 16.74 kg, is also used in the present tests and the listed 

forces were applied for 5 ms. The manual calculations performed in section 3.6.1 therefore apply to 

the present verification tests. 

The tests described above were performed on the simulation model and results were obtained that 

are identical to those in Table 1. It is concluded that the rotor model behaves correctly under the 

influence of externally applied forces. 

                                                           

* Recall from section 4.2.1 that the effects of axial forces are assumed to be negligible. Consequently, there is no need to 

investigate the rotor’s response under the influence of axial forces. 
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4.5.2 Response of the rotor to external torques 

It is also necessary to verify that the rotor model correctly handles external torques. In the 3-D model 

torque can be applied about any axis (not only the Z-axis as in the case of the 2-D model). This must 

be considered in the testing procedure. Note that the rotor model also permits torque-induced 

rotational cross-coupling. This effect manifests itself when torque is applied about an axis that does 

not coincide with the rotor’s axis of rotation. 

Ideally, verification of the rotor’s torque response would consist of tests in which a spinning rotor is 

subjected to torques which induce rotational cross-coupling. The dynamic response of the rotor could 

then be compared to manual calculations. However, manual mathematical treatment of general rotor 

torque response is not practical. 

Instead, the following method will be used to verify the rotor model’s torque response: 

 the rotor model will be tested for correct prediction of torque-free motion; 

 it will be investigated whether the rotor model behaves correctly when external torques are 

applied to an initially stationary rotor about a single principal axis. 

The reasoning behind the method now follows. Verification of the general torque response of the 

rotor essentially consists of demonstrating that eqs. (4.4) - (4.8) are correctly implemented in the 

computer model. Suppose that the computer model correctly predicts torque-free motion of the 

rotor*. It can then be concluded with great certainty that the description of rotor rotation via the 

angular momentum approach—described by eqs. (4.5) - (4.8)—is correctly implemented. In other 

words, if the angular momentum is correctly calculated, then it will be correctly reflected in the 

rotational motion of the rotor. 

It then also needs to be demonstrated that the angular momentum is, in fact, correctly calculated. 

Suppose that the rotor model also behaves correctly when a stationary rotor is subjected to torques 

about the x, y, and z axes. It can then be inferred that the angular momentum is correctly calculated 

according to eq. (4.4). It is emphasized that it is not necessary to test the torque response of spinning 

rotors; the method described above is adequate to verify the general torque response of the rotor. 

TORQUE-FREE MOTION OF THE ROTOR 

Torque-free motion of spinning rotors is not a simple phenomenon. In most texts on classical 

mechanics it is proven that the angular speeds about the principal axes are harmonic functions of 

                                                           

* In general, torque-free motion of rotors is not trivial and consists of precessional motion. 
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time*. Physically this is interpreted as precessional motion with which definite frequencies are 

associated. 

To verify that the rotor model correctly predicts torque-free response, the rotor will be considered as 

a spinning top†. Suppose that the third principal axis of a spinning top is also an axis of symmetry. 

For torque-free motion of such bodies it is known that 

 3 0   

where 3  represents the angular velocity about the symmetry axis. Moreover, the frequency of 

precession, f , is given by 

 3 1
3

1

1
2

I I
f

I





 . 

It is this characteristic of spinning tops that will be used to verify correct torque-free response of the 

rotor. 

If the rotor is to be considered as a spinning top, its COM must be stationary. This is ensured in the 

simulation model by modifying line 59 of Response3D to read 

newpartial.fr = [0;0;0];. 

Precessional motion of the spinning rotor is excited by applying an impulsive torque about an axis 

that is normal to the rotational axis. In the simulation model this is accomplished as follows: an initial 

speed is specified in line 92 of ControlCenter3D; thereafter the impulsive torque is applied. In order 

to apply the torque, line 61 of Response3D is replaced by 

newpartial.tr = -[100;100;0]*(heaviside(state(i).t -1e-3) - heaviside(state(i).t -1.05e-

3));. 

These tests are repeated for different values of 3 . 

For a rotor with 2
1 2 0.096 kg.mI I   and 2

3 0.063 kg.mI   the precessional frequency must be 

  3 3
1 0.063 0.096

54.71e-3  Hz
2 0.096

f  



  . 

Test results are shown in Figure 25 in which the proportionality between precessional frequency and 

3  is clearly seen. The slope of the line is determined to be 52.2e-3 rad-1. It is concluded from the tests 

                                                           

* See for example the book by Goldstein [48]. 

† A spinning top is a rigid body that is symmetrical about an axis and that also has a point on this axis fixed in space. 
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that the rotor model exhibits correct torque-free behaviour. It is thus verified that eqs. (4.5) - (4.8) are 

correctly implemented in the simulation code. 

RESPONSE OF A STATIONARY ROTOR TO EXTERNAL TORQUES APPLIED ABOUT A PRINCIPAL AXIS 

Recall that it is additionally required that the torque response of the rotor model be verified. If a 

resultant torque is applied about a principal axis of a rotor that is initially stationary, no cross-

coupling occurs. Torque applied about a given axis thus results in angular acceleration about the 

same axis. Verification of the rotor torque response was done by testing whether the application of a 

given torque for a certain time results in the correct change in angular velocity. 

To eliminate bulk motion of the rotor during testing, the resultant force on the rotor was set to zero. 

This was done by modifying line 59 of ControlCenter3D to read 

newpartial.fr = [0;0;0];. 

The initial angular velocity of the rotor was also set to zero by modifying line 92 in ControlCenter3D: 

init.omegar     = [0;0;0];. 

Finally, line 61 of Response3D, was individually replaced by the following lines to allow manual 

manipulation of the resultant torque on the rotor: 

 newpartial.tr =  [0;0;0]; 

 newpartial.tr =  [10;0;0]; 

 newpartial.tr = -[10;0;0]; 

 newpartial.tr =  [0;10;0]; 

 newpartial.tr = -[0;10;0]; 

Figure 25: Precessional frequency of the rotor centerline vs. rotor speed about the p3-axis. 
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 newpartial.tr =  [0;0;10]; 

 newpartial.tr = -[0;0;10]; 

 newpartial.tr = -[10;10;0];. 

The same test rotor that was used for the verification tests in section 3.6.2. was also used here. Its 

details are as follows: 

 mass: 16.74 kgm  ; 

 polar moments of inertia: 2
zz 0.063 kg.mI   and 2

xx yy 0.096 kg.mI I  . 

Note that the manual calculations in section 3.6.2 are applicable for rotation about the z-axis. For 

rotation about the x and y axes, however, new calculations are needed. Using the same notation as in 

section 3.6.2, manual calculations are done for rotation about the other axes. For torques of ±10 N.m. 

applied about the x and y axes for 5 ms the following applies: 

 
2

10 0.096

104.2 rad.s

T I




  

 

 

   
1

104.2 5e-3

0.521 rad.s .

t 



 
 

 

 

Since the angular acceleration and displacement of the rotor are not calculated in the 3-D model, these 

values are not verified in the current tests. Test results are shown in Table 2. It is seen that the 

stationary rotor behaves correctly under the influence of external torques that are applied about a 

Table 8: Response of the 3-D rotor model to external torques (applied individually for 5 ms). 

Applied torque [N.m.]   [rad.s-1] Applied torque [N.m.]   [rad.s-1] 

[0; 0; 0] [0; 0 ; 0] [0; -10; 0] [0; -0.521; 0] 

[10; 0; 0] [0.521; 0; 0] [0; 0; 100] [0; 0; 7.93] 

[-10; 0; 0] [-0.521; 0; 0] [0; 0; -100] [0; 0; -7.93] 

[0; 10; 0] [0; 0.521; 0] [-10; -10; 0] [-0.521; -0.521; 0]* 
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single principal axis. This effectively demonstrates that eq. (4.4) is correctly implemented in the 

simulation model. 

From the tests performed under the present heading and the previous one it is concluded that the 

rotor model behaves correctly when subjected to external torques. 

4.5.3 Response of bearing sets to external torques 

In similar fashion to the tests documented in section 3.6.3, it is now demonstrated that the bearing 

sets behave correctly under the influence of external torques. The identical tests performed on the 2-D 

model are used here, the only difference being that the response of the bearing sets must be verified 

separately. Since the bearing sets are identical their responses should be identical when subjected to 

the same test torque. 

Testing is facilitated by setting the resultant force on the rotor to zero in line 59 of Response3D: 

newpartial.fr = [0;0;0];. 

Additionally the number of bearings in a set is set to 2 in line 61 of ControlCenter3D: 

bearing.n_set = 2;                  %Number of bearings in a set. 

External torques on the bearing sets are eliminated by commenting lines 71 and 72 to read: 

%newpartial.tb1  = tb_cont(1); 

%newpartial.tb2  = tb_cont(2);. 

Manual setting of the resultant torques are then accomplished by individually adding the following 

lines: 

 newpartial.tb1 = 0;  newpartial.tb2 = 0; 

 newpartial.tb1 = 100;  newpartial.tb2 = 100; 

 newpartial.tb1 = -100;  newpartial.tb2 = -100;. 

The same test bearing used in the tests of section 3.6.3, with polar moment of inertia equal to 136e-6 

kg.m2, was also used for the present tests. 

All the tests outlined above were performed on the 3-D model; results obtained were identical to 

those documented in the 2-D model testing. For each case it was observed that both bearings behaved 

identically. It is concluded from the concluded from the tests that the bearings behave correctly under 

the influence of external torques. 
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4.5.4 Response of the bearing modules to external forces 

As far as verification of the force and torque response of components is concerned, only the force 

response of the bearing modules needs to be tested. This was done by testing the following: 

 the responses of the bearing modules to externally applied forces; 

 the vibration responses of the bearing modules in the damping materials when subjected to 

impulsive forces; 

 the vibration responses of the bearing modules in the damping materials when subjected to 

step input forces. 

RESPONSE OF BEARING MODULES TO A SINGLE EXTERNAL FORCE 

In this section, the force response of the bearing modules is partially verified. Manual calculations are 

performed to determine the acceleration, change in velocity and position of two test modules due to a 

constant force. These calculations are then compared to results obtained from the simulation model. 

In order to facilitate testing lines 92 and 93 of Response3D are commented to read 

%newpartial.fabsys1 = fabsys1_b1 + fabsys_damper(:,1) +m_absys.*envir.g; 

%newpartial.fabsys2 = fabsys2_b2 + fabsys_damper(:,2) +m_absys.*envir.g; 

These are then individually replaced with the following statements which apply resultant forces to 

the modules: 

 newpartial.fabsys1  = [0;0;0];  newpartial.fabsys2 = [0;0;0]; 

 newpartial.fabsys1  = [500;500;0];  newpartial.fabsys2 = [500;500;0]; 

 newpartial.fabsys1  = -1*[500;500;0]; newpartial.fabsys2 = -1*[500;500;0]; 

 newpartial.fabsys1  = -1*[500;0;0]; newpartial.fabsys2 = -1*[500;0;0]; 

 newpartial.fabsys1  = -1*[0;500;0]; newpartial.fabsys2 = -1*[0;500;0]; 

System parameters used for the tests are as follows: 

 bearings 

o 2 in each module 

o 0.13 kgbm   

 bearing housings: 0.5 kghm   

For a force component F , applied to a module of mass m , the acceleration, a , change in velocity, 

v  and change in position, x , are calculated as follows: 
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The simulation model was tested for each of the force inputs listed above to verify that results 

obtained matched the manual calculations. 

RESPONSE OF BEARING MODULES TO IMPULSIVE BEARING FORCES 

Like in section 3.6.4, the vibration response of the bearing modules is verified for the case where 

impulsive forces are applied to the modules. This is done by comparison of the undamped and 

damped natural frequencies observed in the simulation model with results of vibration theory. 

To facilitate testing, the effects of gravity are eliminated by modifying line 40 of ControlCenter3D to 

read 

envir.g = [0;0;0];. 

To allow for manual input of bearing forces, lines 78 and 79 of Response3D are commented: 

%fabsys1_b1 = fb_cont(:,1);  %The bearing fits securely into the mount 

%fabsys2_b2 = fb_cont(:,2);  %The bearing fits securely into the mount. 

The following lines are then individually added to apply the impulsive test forces to the bearings*: 

 fabsys_b1 = [0;0;0] *for 1ms;   fabsys_b2 = [0;0;0] *for 1ms; 

 fabsys_b1 = [100;0;0] *for 1ms;  fabsys_b2 = [100;0;0] *for 1ms; 

 fabsys_b1 = [0;100;0] *for 1ms;  fabsys_b2 = [0;100;0] *for 1ms; 

 fabsys_b1 =  [-100;-100;0] *for 1ms;  fabsys_b2 = [-100;-100;0] *for 1ms; 

 fabsys_b1 = [-1000;-1000;0] *for 1ms;. fabsys_b2 = [-1000;-1000;0] *for 1ms 

                                                           

* In each of these lines the phrase “* for 1 ms” is taken to mean multiplication by the factor (heaviside(state(i).t -1e-3) - 

  heaviside(state(i).t -2e-3)) which applies the given force from t = 1 ms to t = 2 ms. 
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For the damped and undamped cases line 73 of ControlCenter3D is also respectively modified to read 

mount.c1 = 5000; 

or 

mount.c1 = 0;. 

System parameters used for the tests are as follows: 

 bearings 

o each module contains a single bearing 

o 0.13 kgbm   

 bearing housings 

o 0.5 kghm   

 damping materials 

o 15e7 N.mdmk
  

o alternately 12500 Ns.mdmc
  or 10 Ns.mdmc

 . 

These are identical to those used for testing of the 2-D model in section 3.6.4. Results of manual 

calculations performed there to determine the damped and undamped natural frequencies therefore 

also apply here. The mentioned results for the undamped and damped natural frequencies of 

vibration are restated here: 

 1418 HzNf 

 and 

 1382 HzDf  . 

All the tests described above were performed on the simulation model. For each test the response of 

both bearing modules was observed to be identical. Moreover, the undamped and damped 

frequencies of vibration measured in the simulation model agree with the calculated values. It is thus 

adequately demonstrated that the bearing modules behave correctly under the influence of impulsive 

bearing forces. 

RESPONSE OF THE BEARING MODULES TO STEP FORCE INPUTS 

The same test performed on the 2-D model is used to verify correct response of the bearing modules 

to step force inputs (see section 3.6.4). The only difference is that the test needs to be performed on 

both bearing modules in the 3-D model. 
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In section 3.6.4 manual calculations were done for a step force of [-1000; -1000; 0] N acting on a 

bearing module supported by damping material having stiffness of 5e7 N.m-1. Those calculations also 

apply here and predict that both modules should settle at X- and Y-coordinates of -20µm. 

Figure 26 shows the response of one bearing module to the step force input (damping coefficient = 

500 Ns.m-1). It can be seen that the module settles in the correct position. Note also that the responses 

of the modules were observed to be identical. 

It is concluded from the tests documented in the present section that the bearing modules behave 

correctly under the influence of external forces. Note that the tests also verify that the damping 

material model is correctly implemented. 

4.5.5 Calculation of gravitational forces on components 

All preceding verification tests had the goal of demonstrating that the various components in the 

rotor delevitation system behave correctly under the influence of external forces. In other words, the 

system will behave correctly when correct forces are applied to the components throughout the 

simulation process. It remains, then, to be verified that the correct forces are applied to the various 

components throughout the simulation process. 

In the present section the 3-D simulation model will be tested in order to verify that gravitational 

forces are correctly applied to components. 

GRAVITATIONAL FORCES ON THE ROTOR 

To verify that the gravitational force is correctly applied to the rotor model, the tests that were 

performed on the 2-D model were used (see section 3.6.5). 

Figure 26: Response of the first bearing module to a step force input. 
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Testing of the simulation model was done by eliminating the effects of all forces except gravity. First, 

line 59 of Response3D is commented: 

%newpartial.fr = sum(fr_cont,2) + sum(f_imb,2) + (rot.m).*envir.g;. 

The following line is then added below the previous one: 

newpartial.fr = (rot.m).*envir.g;. 

Gravitational acceleration is then successively set in line 40 ControlCenter3D as follows: 

 envir.g = [0;0;0]; 

 envir.g = [0;-10;0]; 

 envir.g = [-10;0;0]; 

 envir.g = [10;10;0];. 

Verification was performed by testing whether the correct changes in velocity and position are 

obtained in the simulation model. The same test rotor, used in section 3.6.5, is also used for the 

present verification tests. Identical results are therefore expected. 

The tests described above were performed on the 3-D simulation model and the results obtained were 

identical to those in Table 5. It is thus demonstrated that gravitational forces are correctly applied to 

the rotor model. 

GRAVITATIONAL FORCES ON THE BEARING MODULES 

It must also be demonstrated that the gravitational force is correctly applied to the bearing modules. 

In order to demonstrate this, an impulsive force is applied to the modules in the presence of gravity. 

It is then expected that the modules will return to their equilibrium positions. 

The gravitational acceleration is set as follows in line 40 of ControlCenter3D: 

envir.g = [0;-100;0];. 

 

In order to apply the impulsive test forces lines 92 and 93 of Response3D are commented to read 

%newpartial.fabsys1 = fabsys1_b1 + fabsys_damper(:,1) +m_absys.*envir.g; 

%newpartial.fabsys2 = fabsys2_b2 + fabsys_damper(:,2) +m_absys.*envir.g;. 
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The following lines are then added*: 

newpartial.fabsys1 = [-500;-500;0]*for 100µs + fabsys_damper(:,1) +m_absys.*envir.g; 

newpartial.fabsys2 = [-500;-500;0]*for 100µs + fabsys_damper(:,1) +m_absys.*envir.g;. 

Test data that was used are as follows: 

 bearings 

o each module contains 2 bearings 

o 0.13 kgbm   

 bearing housings 

o 0.5 kghm   

 damping materials 

o 15e7 N.mdk
  

o 1500 Ns.mdc
  

Note that the equilibrium positions are influenced only by the gravitational force and the stiffness of 

the damping material. Moreover, for identical bearing modules (assumed in the 3-D model) the X and 

Y-components of the settling positions should be the same if gravity acts in the XY-plane. The settling 

position, bmr , is calculated as follows†: 
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The response of one bearing module (BM1) is shown in Figure 27. It is seen that the results agree with 

the manual calculation above. Note that the response of the second bearing module was verified to be 

identical to that of the first. 

From the verification tests documented in this section it is concluded that gravitational forces are 

correctly applied to the rotor and bearing module models. 

                                                           

* In each of these lines the phrase “* for 100 µs” is taken to mean multiplication by the factor (heaviside(state(i).t -1e-3) - 

    heaviside(state(i).t -1.1e-3)) which applies the given force from t=1 ms to t=1.1 ms. 

† Z-components are not considered in the calculation since these are different for each module and are uninfluenced by gravity. 
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4.5.6 Calculation of rotor imbalance forces 

Although imbalance is inherent to rotors, it is usually modelled as external disturbances on a 

perfectly balanced rotor. This is also the case in the present model. It must therefore be verified that 

the resulting imbalance forces and torques are correctly applied to the rotor model throughout the 

computation process. This is done in two parts: the first considers static imbalance of the rotor and 

the second part dynamic imbalance. 

STATIC IMBALANCE RESPONSE OF THE ROTOR 

Two tests will be performed to verify correct handling of static (single-plane) imbalance. In the first 

test a residual imbalance will be specified in a balancing plane that is coincident with the rotor’s 

COM. In the second test two equal imbalance masses, having opposite phases, will be specified in a 

balancing plane that is not coincident with the rotor’s COM. 

For both tests the effects of all forces on the rotor, except for imbalance forces, are eliminated. This is 

done by replacing line 59 of Response3D, 

%newpartial.fr = sum(fr_cont,2) + sum(f_imb,2) + (rot.m).*envir.g;, 

by 

newpartial.fr = sum(f_imb,2);. 

Test 1 

A rotor with a single-plane residual imbalance of 10e-6 kg.m was used for the first test. The 

mentioned residual imbalance is located in a balancing plane that is coincident with the rotor’s COM. 

Figure 27: Response of the first bearing module to an impulsive force under the influence of gravity. 
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Imbalance parameters were specified using the following code in CreateRotorComplex: 

rotor.residimb    = 1e-6.*[10];             %Residual imbalance in planes [kg.m] 

rotor.imbphase    = [0];                    %Phase: measured from +X-axis [deg]. 

If the rotational speed of the rotor is set to 5000 rad.s-1, the calculations in section 3.6.6 under the 

heading “Test 1” also apply to the present case. This is because both magnitudes of the residual 

imbalance and rotational speed are the same for the tests. 

Testing of the 3-D model yielded results identical to that obtained in the mentioned 2-D test. It was 

observed that the magnitudes and phases of the imbalance force components are correctly reflected in 

the simulation model. Moreover, the imbalance was also observed to be synchronous to the rotational 

speed. 

Test 2 

Since multiple imbalance masses may be specified for a given rotor, it is required to demonstrate that 

the resulting forces are correctly summed. For this purpose, the simulation model is tested with a 

rotor that has two residual imbalances of opposite phase in the same balancing plane. The following 

lines were used to define the imbalance parameters in CreateRotorComplex: 

rotor.balancepls  = 1e-3.*[175,175];        %Balancing planes axial (Z) location [m] 

rotor.residimb    = 1e-6.*[10,10];          %Residual imbalance in planes [kg.m] 

rotor.imbphase    = [0,180];                %Phase: measured from +X-axis [deg]. 

The test showed a resultant imbalance force on the order of 10-14 N exerted on the rotor. This can be 

ascribed to numerical computation errors. From the previous two tests it is concluded that the 3-D 

model correctly handles static imbalance of rotors. 

DYNAMIC IMBALANCE RESPONSE OF THE ROTOR 

A single test is performed to verify the correct handling of dynamic imbalance in the 3-D simulation 

model. Suppose that a pure couple imbalance is present in the rotor. In the absence of other forces the 

resultant force on the rotor should be zero. However, a resultant torque should be present. 

CreateRotorComplex was used to create a rotor with pure couple imbalance. The following lines 

define the imbalance characteristics: 

rotor.balancepls  = 1e-3.*[50,300];         %Balancing planes axial (Z) location [m] 

rotor.residimb    = 1e-6.*[10,10];          %Residual imbalance in planes [kg.m] 

rotor.imbphase    = [0,180];                %Phase: measured from +X-axis [deg] 
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Note that the COM of the test rotor is located at 175 mm. The balancing planes are thus equidistant 

from the COM. The magnitude of the resultant torque, T , is now calculated for a rotational speed of 

[0; 0; 5000] rad.s-1. The magnitudes of the imbalance forces, ,1imbF  and ,2imbF  are calculated by 

applying eq. (4.9) as follows: 
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The resultant torque is then given by 
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where ix  represents the length of the i-th moment arm. 

Note the definition of the imbalance phases and the fact that the rotational speed is defined as [0; 0; 

5000] rad.s-1. From this, the imbalance torque vector is determined to be initially directed along the 

negative Y-axis. It will therefore initially have zero components along the X- and Z-axes. Figure 28 

(left) shows the rotor torque WRT the global coordinate system*. Results presented therein agree with 

the manual calculations and the preceding discussion. 

                                                           

* Note that the couple imbalance will cause deflection and precession of the rotor, invalidating the manual calculations. This 

effect is, however, relatively small because of the high rotor speed. Note also that results are shown for the first 10 ms. The 

effects of deflection and precession on the rotor torque are still negligible during this time interval. 

Figure 28: Rotor torque generated by pure couple imbalance WRT XYZ (left) and p123 (right). 
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Note further that the third principal axis (p3) of the rotor was defined to be initially aligned with the 

+Z-axis. It can be safely assumed that the imbalance force magnitudes are influenced only by rotation 

about the p3-axis*. Given this assumption, a constant torque should be observed about the p2-axis 

(and zero torque about the first and third axes). The reason for this is that the imbalance forces—and 

also the imbalance torque direction—rotate with the rotor. The torque vector is thus invariant with 

respect to the principal axes. Figure 28 (right) shows the rotor torque components WRT the principal 

axes. The results confirm the previous discussion and serve as further verification of correct dynamic 

imbalance handling. 

From the tests documented in the present section it is concluded that rotor imbalance forces and 

torques are correctly applied to the rotor model. 

4.5.7 Detection of contact transitions 

In order to test whether contact transitions are correctly detected the function Contact3D was tested 

in isolation. It was decided that correct calculation of the variable “incontact” constitutes adequate 

verification of contact detection. The variable is a row vector consisting of Boolean values. If contact 

occurs at the i-th bearing location, then the i-th element of incontact must have a value of 1. 

Verification testing is done in two parts: first, tests are performed for cases where the rotor and 

bearing centerlines are parallel; thereafter tests are done in which this is not the case. 

TESTS FOR CASES WHERE ROTOR AND BEARING CENTERLINES ARE PARALLEL 

Isolated testing required the function to be called from the MATLAB® command line. The testing 

procedure was facilitated by replacing lines 73-86, which normally read input values, with the 

following code: 

d = 49e-3;     D = 50e-3; 

xr = testvalue;    xabsys1 = 1e-3*[3;-4;50]; 

xabsys2 = 1e-3*[3;-4;300];   rLE_p123 = 1e-3*[0;0;-175]; 

P = [[1;0;0], [0;1;0], [0;0;1]];  lcontactlocs = [0.050;0.300]; 

pcontactlocs = [0.0386;0.3114];. 

For the testing procedure the rotor and bearing radii and the bearing position is kept constant while 

varying the rotor position. Note that the tests performed here are identical to those performed on the 

                                                           

* The reason for this is that precessional motion manifests as angular velocity components about the other two principal axes. 

These are usually small relative to the angular velocity component about the p3-axis. 
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2-D model. Test results are shown in Table 9. Since manual calculations entail simple geometry, it is 

stated without further discussion that these results are correct. 

TESTS FOR CASES WHERE ROTOR AND BEARING CENTERLINES ARE NOT PARALLEL 

The previous section verified that line contact transitions are correctly detected in the simulation 

model. It must further be verified that point contact transitions are also correctly detected. Two sets of 

tests were performed to this end. In the first set the rotor’s COM is located midway between the 

bearing planes; in the second set of tests this is not the case. 

Test 1 

For this test, rotation of the rotor is considered in an axially symmetrical system. First, the rotor’s 

COM is specified to be coincident with the bearing centerlines. The angle of the rotor centerline is 

then varied and the state of the variable “incontact” verified. 

The rotor’s angle is varied indirectly by the matrix [ ]P  describing the rotor’s orientation*. In the 

simulation model it is defined that the rotor’s principal axes are aligned with the coordinate axes of 

the local frame. In this position it holds that 

 

1 0 0

0 1 0

0 0 1

 
 
      
 
  

P . 

                                                           

* This matrix is defined in eq. (4.7). 

Table 9: Results of contact detection tests that were performed on the 3-D simulation model. 

testvalue (rotor position) [m] incontact testvalue (rotor position) [m] incontact 

1e-3*[3; -4; 175] [0, 0] 1e-3*[3.6; -4; 175] [1, 1] 

1e-3*[3; -4.5; 175] [0, 0] 1e-3*[2.65; -3.65; 175] [0; 0] 

1e-3*[3; -4.6; 175] [1, 1] 1e-3*[2.64; -3.64; 175] [1; 1] 

1e-3*[3.5; -4; 175] [0, 0]   
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For a rotation of x  degrees about the x-axis, the matrix becomes 

 

1 0 0

0 cos sin

0 sin cos
x

x x

x x


 
 

 
 
      
 
  

P . (4.41) 

Rotation of the column vectors of [ ]P  about the y-axis through an angle of y  gives 

 

cos 0 sin

0 1 0

sin 0 cos
y

y y

y y



 

 

 
 
      
   

P . (4.42) 

For the first test, the following code replaces lines 73-86 of Contact3D: 

d = 49e-3;    %rotor diameter 

D = 50e-3;    %bearing diameter 

xr = 1e-3*[0;0;175];  %position of the rotor’s COM WRT XYZ 

xabsys1 = 1e-3*[0;0;50];  %position of the 1st bearing module WRT XYZ 

xabsys2 = 1e-3*[0;0;300];  %position of the 2nd bearing module WRT XYZ 

rLE_p123 = 1e-3*[0;0;-175]; %position of the rotor left end WRT p123 

lcontactlocs = [0.050;0.300]; %axial locations where line contact will occur 

pcontactlocs = [0.0386;0.3114]; %axial locations where point contact will occur 

P = [[cos(testangle);0;-sin(testangle)], [0;1;0], [sin(testangle);0;cos(testangle)]];* 

P = [[1;0;0], [0; cos(testangle); sin(testangle)], [0;-sin(testangle);cos(testangle)]];† 

Figure 29 will now be used to derive the angle that constitutes the point contact transition threshold 

for the test case. The following parameters are used in the test case: 

 rotor diameter (d ):  49 mm; 

 bearing diameter (D ):  50 mm; 

 BC = 136.4 mm (see Figure 29). 

If the ellipticity of the rotor in the contact planes is ignored (see Appendix C, section C.4), AC is equal 

to the air gap: 

                                                           

* This line is added only If the rotor is to be rotated through the angle “testangle” about the y-axis. 

† This line is added only If the rotor is to be rotated through the angle “testangle” about the x-axis. 
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0.5

0.5 50 49

0.5 mm.

AC D d 
 


 

Using this result, the threshold angle   can be calculated: 

 

arctan

0.5
arctan

136.4
3.666 mrad

AC
BC


     
     



 

Table 10 shows the test results. It is seen that contact transitions are correctly detected for the listed 

test cases. 

Test 2 

The second test to be performed, aims to demonstrate that contact transitions are correctly detected in 

systems that are axially unsymmetrical. Figure 30 illustrates such a system. It can be seen that contact 

Table 10: Results of contact detection verification tests performed on the 3-D model. 

Rotor orientation [mrad] incontact Rotor orientation [mrad] incontact 

0x   [0, 0] 0y   [0, 0] 

3.66x    [0, 0] 3.66y   [0, 0] 

3.67x    [1, 1] 3.67y   [1, 1] 

 

Figure 29: Point contact between a rotor and backup bearings. 
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will not occur simultaneously at both bearings as in the case of axially symmetrical systems. 

The following code was used to test Contact3D: 

d = 49e-3;    %rotor diameter 

D = 50e-3;    %bearing diameter 

xr = 1e-3*[3;-4;100];  %position of the rotor’s COM WRT XYZ 

xabsys1 = 1e-3*[3;-4;50];  %position of the 1st bearing module WRT XYZ 

xabsys2 = 1e-3*[3;-4;300];  %position of the 2nd bearing module WRT XYZ 

rLE_p123 = 1e-3*[0;0;-100]; %position of the rotor’s left end WRT p123 

lcontactlocs = [0.050;0.300]; %axial locations where line contact will occur 

pcontactlocs = [0.0386;0.3114]; %axial locations where point contact will occur 

P = [[cos(testangle);0;-sin(testangle)], [0;1;0], [sin(testangle);0;cos(testangle)]]; 

P = [[1;0;0], [0; cos(testangle); sin(testangle)], [0;-sin(testangle);cos(testangle)]]; 

It can be seen from the input that the bearing center plane is located at (50 +300)/2 = 175 mm. Since the 

axial position of the rotor’s COM is 100 mm, it is 75 mm away from the center plane: 

 COM 75 mm  . 

It can be shown that 136.4 mma   and 0.5 mmAC  . The threshold angle can now be calculated: 

 

arctan

0.5
arctan

136.4 75
2.365 mrad.

com

AC
a


       
     



 

Table 13 shows the simulation test results. Although the results are not shown in the table, the model 

was also successfully tested for the case where the rotor’s COM was located at Z = 250 mm. In Figure 

30 this is shown with the rotor’s COM located at D. 

Figure 30: Point contact between a rotor and its backup bearings in an axially unsymmetrical system. 
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Based on the tests documented in this section it is concluded that contact transitions are correctly 

detected in the model. 

4.5.8 Calculation of contact forces and torques 

The previous section verifies that the Contact3D function correctly detects contact transitions. It has 

to be further demonstrated that contact forces and torques are also correctly calculated by this 

function. This will be done in two parts: firstly, all line contact tests that were performed on the 2-D 

model will be repeated for the 3-D model; secondly, manual calculations will be done for a general 

case of 3-D contact and compared with simulation results. 

LINE CONTACT TESTS 

All tests that were performed on the 2-D model, documented in section 3.6.8, were repeated for the 3-

D model. Recall that the position of the rotor and the friction coefficient were varied while keeping 

the bearing position constant. 

In order to perform the mentioned tests on the present model, the function Contact3D is tested in 

isolation. This is done by calling the function from the MATLAB® command line. Lines 73–86 of the 

function need to be replaced in order to facilitate isolation testing: 

d = 49e-3;    D = 50e-3; 

xr = testvalue;   xabsys1 = 1e-3*[3;-4;50]; 

xabsys2 = 1e-3*[3;-4;300];  rLE_p123 = 1e-3*[0;0;-100]; 

lcontactlocs = [0.050;0.300]; pcontactlocs = [0.0386;0.3114]; 

P = [[1;0;0], [0;1;0], [0;0;1]];  %the rotor and bearing centerlines are parallel 

vr      = [0;0;0];    %velocity of the rotor COM 

Table 11: Results of contact detection verification tests performed on the 3-D model (axially unsymmetrical system). 

Rotor orientation [mrad] incontact Rotor orientation [mrad] incontact 

0x   [0, 0] 0y   [0, 0] 

2.36x    [0, 0] 2.36y   [0, 0] 

2.366x    [0, 1] 2.366y   [0, 1] 
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vb      = [[0;0;0], [0;0;0]];  %velocity of the bearing modules 

w       = [0;0;1000];   %rotor angular velocity 

W       = [[0;0;500], [0;0;500]];  %angular velocity of the bearings 

mud     = mutest;    %rotor-bearing friction coefficent 

E = 200e9;     %Young’s modulus of rotor and bearing materials 

L = 0.040;     %effective bearing width (line contact length) 

Table 12 shows the test results (compare with Table 7). It is concluded that line contact forces are 

correctly calculated for line contact in the 3-D simulation model. 

POINT CONTACT TESTS 

Apart from demonstrating that line contact forces are correctly calculated, it must also be verified 

whether point contact forces are calculated correctly. To this end, manual calculations will be done 

for a single test case and compared with simulation results. 

The system chosen for the test is axially symmetric so that it is similar to the one shown in Figure 29. 

To enable isolation testing of the function, lines 73–86 were replaced with the following code: 

d = 49e-3;     D = 50e-3; 

Table 12: Line contact verification testing results. 

Rotor COM position 

[m] 

Contact disp. at B1 

and B2 [m] 

cF  [N] at B1 and B2 

(mutest =0) 

cF  [N] at B1 and B2 

(mutest =0.2) 

1e-3[3; -4; 175] -- [0; 0; 0] [0; 0; 0] 

1e-3[3; -4.5; 175] -- [0; 0; 0] [0; 0; 0] 

1e-3[3; -4.6; 175] 0.1e-3 1e3 [0; 362.8; 0] 1e3 [-72.55; 362.8; 0] 

1e-3[3.5; -4; 175] -- [0; 0; 0] [0; 0; 0] 

1e-3[3.6; -4; 175] 0.1e-3 1e3 [0; -362.8; 0] 1e3 [-72.55; -362.8; 0] 

1e-3[2.65; -3.65; 175] -- [0; 0; 0] [0; 0; 0] 

1e-3[2.64; -3.64; 175] 9.12e-6 [7666; -7666; 0]; [9199; -6132; 0] 
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testangle = -3.75e-3;   xr = 1e-3*[3;-4;175]; 

xabsys1 = 1e-3*[3;-4;50];   xabsys2 = 1e-3*[3;-4;300]; 

rLE_p123 = 1e-3*[0;0;-175];  lcontactlocs = [0.050;0.300]; 

vr      = [0;0;0];    vb      = [[0;0;0], [0;0;0]]; 

pcontactlocs = [0.0386;0.3114]; 

P = [[1;0;0], [0; cos(testangle); sin(testangle)], [0;-sin(testangle);cos(testangle)]]; 

w123       = [0;0;1000];   %rotor angular velocity WRT p123 

W       = [[0;0;500], [0;0;500]];  %angular velocities of the bearings 

mud     = 0.2;    %rotor-bearing friction coefficient 

w = P*w123;     %rotor angular velocity WRT XYZ 

 

Although the rotor and bearing centerlines are displaced, the rotor’s COM is coincident with the 

displaced bearing centerline and located midway between the bearings. By similarity with the test 

system used in Test 1 of section 4.5.7, the contact threshold angle (see Figure 29) is 3.666 mrad. If the 

rotor is rotated through an angle 

 3.75 mrad   

about the x-axis, then point contact must occur at both bearings. Ignoring the ellipticity of the rotor in 

the contact planes, the displacement of the rotor centerline in the contact planes is calculated as 

follows (see Figure 29): 

  
AC BCtan

136.4 tan 3.75e-3

0.51150 mm


 


 

The contact displacement (which is the same for both contacts) is calculated using eq. (3.9): 

 

 ,

0.51150e-3 0.5e-3

11.5 m.

b r b rR R



  
 


x

 

To determine the contact normal force, it is necessary to determine the stiffness constant in eq. (4.16). 

The constants in eqs. (4.18) and (4.19) can be determined by using the input parameters stated above 

and by assuming a bearing edge fillet radius of 0.6 mm: 

 

1 1

1 2 1' 2'

1 1 1 1 1 1 1 1
1.5 1.5 899.78e-6 m.

49e-3 0.6e-3 50e-3DK R R R R
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It is further assumed that material properties for the rotor and bearings are identical and as follows: 

 Young’s modulus (E ):  200 GPa; 

 Poisson’s ratio (  ): 0.3. 

The constant EC  can now be calculated: 

 
2 2 2
1 2 1

1 2

1 1 1 0.3
2 9.1e-12 Pa .

200e9EC E E

    
      

Using the above results, the magnitude of the contact force is calculated as follows: 

 2.5 2
3 2 3 2

899.78e-6
21.327e9 kg.m s

0.288 0.288 9.1e-12
D

E

K
k

C
  


 

  1.51.5
, 21.327e9 11.5e-6 831.7 Nc n k  F

 

Recall that the rotation of the rotor is applied about the x-axis. This implies that the contact force must 

have no X-component. Since it is further assumed that the Z-components of the forces are negligible, 

the contact forces can have only Y-components. The magnitude of the y-components is given by 

  831.7cos 3.75e-3 831.69 N  

and therefore the contact normal forces are*: 

 , (1) 0; 831.69; 0c n
   F  

 , (2) 0; -831.69; 0c n
   F . 

Recall that the dynamic friction coefficient,  , was chosen to have a value of 0.2 (computer variable 

“mud”). The magnitude of the frictional (tangential) forces can now be determined by applying eq. 

(3.20): 

  , ( ) , ( ) 0.2 831.69 166.3 N.c t i c n i  F F  

To determine the directions of the frictional forces, the following vectors are required: 

 the vectors from the rotor’s COM to the contact sites, , ( )c rcom ir ; 

                                                           

* The numbering convention for the bearings is that bearing 1 is closest Z=0. 
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 the vectors from the bearing centerline-contact plane intersection points to the contact sites, 

, ( )cb ir . 

By simple geometrical calculations, these vectors are determined as 

 , ( )

0;  -25; -136.4
1e-3

0;   25;  136.4  mc r i

     
r  

and 

 , ( )

0;  -25; 0
1e-3

0;   25; 0  m.c b i

     
r  

In order to determine the directions of the frictional forces, the relative surface velocities at the contact 

sites, as defined by eq. (4.25)*, must be determined. Recall that the linear velocities of the rotor and 

bearing modules were chosen to be zero. The relative surface velocity is calculated as follows: 

 

, ( ) ( ) , ( ) , ( )

1

0;  -25; 0 0;  -25; -136.4
0;  0; 500 1e-3   0;  0; 1000 1e-3

0;   25; 0 0;   25;  136.4

12.5;  0; 0

  12.5;  0; 0  m.s .

b r i i c b i c rcom i



   

                           

     

v r r 

 

The conditional statements in eqs. (3.18) and (3.19) can now be determined to find the unit vectors in 

the direction of the frictional forces: 

 ( )

1;  0; 0
ˆ

  1;  0; 0 .t i

     
c  

Having calculated the magnitudes and directions, the frictional forces are now fully determined: 

 , ( ) , ( ) ( )

166.3;  0; 0
ˆ

  166.3;  0; 0  N.c t i c t i t i

       
F F c  

                                                           

* Note that this equation must be applied to both rotor-bearing contacts. 
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The contact forces can now be determined by summing the normal and tangential components of the 

contact forces. This gives 

 ( ) , ( ) , ( )

166.3;  831.7; 0

  166.3;-831.7; 0  N.c i c n i c t i

       
F F F  

Knowing the contact forces, the torques that are exerted on the rotor can be determined. This is done 

by applying eq. (4.32): 

 

, , ( ) ( )

1e-3 0;  -25; -136.4 166.3;  831.7; 0 1e-3 0;   25;  136.4   166.3; -831.7; 0

227;  45.4; -8.32  N.m.

res r c rcom i c i
i

 

                  

   

T r F

 

Table 13 compares the manually obtained values with the simulation test results. It is concluded that 

the simulation model correctly calculates contact forces and torques (exerted on the rotor) in both 

cases of line and point contact. 

The tests documented in the present section demonstrate only that contact forces and torques exerted 

on the rotor are correctly calculated. It is further necessary to show that the bearing forces and 

torques are correctly calculated. This is not verified by comparison with manual calculations, but 

rather by examining the simulation code. 

Note that the bearing force is calculated in line 227 of Contact3D. This line applies eq. (4.31) correctly 

Table 13: Comparison of manual calculations and simulation results of point contact forces and torques. 

 
( )c iF  [N] 

(mutest =0) 

,res rT  [N.m] 

(mutest =0) 

( )c iF  [N] 

(mutest =0.2) 

,res rT  [N.m] 

(mutest =0.2) 

Man. 
(1) 0;  831.7; 0c

   F  

(2) 0; -831.7; 0c
   F  

227; 0; 0    
(1) 166.3; 831.7; 0c

   F  

(2) 166.3; -831.7; 0c
   F  

227; 45.4; -8.32    

Sim. 
(1) 0;  832.0; 0c

   F  

(2) 0; -832.0; 0c
   F  

227; 0; 0    
(1) 166.4; 832.0; 0c

   F  

(2) 166.4; -832.0; 0c
   F  

227; 45.4; -8.32    
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in computer code. Since the rotor force is correctly determined in the preceding line, it can be 

concluded that the bearing forces are correctly calculated. 

The bearing contact torques are calculated in line 230 of Contact3D. Recall that the bearing forces are 

correctly calculated in line 227. Note also that these values are not overwritten before being used for 

calculation of the bearing torques in line 230. It must therefore be demonstrated that the variable 

“xb_csite” has the correct value when used in line 230. This is done by the following reasoning: 

 rotor contact torque is correctly calculated in line 229 by using the variable “rcom_csite”; 

 calculation of rcom_site in line 193 involves xb_csite; 

 the value of xb_csite is not overwritten before being used in line 230*. 

Furthermore line 230 correctly implements eq. (4.40). It can thus be concluded that bearing contact 

forces and torques are correctly calculated by Contact3D. 

4.5.9 Integrated system behaviour 

The preceding sections verify that various components of the 3-D simulation model are correctly 

implemented in a computing environment. It remains to be verified whether the integrated model 

also functions correctly. Two test cases are considered to this end: 

 delevitation of a stationary rotor that is initially centered in its backup bearings; 

 delevitation of a stationary rotor that is initially not centered in its backup bearings; 

DELEVITATION OF A STATIONARY CENTERED ROTOR 

Consider delevitation of a balanced rotor that is initially stationary and centered in its backup 

bearings. Under the influence of gravity it is expected that the response of the system be purely 

vertical. Any traces of horizontal movement would be a sure sign of error. 

Note that a similar test was performed on the 2-D simulation model in section 3.6.9 under the heading 

“Balanced, nonrotating rotor delevitation.” The test parameters used for the present test are chosen to 

be identical to those used for the 2-D test. Since the present model incorporates a third dimension 

additional parameters need to be specified: 

 location of the rotor’s COM:  1e-3[0; 0; 327] m; 

 bearing axial locations*: Z = 107 mm, Z = 547 mm. 

                                                           

* It is not used in the main function or subfunction “ContactForce”. 
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It must also be specified that the rotor centerline is to be initially parallel to that of the bearing. The 

rotor’s orientation is specified in line 95 of ControlCenter3D in terms of Euler angles: 

init.cL_orient  = [0,0,0];. 

Note that the test system is axially symmetrical. Moreover, the rotor and bearing centerlines are 

specified to be initially parallel. The response is therefore expected to be perfectly planar. This implies 

that the test results should be identical to those obtained using the 2-D simulation model. 

Figure 31 shows the vertical (Y) displacement of the rotor as a function of time. It can be seen that the 

rotor settles in the bottom of the backup bearings. By the reasoning in the preceding paragraph the 

response may be compared with the response shown in Figure 19. It is seen that the results are 

identical. The reader is reminded of the intricacies involved in correct settling. These are documented 

in section 3.6.9. It is finally noted that it was also verified that no horizontal dynamics manifested in 

the test results. 

DELEVITATION OF A STATIONARY ROTOR FROM UNCENTERED POSITIONS 

Recall that the 3-D simulation model does not require the rotor centerline to be (initially) parallel to 

that of the bearings. If the rotor is delevitated from a “skew” position onto damped backup bearings 

it should also settle in the bottom of the bearings. To verify handling of such cases, the previous test 

was repeated for three different initial rotor orientations. These are individually specified as follows 

in line 95 of ControlCenter3D†: 

 

                                                                                                                                                                                    

* The bearings are equidistant from the rotor’s COM. 

† Rotor orientation is specified by the set of three Euler angles. 

Figure 31: Delevitation behaviour of a non-rotating, balanced and centered rotor on damped backup bearings. 
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 init.cL_orient  = [0,10e-3,0]; %rotor rotated 10 mdeg about x-axis 

 init.cL_orient  = [90,10e-3,0]; %rotor rotated 10 mdeg about y-axis 

 init.cL_orient  = [45,10e-3,0]; %rotor rotated 10 mdeg about y=x 

The first of these tests, in which the rotor was rotated in the YZ-plane, showed correct settling of the 

rotor. However, the other two tests revealed far less pronounced damping of the rotor oscillations. 

Figure 32 shows a plot of the rotor resultant force magnitude along with rotor angular positions at the 

bearing locations as observed in the second test. It is seen that spikes occur in the contact force as the 

rotor oscillates in the bottom of the bearings. This is nonsensical and was also a source of self-

excitation—preventing the rotor to settle as quickly as in the first test. 

It can be seen that the force spikes occur when the angular positions of the rotor at the bearing 

locations are both -90 degrees. It was also observed that the radial positions of the rotor at the bearing 

locations were identical throughout the simulation*. Notice that the rotor centerline is parallel to the 

nominal centerline when the radial and angular positions of the rotor are equal in both bearing 

planes. When the rotor and bearing centerlines are parallel line contact will occur; point contact will 

                                                           

* Note that radial position gives no information about the direction of the deflection. The position vectors [0; 10] and [-10; 0] are 

both described by the same radial position. 

Figure 32: Graph of rotor resultant force and centerline positions in the bearing planes for test 2. 
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occur when this is not the case. It is concluded from the foregoing that the force spikes occur when 

the simulation model switches from point to line contact*. 

This behaviour is to be expected since the line and point contact models do not, in general, predict the 

same values of contact force for a given displacement. Switching thus produces a discontinuity in the 

contact force. While this is a deficiency of the model, it is tolerated for the following reasons: 

 oscillations of the type encountered in the tests will almost never occur†; 

 switching will mainly occur when the rotor settles or oscillates in the bearings; these 

conditions are not at all critical to design, with the rotor and bearing loads approaching static 

loads‡; 

 if force spikes are encountered, it is easy to determine whether it results from switching. 

4.5.10 Comparison with 2-D model predictions 

Consider analysis of an axially symmetrical system, of which the rotor and bearing centerlines are 

initially parallel, by means of the 2-D and 3-D simulation models. Since such systems should 

theoretically exhibit planar dynamics, results predicted by the different models must be identical. 

This hypothesis is tested in the present section. 

Note that comparison of the models is a powerful verification test of both models. This is because the 

same scenario is simulated using two different computer codes, which embody different approaches 

                                                           

* The simulation model switches between line and point contact based on the angle between the rotor centerline and the 

nominal centerline (see section 4.3.4). 

† This statement is based on the perfectly symmetrical initial conditions that are necessary to excite such vibrations. 

‡ “Static loads” refer to the loads encountered when the rotor lies stationary in the bottom of its bearings. 

Figure 33: Orbit plots predicted by the 2-D (left) and 3-D (right) models. 
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to the problem. Also, prediction of planar dynamics in a 3-D environment is much more involved 

than the same in a 2-D environment. 

The test system documented in section 3.6.9 under the heading “Balanced, nonrotating rotor 

delevitation” is used here with some modifications: 

 the initial rotor speed is set to be [0; 0; 1000] rad.s-1; 

 the damping material stiffness and damping coefficients are respectively chosen as 1e8 N.m-1 

and 5e3 Ns.m-1; 

 the initial rotor COM position is defined to be 1e-6[10; 5] m. 

Predictions of the two models proved to be identical for the test case. Rotor orbit plots predicted by 

the models are shown in Figure 33. Note that a single orbit plot is shown for the 3-D model since the 

orbits predicted at the two bearings are identical. Figure 34 and Figure 35 respectively show the 

bearing speeds and the bearing forces predicted by the models. The predictions of the two models are 

seen to be indistinguishable in all of these graphs. 

4.6 Summary 

This chapter details the model assumptions, mathematical formulation, computer implementation 

and verification of the 3-D rotor delevitation. 

Figure 34: Graph of bearing speeds predicted by the 2-D and 3-D simulation models. 



SUMMARY 119 

 

 

Especially the section on verification of the model is extremely important. It provides a degree of 

proof that the conceptual model was correctly implemented in a computing environment. Based on 

the verification testing documented in section 4.5, it is concluded that the 3-D simulation model 

truthfully embodies the mathematical model described by eqs. (4.1) - (4.40). Of course, it does not 

constitute proof that the simulation model predictions will agree with reality. This is the subject of the 

following chapter. 

 

Figure 35: Graph of bearing forces predicted by the 2-D and 3-D simulation models. 





 

 

5 Model validation 

Following the development and verification of the simulation models in the 

previous two chapters, the models are subjected to a validation process. The aim of 

validation is to determine the extent to which the models are repres entative of real -

world behaviour. This is  of  paramount importance if the models are to be used for 

adequacy assessment of  backup bearings .  Validation is performed by comparison of 

model predictions with the observed behaviour of a practical AMB system.  

Note that the verification process to which the simulation models were previously subjected does not 

guarantee the models to be representative of real-world behaviour. The only (partial) assurance 

gained from verification is that computer implementation of the mathematical models was performed 

accurately—that the computer models behave as intended. The process which is used in order to 

gauge how well the models reflect real-world behaviour is termed validation. In this chapter the 

simulation models are validated by comparing predictions to experimental observations of a practical 

AMB system. 

5.1 Description of the experimental system 

An actual AMB system, originally built as a pilot system for exploration of high-speed blower design, 

is used to validate the simulation models. Figure 36 shows a CAD-rendered section view of the 

mentioned system. The system comprises a shaft which is powered by a squirrel-cage induction 

motor and suspended by two radial AMBs and one axial AMB. A solid steel disk is fixed to the one 

end of the rotor to simulate the mass of an impeller. The machine has two backup bearing modules—

each consisting of an angular contact bearing pair, a bearing mount and damping material 

surrounding the mount. Figure 37 shows a diagram which indicates the most important parts of the 

system with regard to the validation experiments. Important parts and aspects of the system will be 

detailed in the remainder of this section. 

5.1.1 Nomenclature 

A brief note on nomenclature is in order to aid clarity of further explanation. Throughout the 

following text frequent reference must be made to components on a specific side of the machine. 
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Figure 37 shows the coordinate axes which is used throughout to refer to the position of the machine 

components. With reference to this coordinate system the convention will be adopted whereby the 

side of the machine closest to Z=0 will be named side 1. The opposite side is named side 2. When it is 

necessary to refer to a specific component, it will be done by noting the name of the component 

together with its location. For example, the bearing mount furthest from Z=0 is simply named mount 

2. 

5.1.2 Rotor 

The rotor was originally designed to operate at 19000 r/min on AMBs while driven by a squirrel-cage 

induction motor. These requirements necessitate a complex design: each of the radial AMBs requires 

a laminated steel section on the rotor and the motor comprises Aluminium rods fitted in laminated 

steel. All of these components were heat shrunk onto the rotor. Properties of the rotor which are 

important with regard to validation are given in Table 14. 

Table 14: Test rotor properties. 

Mass 47 kg 

Axial location of the COM* Z = 327 mm 

Axial location of balancing planes 

Residual unbalance 

Unbalance phase 

Z = 22 mm 

1.15 g.cm 

179 deg. 

Z = 591 mm 

1.12 g.cm 

328 deg. 

Principal moments of inertia (about COM) 

0.097 kg.m2 (about centerline) 

1.568 kg.m2 (normal to centerline) 

Diameter at BM1 49.7 mm 

Diameter at BM2 49.7 mm 

First bending natural frequency 780 Hz (measured) 
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Figure 36: CAD-rendered section view of the experimental system (measurement instrumentation not shown). 
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Figure 37: Diagrammatical section view of the experimental system. (Shaded parts indicate cut surfaces.) 
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5.1.3 Backup bearings 

Two sets of paired super-precision angular contact ball bearings are used in each bearing module. 

Bearing specifications which are important with regard to model validation are given in Table 17. 

Table 17: Backup bearing properties. 

Designation SKF 71910 ACD/P4A (Preload class B) 

Mounting configuration Back-to-back 

Preloading (Unmounted) Class B (approx. 160 N) 

Fit in mounts JS5/h5 

Mass (per bearing) 0.13 kg 

 

Table 15: Bearing mount detail. 

Mount 1 mass 500 g 

Mount 2 mass 520 g 

Number of O-rings on each mount 2 

 

Table 16: Damping material detail. 

O-ring material Viton (designation, e.g. “B”, unknown) 

O-ring inner diameter 85 mm 

O-ring section 3 mm 
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5.1.4 Bearing mounts and damping material 

Each pair of backup bearings is mounted in a housing (bearing mount) which is, in turn, supported 

by damping material. In the experimental system o-rings are used as damping material to lower the 

impact forces exerted by the rotor on the bearings. The o-rings are mounted in grooves situated on 

the bearing mounts. Detail of the bearing mounts and the o-rings are given in Table 15 and Table 16 

respectively 

5.1.5 Measurement instrumentation 

The system, as described above, was modified to incorporate sensing instrumentation in order to 

enable measurement of the following variables: 

 

Figure 38: Diagram of experimental system measurement instrumentation. 
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 rotor position relative to bearing mounts (at both bearing locations); 

 mount position relative to stator (both mounts); 

 mount acceleration relative to ground (both mounts). 

Accelerometers were used for acceleration measurements and positions were measured by means of 

eddy-current proximity probes. All signals were fed to a dSPACE®-system which performed 

analogue-to-digital conversion of the signals and captured the required data. 

The layout of the sensors on the side 1 is shown in Figure 38 and a description of the sensors in the 

illustration follows in Table 18. Note that the sensor layout is identical on side 2 of the machine. 

Sensor details which are relevant to the validation process are given in Appendix E. 

5.2 Machine characterization 

Characterization of the experimental system is important for validation of the simulation models. 

Validation is performed by comparing simulation predictions with experimental measurements and 

for such comparison to be meaningful, accurate simulation input parameters are needed. The 

following sections address characterization of the damping material and the levitation accuracy of the 

experimental system. 

Table 18: Detail of the sensors shown in Figure 38. 

Number Type of sensor Measurement detail 

1 SKF proximity probe Rotor X1-position relative to bearing mount 

2 SKF proximity probe Rotor Y1-position relative to bearing mount 

3 µε proximity probe Bearing mount X-position relative to stator 

4 µε proximity probe Bearing mount Y-position relative to stator 

5 Accelerometer Bearing mount Y-acceleration relative to ground 

6 Accelerometer Bearing mount X-acceleration relative to ground 
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5.2.1 Damping material characterization 

Recall that both the 2-D and 3-D simulation models assume that the damping material can be 

modelled by a parallel spring-dashpot model. In other words, it is assumed that the damping 

material has linear stiffness and viscous damping properties. These properties are followingly 

determined. 

EXPERIMENTAL SETUP FOR DAMPING MATERIAL CHARACTERIZATION 

In the experimental system, o-rings between the bearing mounts and stator provide damping. The 

experimental setup shown in Figure 39 is used in order to characterize the stiffness and damping 

properties of the o-rings. In this setup the mount displacement is measured with a proximity probe 

while the bearing mount is excited by an electromagnet. The axial strain of the aluminium bar 

between the electromagnet and mount is also measured by means of a strain gauge. From the 

Figure 39: Experimental setup for characterization of the damping material (o-rings). 
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measured strain, it is then possible to calculate the instantaneous force applied to the mount. This is 

done by the familiar equation which relates the strain,  , of a prismatic bar with the applied force, F  

 
F
AE

   (5.1) 

In this equation A  represents the cross-sectional area and E  the Young’s modulus of the material. 

With the cross-sectional area and Young’s modulus known, the applied force can thus be inferred 

from the strain measurements. 

DETERMINATION OF LINEARIZED STIFFNESS 

Figure 40 shows the displacement of the mount in response to an approximately rectangular pulse 

load. In order to determine the linear stiffness of the damping material, a range of pulse loads, similar 

to that shown in Figure 40, is applied to the bearing mount. The applied force F  can then be divided 

by the mount displacement   to obtain the stiffness of the damping material, dk ,as follows: 

 d
F

k 


. (5.2) 

It can be seen from the representative results in Figure 40 that there is a well-defined applied force 

but not a well-defined displacement when the force reaches its steady-state value. It was decided to 

use the displacement which corresponds to the time value where the force reaches its steady-state 

value. This need not be of great concern, for the greatest assumption is that of linear stiffness. Applied 

to the data shown in Figure 40, the stiffness is calculated as follows: 

Figure 40: Force and displacement histories for Viton o-ring mount. 
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Figure 41 summarizes the force and displacement data which were obtained from the damping 

material characterization experiments. It is seen that the slope of the line, which indicates the 

linearized stiffness, is 4.22 x 106 N.m-1. Recognizing the simplifying assumption of linear stiffness, the 

value is stated accurately to a single significant digit: 

 6 14 10  N.mdk
  . 

Figure 42: Approximation of the mount and damping material by linear stiffness and viscous damping. 

Figure 41: Summary of force and displacement data obtained from the damping material characterization experiments. 
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Figure 43: Comparison of the simulated single-degree-of-freedom response and experimental results. 

DETERMINATION OF VISCOUS DAMPING 

The viscous damping of the o-ring setup also needs to be determined. This is done by considering the 

bearing mount and the damping material as a single degree-of-freedom vibratory system with linear 

stiffness and viscous damping as shown in Figure 42 (compare with the experimental setup shown in 

Figure 39). Computer code was written to calculate the response of a single degree-of-freedom system 

under the influence of a rectangular pulse load. With applied force and the linear stiffness known, the 

code was executed with various values of damping until matching responses were found. 

Figure 43 shows a simulated time-displacement curve calculated with the linear stiffness and chosen 

damping value ( 6 14 10  N.mdk
   and 140 kN.s.mdc

 ) together with the experimental 

displacement data of Figure 43. Note that the behaviour of the damping material model is especially 

important for short impacts—as does occur during delevitation. Care was thus taken to let the 

linearized model match the experimental data on the rising edge of the rectangular pulse. 

The linearized model of the damping material is summarized as follows: 
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5.2.2 Levitation accuracy 

In order to accurately simulate delevitation behaviour, it is necessary to know the position of the 

rotor at the instant of delevitation. Since it is not possible to suspend the rotor precisely at its control 

reference point, it makes more sense to know how accurately the rotor is levitated. The following 

procedure is followed to quantify the system’s levitation accuracy (defined as the maximum 

excursion from the reference position) at a particular speed: 

 the rotor is levitated by means of the AMB system; 

 it is spun up approximately 100 r/min past the desired speed; 

 the motor is turned off and the rotor is left to decelerate to the desired speed; 

 the rotor’s position signals are captured for 1 s at a sampling rate of 10 kHz; 

 orbit plots (such as those shown in Figure 44) are constructed for each bearing end; 

 the maximum deviation from the control reference position (0;0) is used as a measure of 

levitation accuracy. 

Results of the measurements are shown in Table 19. 

5.3 Experimental method 

After characterization of the system, validation experiments are performed. Delevitation experiments 

are performed as follows: 

 

Figure 44: Rotor orbit plots at 8000 r/min. 
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 the rotor is levitated by means of the AMB system; 

 the system is left undisturbed for 1 min. to allow settling of the mounts*; 

 the rotor is spun up approximately 100 r/min past the desired speed; 

 the motor is turned off; 

 upon reaching the desired speed, the rotor is delevitated by turning off the AMB power 

supply; 

 data is captured on the OFF-trigger from all sensors (for 10 s below 5000 r/min and 20 s above 

5000 r/min) at a sampling rate of 10 kHz†. 

The number of tests which were performed at different speeds is shown in Table 20. Owing to the 

severe demands on backup bearing performance, the high safety risk involved in high speed testing 

and the cost of backup bearings fewer tests were performed at high speeds. 

                                                           

* It was observed that the mounts take a while to return to their original position after enduring impact by the rotor. This 

indicates viscoelastic behaviour of the damping material surrounding the mounts. 

† Note that the third and fourth parts of the procedure are not applicable to experiments where the stationary rotor (0 rpm) is 

delevitated onto its backup bearings. 

Table 19: Levitation accuracy of the experimental system at different speeds (motor turned off). 

Speed [rpm] 
Orbit radius—bearing 1 

[µm] 

Orbit radius—bearing 2 

[µm] 

0 7 13 

1000 15 22 

2000 18 28 

5000 17 45 

8000 31 102 

10000 29 76 
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5.4 Validation of overall system response prediction 

Rotor orbit plots are constructed to visualize the system response obtained in each drop test. These 

plots show the rotor orbits at the backup bearing locations and give a good indication of the type of 

overall system response (e.g. bouncing of the rotor, damped oscillation of the rotor in the backup 

bearings, backward whirling etc.). 

5.4.1 Notes on presentation of the results and comparison 

In order to aid interpretation of the plots, solid circles which indicate the nominal position of the rotor 

excursion boundary are added to each plot. The radii of these circles are equal to the nominal air gaps 

at the bearing locations. 

As will be seen in the results presented here, the rotor is not generally in the center of the backup 

bearings at the instant of delevitation. This is a result of the fact that the control system cannot 

suspend the rotor perfectly at the position reference in the (inevitable) presence of unbalance (see 

section 5.2.2). In order to accommodate this effect in the model predictions, the initial position of the 

rotor is adjusted. For the 2-D model prediction the rotor is taken to be located at a radius equal to the 

maximum initial orbit radius (see Table 19 in section 5.2.2) at a position of 45° with respect to the 

positive X-axis. For the 3-D predictions the initial XY-position of the COM and orientation are 

Table 20: Number of delevitation tests performed at each speed. 

Delevitation speed 

[r/min] 

Number 

of tests 

Delevitation speed 

[r/min] 

Number 

of tests 

0 5 7000 1 

1000 5 8000 1 

2000 5 9000 1 

5000 3 10000 1 

6000 3   
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adjusted so that the initial positions of the rotor at the bearing locations correspond to the maximum 

initial orbit radii*. 

Although experiments were conducted for other speeds, orbit plots are compared only for speeds of 

2000, 5000 and 10000 r/min. Experimentally obtained orbit plots which are not shown in the main text 

are given in Appendix F. 

5.4.2 2000 r/min 

PREDICTED RESULTS (2-D SIMULATION MODEL) 

 

PREDICTED RESULTS (3-D SIMULATION MODEL) 

 

                                                           

* It is known from experience with the simulation models that different systems exhibit greatly varying sensitivity with respect 

to initial conditions. In the case of very sensitive systems it is necessary to perform various simulations, each considering a 

different initial position and orientation of the rotor. The experimental system, however, shows little sensitivity in this regard. 

Consequently, predictions are presented for a single off-center delevitation position which will induce lateral/tangential motion 

of the rotor and bearing mounts upon impact. 
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EXPERIMENTAL RESULTS 

 

5.4.3 5000 r/min 

PREDICTED RESULTS (2-D SIMULATION MODEL) 

 

PREDICTED RESULTS (3-D SIMULATION MODEL) 
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EXPERIMENTAL RESULTS 

 

5.4.4 10000 r/min 

PREDICTED RESULTS (2-D SIMULATION MODEL) 

 

PREDICTED RESULTS (3-D SIMULATION MODEL) 

 



138 MODEL VALIDATION 

 

EXPERIMENTAL RESULTS 

 

5.4.5 Summary 

Both 2-D and 3-D simulation models predict completely damped responses for the experimental 

system. In the predictions of the 3-D model, no major differences are observed between the orbits at 

the two bearings. Moreover, there is little difference between the orbits predicted by the 2-D and 3-D 

models. The reason for this is that the machine is fairly symmetrical which justifies the assumption of 

planar dynamics. 

For the different delevitation speeds observations indicate damped responses with no sign of 

sustained backward whirling. The rotor quickly settles in the bottom of the backup bearings where it 

oscillates back and forth. This is in agreement with the model predictions. However, it is noted that 

the rotor orbits at bearing 1 frequently show bouncing motion of the rotor. This is accompanied by 

high rebounds—even as high as the original delevitation position—and sideways motion. In 

particular, sideways motion in the static case is nonsensical given the levitation accuracy and machine 

setup which was performed with great care. 

It is finally noted that the experimentally obtained orbits are generally much more “noisy” than the 

predicted orbits, indicating repetitive motion and jerky motion. Also, the orbits at 8000 r/min (see 

Appendix F) and 10000 r/min show significant initial sideways motion. 

5.5 Validation of mount acceleration prediction 

Following the validation of overall system response prediction in the previous section, attention is 

turned towards validation of specific dynamic parameters. The first of these is the acceleration of the 

bearing mounts. 
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By Newton’s second law it is known that the acceleration of a body is directly proportional to the 

resultant force acting on it. Since resultant force is the vector sum of all forces which act on the body, 

acceleration provides a measure of the balance among the involved forces. Note that the only forces 

acting on the bearing mounts are those exerted by the rotor through the bearings, the force exerted by 

the damping material and gravity. From measurements of mount acceleration, conclusions may 

therefore be drawn regarding the balance among these forces. 

5.5.1 Explanation of the approach used 

Recall from section 5.4 that the experimental system repeatedly exhibited a damped overall response 

throughout the delevitation speed range. This agrees with the behaviour predicted by the simulation 

models. In systems which exhibit damped behaviour, the first impact of the rotor with the bearing is 

usually the most severe. During this impact the rotor’s translational energy is rapidly damped and 

subsequent impacts have substantially reduced initial velocities. Therefore the analysis to be 

presented focuses on the accelerations pertaining to the first impact of the rotor with the bearings. 

When model predictions and observations are compared, it will be seen that multiple values of 

acceleration may be predicted with a given simulation model for a specific delevitation speed. These 

values each correspond to a different delevitation position of the rotor within the ranges defined by 

the machine’s levitation accuracy. 

5.5.2 Comparison of first-impact mount accelerations 

Figure 46 and Figure 45 compare the model predictions and experimental observations for the two 

mounts and Figure 48 and Figure 47 summarize the data in these graphs. From the box plots it is seen 

that considerable variance is present in the observations pertaining to mount 1. However, it the 

observations fall between the extremes predicted by the models. It is also seen that the observed 

values generally lie between the ranges predicted by the 2-D and 3-D simulation models. In contrast 

with this, the observed acceleration of mount 2 seems to lie in a rather well-defined range which 

approaches the 3-D model predictions. The difference between the observed behaviour of the mounts 

is rather surprising as it is expected to differ only marginally. 
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On average the 3-D model underestimates the acceleration of mount 2 by approximately 50 %. This 

either indicates bearing loads which are larger than expected or that the damping material is less stiff 

than expected. Given the degree of variance present in the observations pertaining to mount 1, no 

such conclusions are justified. 

Figure 46: Comparison of predicted and experimentally observed accelerations of mount 1. 

Figure 45: Comparison of predicted and experimentally observed accelerations of mount 2. 
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5.6 Validation of mount displacement prediction 

While mount acceleration provides information regarding the balance amongst forces acting on it, 

mount deflection is indicative of the effectiveness of the damping material. The main functions of the 

damping material are to dissipate the translational energy of the rotor and to prevent the mounts 

from contact with the hard stop. Given the important functions of the damping material, a model 

which is to be considered valid must be able to account for its influence in the system. 

5.6.1 Definition of first-impact mount displacement 

Figure 49 shows a composite graph of the simulated first-impact mount displacement and 

acceleration which are induced by rotor delevitation of the experimental system at 5000 rpm. It is 

Figure 48: Summary of the first-impact acceleration data pertaining to mount 1. 

Figure 47: Summary of the first-impact acceleration data pertaining to mount 2. 
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seen that the graph does not exhibit a distinctive displacement with which the first impact may be 

described. In order to circumvent this problem, the mount acceleration is used as an indication of the 

impact duration. When, after the first peak, the mount acceleration reaches a threshold value at A—

chosen here arbitrarily as 0.2 g—impact is considered to have ended. The corresponding value of 

mount displacement, indicated by B, is then recorded as the first-impact mount displacement. 

5.6.2 Comparison of first-impact mount displacements 

Figure 50 and Figure 51 compare the predicted and observed displacements of the mounts and Figure 

52 and Figure 53 summarize the data. In the first graph it is seen that the experimentally observed 

displacements of mount 1 falls in a range between 30 µm and 40 µm. On average the 2-D and 3-D 

simulation models overestimate the observed values by 20 % and 50 % respectively. For the 

displacements of mount 2 the box plots show that both 2-D and 3-D simulation models underestimate 

the actual values on average by approximately 40 %. 

Figure 49: Definition of first-impact mount displacement. 
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The fact that the models underestimate the displacement of one mount while overestimating that of 

the other is unexpected. It is rather expected that the models would over- or underestimate the 

displacements of both models. This observation is thus likely to indicate differences in the mount 

characteristics rather than a modelling issue. 

Figure 51: Comparison of predicted and experimentally observed first-impact displacements of mount 1. 

Figure 50: Comparison of predicted and experimentally observed first-impact displacements of mount 2. 
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5.7 Rationalization of discrepancies 

The comparisons presented in the previous sections reveal obvious discrepancies between the model 

predictions and the behaviour observed in the experimental system. These discrepancies will now be 

analysed and rationalized as far as possible. 

5.7.1 “Noise” in observed rotor orbits 

Recall from section 5.4 that the experimentally obtained orbit plots were very “noisy” compared to 

the predicted ones. Highly repetitive motion is indicated by thick bands and jerky motion is also 

observed. Since there are no logically obvious reasons for this to be expected, it was investigated 

whether an explanation could be found in the sensing technique. 

Figure 52: Summary of the first-impact displacement pertaining to mount 1. 

Figure 53: Summary of the first-impact displacement data pertaining to mount 2. 
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It was found that the position measurements are negatively affected by a manufacturing issue. Both 

of the rotor surfaces on which the proximity probes sense show significant runout with respect to the 

bearing journals—the sections which land on the backup bearings during delevitation. Runout is 

caused by deviations from concentricity and circularity and is usually measured by noting the 

variation of a dial gauge on a shaft section while rotating it between centers, e.g. on a lathe. 

The runout of the sensing surfaces is measured by spinning up the rotor in the bottom of the backup 

bearings to a very low speed and then capturing the position signals for 1 s at a sampling rate of 10 

kHz. If the bearing journals and the sensing surfaces are perfectly concentric the measured positions 

would be (0, -150) µm—an air gap distance directly below the control reference position. The 

measured positions are shown in Figure 54 in which the vertical variation—or equivalently the 

runout—in the signals is seen to be 15 µm on side 1 and 45 µm on side 2. This variation is measured 

even though the rotor is practically stationary in the backup bearings*. 

By analogy with an eccentric circular cam-follower mechanism it can be said that non-concentricity 

between the sensing surfaces and the rotor centerline will result in the superposition of a sine wave 

on the position signals. Figure 55 shows the orbits predicted by the 3-D model for delevitation at 

10000 r/min, as shown in section 5.4.4, with sine waves of appropriate amplitude and frequency 

superimposed on it†. The modified orbits convincingly demonstrate that sensing surface runout 

contributes directly and predominantly to the noise observed in the rotor orbits. 

                                                           

* Lateral variation is caused by unavoidable pendulum-motion which results from torque applied by the motor. 

† The amplitudes of the sine waves are equal to half of the measured runouts at each sensing surface and the frequency is equal 

to the rotational frequency of the rotor, 166 Hz. 

Figure 54: Measurement uncertainty resulting from runout of the rotor position sensing surfaces. 
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5.7.2 Curved motion observed after delevitation 

In order for curved motion to occur immediately after delevitation, as observed in the 8000 and 10000 

r/min delevitation experiments, the rotor must have a horizontal velocity component. It was just 

shown that the position signals suffer from the noise caused by runout of the sensing surfaces. 

Although this can manifest as a curved position trace, no permutation of superposition phases could 

give results similar to that observed in the 10000 r/min test. In the following paragraphs it will be 

shown that the curved motion is caused by the rotor’s initial velocity. 

It was noted in section 5.2.2 that practical AMB systems have finite levitation accuracies—that the 

rotor cannot be levitated precisely at the control reference position. The levitation accuracy of the 

experimental system was characterized and it was seen that the rotor orbit radii were approximately 

Figure 55: Predicted orbit plots at 10000 rpm with runout-induced noise superimposed on the position signals. The two 

sets of orbits were generated by varying the phase of the superimposed sine wave. 
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30 µm and 75 µm at bearing 1 and bearing 2 respectively. If it can be shown that the rotor’s COM also 

whirls about the nominal centerline then the source of the rotor’s initial velocity is found. 

The rate at which the rotor whirls about the nominal centerline can be determined by analysing the 

frequency spectra of the rotor’s position signals. Figure 56 shows the measured X-position signal at 

bearing 2 for a speed of 10000 r/min (166 Hz) together with its frequency spectrum obtained by a 

discrete Fourier transform method. It is seen that the whirling frequency at bearing 2 is 167 Hz and 

this is also true for bearing 1. With synchronous whirling present, the rotor thus orbits the nominal 

centerline at a rate of 167 Hz. 

Knowing that the rotor’s COM performs an approximately circular motion about the nominal 

centerline, only the angular speed and whirling radius are needed to calculate the tangential/linear 

Figure 56: Measured X-position of the rotor at 10000 rpm (bearing 2) and corresponding frequency spectrum. 

Figure 57: Illustration of system geometry pertaining to calculation of rotor initial tangential velocity at 10000 r/min. 



148 MODEL VALIDATION 

 

speed. The whirling angular speed, whirl , can be calculated from the whirling frequency, whirlf , as 

follows: 

  
1
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whirl whirlf 









 

In order to calculate the orbit radius Figure 57, which summarizes the geometry of the problem, is 

used. Without detailing the trigonometric calculations, it is stated that 50 morbitr  . The tangential 

velocity of the COM, ,t whirlv , can thus be estimated: 
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As shown by Figure 58, inclusion of this estimate in the simulation models results in more realistic 

predictions of the rotor’s orbits. However, the quality of the prediction for bearing 1 deteriorates 

significantly upon inclusion of the estimated initial velocity. 

5.7.3 Explanation of the remaining discrepancies 

The discrepancies which have thus far not been explained are the following: 

 orbit plots at the bearing locations differ significantly: the rotor usually bounces off mount 1 

but is completely damped by mount 2; 

Figure 58: Rotor orbits predicted by the 3-D model for 10000 r/min delevitation including the estimated initial velocity. 
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 the observed first-impact acceleration of mount 1 exhibits considerably more variance than 

that of mount 2; 

 the observed first-impact displacements of mount 1 are consistently larger than expected 

while those of mount 2 are consistently smaller than expected. 

In this section evidence is put forward which suggests interrelation of the remaining discrepancies. It 

is hypothesized that the remaining discrepancies are mainly caused by malfunction of mount 1 

resulting in unexpectedly high stiffness and low damping. Evidence in support of this statement will 

be offered as well as an explanation of how it may occur. 

Figure 59 succinctly summarizes the discrepancies. The rotor is shown with its two bearing modules 

and typical orbits obtained on each side. Scaled arrows are used to give an indication of the 

magnitudes of the mount displacements (x) and accelerations (a). Grey arrows and starred variables 

(*) indicate the expected values and black arrows and unstarred variables indicate the observed 

values. Where a wide range of values is expected or observed, two collinear arrows indicate this. 

From the displacement data it is seen that the displacement of mount 1 is significantly overestimated 

Figure 59: Summary of discrepancies. 
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whereas the displacement of mount 2 is significantly underestimated by the simulation models. Since 

a modelling issue would likely result in under- or overestimation of both displacements, this is 

probably caused by a significant difference in mount characteristics. 

While no grounds exist on which the observed behaviour of mount 2 may be questioned, the 

behaviour of mount 1 indicates possible malfunction. Experimental observations of the displacement 

of mount 2 agree to a rational extent with predictions: 

 firstly, observed behaviour is mostly completely damped—as predicted by both models; 

 secondly, the displacement is underestimated by both models by about 40 %—a reasonable 

discrepancy taking into account the crude estimation of the damping material parameters. 

In contrast with this, observations pertaining to mount 1 are completely unexpected for the following 

reasons: 

 bouncing of the rotor was frequently observed, with rebounds as high as the delevitation 

position; 

 the observed displacement of mount 1 is smaller than the expected value; 

Together these discrepancies substantiate the hypothesis of unexpectedly high stiffness and low 

damping of mount 1 during delevitation testing. 

Recall further that the acceleration data of mount 1 shows significant variance whereas the 

acceleration of mount 2 seems to fall within a reasonable range of 20-40 g. It will be followingly 

demonstrated that there are significant problems with the acceleration measurement and that this 

could be exacerbated by the hypothesized malfunction of mount 1. 

Figure 60 shows the first-impact mount acceleration predicted by the 3-D simulation model for the 

experimental system at 5000 rpm. The rise time of the first acceleration peak is approximately 200 µs. 

Since the sampling time used for data acquisition is 100 µs, it is extremely likely that such a peak will 

not be properly resolved during data acquisition. Note also from the frequency spectrum of the 

predicted acceleration that the acceleration contains significant frequency content in the region of 10 

kHz. From the sensor specifications in Appendix E, it is seen that a measurement error of 

approximately ±10 % is incurred when measuring acceleration at this frequency. In other words, the 

accelerometers have a bandwidth of 10 kHz. The foregoing indicates that the first-impact acceleration 

is not properly measured for two reasons: 

 the sampling frequency is too low to allow proper discrimination/resolution of the first peak; 

 the accuracy of the acceleration measurement diminishes up to ±10 % at a frequency of 10 

kHz. 
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Note additionally that increased mount stiffness, as hypothesized for mount 1, would shorten the 

impact duration and lead to increased high-frequency content—thereby increasing the negative 

impact of the aforementioned issues on acceleration measurement. 

The foregoing provides compelling evidence in support of the hypothesis concerning malfunction of 

mount 1. Given the o-ring design of the mounts, the hypothesis is not far-fetched: in particular, 

excessive preloading* of the o-rings could significantly influence the stiffness and damping. This can 

result from tolerance build-up whereby the initial compression of the o-rings is more than expected. 

Owing to nonlinear material behaviour as well as nonlinear, geometry-dependent stiffness, the 

mount stiffness can be dramatically increased by preloading. 

5.8 Conclusions regarding the validity of the models 

Recall from the chapter opening that the goal of validation is to determine the extent to which the 

models are representative of real-world behaviour. Conclusions regarding the models which are 

drawn based on the foregoing validation experiments are now presented. 

 It is concluded the models adequately predict the overall system behaviour based on 

comparison of the predicted and experimentally obtained rotor orbits. 

                                                           

* Springs, in general, are preloaded by inducing an initial displacement. 

Figure 60: First-impact acceleration of mount 1 and the corresponding frequency spectrum predicted by the 3-D model for the 

experimental system at 5000 rpm. 
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 Judged by the observed displacements of mount 2, it can be said that the predicted mount 

displacements are underestimated by approximately 40 %. In all likelihood the prediction 

error with respect to mount 1 is of similar magnitude. 

 The measured mount accelerations are very likely in error as a result of measuring 

inaccuracies detailed in the text. It was observed that the mount accelerations fall within an 

envelope bounded by the predictions of the two simulation models. Given the number of 

tests performed, this is likely true in general. 

 Since experiments were performed using a system of which the shaft is fairly symmetrical, 

the above statements are only valid for fairly symmetrical systems. 

 Considered holistically, it is concluded that the models are adequate for exploratory studies 

but not for detail design of practical systems. 

5.9 Summary 

In this chapter it was attempted to validate the simulation models by means of comparing predicted 

results with behaviour observed in a practical AMB system. Before predictions could be made, it was 

necessary to characterize the system in order to obtain simulation input parameters. Characterization 

of the damping material revealed thoroughly viscoelastic behaviour of the material and the linearized 

model of the damping material consequently proved to be a rather crude approximation. It also 

significantly influenced the quality of the conclusions which could be drawn from the experimental 

observations. Validation was performed with respect to the prediction of overall system response, 

mount accelerations and mount displacements and obvious discrepancies were revealed by the 

comparison of model predictions and experimental observations. Importantly however, all of the 

observed discrepancies—both related to modelling inaccuracies and measurement techniques—could 

be rationalized and explained satisfactorily. 

 



 

 

6 Conclusions and recommendations 

The last chapter of this dissertation briefly summarizes and concludes the 

conducted research. Attention is given to the main conclusions of the study as well 

as the implications of these conclusions for future research o n the subject of rotor 

delevitation analysis.  

6.1 Brief summary 

The primary goal of this research project has been “to develop a computer simulation model to 

facilitate adequacy assessment of rolling element backup bearings.” In particular it was required that 

the model be able to predict the overall system response qualitatively and that it be able to predict 

bearing loads. 

The first step in addressing the research problem was to conduct a literature study in order to identify 

current practice with regard to rotor delevitation analysis. Prior to creating the 3-D model, which is 

capable of solving the rigid rotor problem, computer implementation of a simpler model was 

performed in order to resolve implementation issues rather than modelling issues. Despite its role as 

a stepping stone towards implementation of the 3-D model, the 2-D model is a model in its own right, 

applicable to systems which exhibit approximately planar dynamics. Both of the computer models 

were extensively verified to ensure correct computer implementation and to facilitate subsequent 

validation of the models. 

Following the creation and verification of the models, it was attempted to validate the simulation 

models with respect to prediction of overall system response, first-impact mount accelerations and 

displacements. Many unforeseen problems were encountered during the validation process which 

hindered detailed validation of the models. Notwithstanding these problems, valuable lessons were 

learnt which can contribute significantly to improvement of future validation attempts—a greatly 

lacking aspect of research in the field of rotor delevitation analysis. 
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6.2 Conclusions 

The main conclusions of the study are as follows: 

 Literature on the subject is deficient in that there is little generalized knowledge about rotor 

delevitation. Consequently, design and evaluation of backup bearings are approached based 

on experience. 

 As regards the created models, it was found that the linearized approximation of the 

damping material is a very crude approximation—probably the crudest contained in the 

models. This significantly disturbs the balance of detail in the models since one aspect is 

roughly estimated while others are considered in detail. 

 The extent of the validation procedure does not permit a comparison of the 2-D and 3-D 

models with respect to validity. 

 Model validation by means of comparison with observations of practical AMB systems is a 

complex task. Thorough consideration must be given to the effect of (inevitably) imperfect 

manufacturing on observation/data quality. 

 Through the process of validation it was demonstrated that the models predict the overall 

system response of a fairly symmetrical system adequately. This is adequate for exploratory 

studies but the degree of validation performed does not permit use of the models for the 

design of practical systems. 

6.3 Recommendations 

In the field of rotor delevitation analysis there seems to be a tendency towards highly complex 

models and a rather blind trust in them. Unfortunately there is little generalized knowledge to 

accompany these models. It is recommended that research in the field take a step backwards—

towards simpler models of which the constituents (contact models, friction models and damping 

material models) can be properly validated. Validation is especially important considering the risk 

associated with rotor delevitation. It must also be endeavoured to obtain generally applicable 

knowledge, not simply demonstrations of successful industrial application. 

With regard to modelling it is recommended that viscoelastic behaviour of the damping materials be 

studied—especially in the context of impact. Since it is without doubt the component of rotor 

delevitation analysis with which the crudest assumptions are associated, it is nonsensical to explore 

additional complexity in other component models. This subject probably warrants a Masters study on 

its own. 
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Through experience with the system which was used for validation it was learnt that manufacturing 

and machine setup have a large influence on the usefulness of the data obtained. If proximity probes 

are to be used for position measurement the rotor must be manufactured accordingly. It is 

recommended that the bearing journals and sensing surfaces be polished or lapped in a single 

operation in a temperature-controlled environment. This will enable proper centering of the rotor 

with respect to the backup bearings. Also, the smaller the air gap in a given machine, the tighter the 

concentricity tolerance between these surfaces must be. With regard to acceleration measurement it is 

suggested that attention be given to the ranges as well as the frequency spectrum of the expected 

measurements. Both of these parameters are favourably influenced by softer damping materials and 

increased mount travel. Future experimental designs should take this into account. 

6.4 Closure 

This research project set out to develop computer simulation models which could facilitate adequacy 

assessment of rolling element backup bearings. The methodology by which this goal could be 

accomplished was considered thoroughly and subsequent research was executed in a structured 

manner. With the exception of validation, all of the issues which had been identified at the outset of 

the study (see section 1.2.3) were addressed thoroughly. This is evidenced by the developed models 

which account for the most important effects observed during delevitation. Despite the problems 

encountered during the validation process, valuable lessons were learnt which will prove beneficial 

for future work. 
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Appendix A  

ROTATIONAL CROSS-COUPLING IN ROTOR DYNAMICS 

Consider Figure 61 which shows a rotor that is subject to an external resultant torque resT . If the rotor 

were stationary ( 0  0 ) at the instant of disturbance, pure rotation about the x-axis would ensue. 

However, if 0  0  at the time of disturbance, it would be observed that the rotor rotates about both 

the x and y-axes. This non-intuitive result is explained in the present section. 

This effect is readily explained by studying the relation between the angular momentum, L , and the 

resultant torque, resT , acting on a rotor: 

 res
d
dt

L T . (A.1)  

Consider Figure 61 which illustrates a spinning rotor to which an external torque resT  is applied. At 

the instant when the torque is applied the rotational velocity and angular momentum of the rotor are 

0  and 0L  respectively. The orientation of the xyz coordinate system is chosen so that its basis 

vectors are initially coincident with the principal axes (named p1, p2 and p3) through the rotor’s 

COM. (For purposes of clarity these are not shown in the illustration.) 

Recall that the angular velocity vector defines the instantaneous axis of rotation of a body. The rotor 

in Figure 61 will thus rotate about the 0  vector (or equivalently the p3-axis) through an angle   in 

Figure 61: Illustration of a spinning rotor to which an external torque is applied. 
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an infinitesimal time dt . The angle has the value 0 dt    and the rotation is illustrated in 

Figure 62 (a). During the same time interval the angular momentum of the rotor is also changed by 

the applied torque according to eq. (A.1): 

  
 

1

1

ˆ2 2
ˆ .

resd dt

F l dt

Fl dt

 

  

 

L T

i

i

 (A.2) 

In this equation F  represents the magnitude of the forces applied at each end of the rotor; l  

represents the length of the rotor; and 1̂i  is the unit vector directed along the x-axis. Since the p1-axis 

is initially aligned with the x-axis, the change in angular momentum can also be written as 

   1̂d Fl dt L p  (A.3) 

where 1p̂  represents the unit vector directed along the p1-axis. 

Note that the rotor’s initial angular momentum, 0L ,is given by the equation 

 0 3 0 3ˆIL p  (A.4) 

where 3I  represents the rotor’s polar moment of inertia about the p3-axis. After time dt , the angular 

momentum is thus 

 
 

0

3 0 3 1ˆ ˆ .
t dt

d

I Fl dt


 
  

L L L

p p
 (A.5) 

The change in angular momentum of the rotor is illustrated in Figure 62 (b). Recall from introductory 

dynamics that the angular momentum of a body can be written as the sum of its components along 

each of the body’s principal axes: 

Figure 62: Illustrations pertaining to explanation of the gyroscopic effect in the text. 
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 1 1 1 2 2 2 3 3 3ˆ ˆ ˆI I I    L p p p  (A.6) 

where the subscripts indicate components along the respective principal axes. It can thus be seen 

from eq. (A.5) that the angular velocity after time dt  (indicated by   in Figure 62 c) is given by 

 1 0 3
1

ˆ ˆ
t dt

p

Fl dt
I


  p p   . (A.7) 

Note that defines, as before, the instantaneous axis of rotation at t dt . Recall also that the p3-

axis is directed along the longitudinal axis of the rotor*. At time t dt  the longitudinal axis of the 

rotor must therefore rotate about the   vector. Note that   has both x and y components, indicating 

that rotation takes place about both of these axes. (Contrast this result with the case where 0  0  

and rotation would only have taken place about the x-axis.) 

From the foregoing it is seen that the rotational effects of a resultant torque, applied about one axis of 

a spinning rotor, need not be confined to that specific axis. This constitutes rotational cross-coupling. 

 

                                                           

* This is always the case since the principal axes are fixed with respect to the rotor. 





 

 

Appendix B  

DERIVATION OF ROLLER BEARING POLAR MOMENT OF INERTIA 

This appendix details the derivation of the polar moment of inertia of a spherical roller element 

bearing. Contributions of the inner race as well as the rollers are taken into consideration. It is 

assumed that pure rolling motion exists between rollers and races. This also implies that no internal 

clearances are present in the bearing. 

The polar moment of inertia of the bearing, bI , is defined in terms of the rotational kinetic energy, K , 

and the angular speed of the inner ring,  : 

 21
2 bK I   (B.1) 

Since both the motion of the inner ring and the rolling elements contribute to the rotational energy, 

we have 

Figure 63: Diagram of the kinematics of a spherical roller bearing. 
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 IR ballK K nK  , (B.2) 

where n  represents the number of balls and the subscripts, IR and ball, denote the component with 

which K  is associated. For the kinetic energy of the inner ring we have 

 21
2IR IRK I  . (B.3) 

In order to calculate the kinetic energy of rotation of a single rolling element, the its kinematics are 

studied. Consider Figure 63. During a time interval dt  the inner ring rotates with angular speed   

about the bearing centerline while a point on the surface moves a distance ds  from A to B. Thus 

 ds r dt  (B.4) 

 Simultaneously the rolling element rotates counterclockwise through an angle of   about its own 

center of mass and also clockwise through an angle  about the bearing centerline. The distance 

comds , travelled by the ball’s center of mass in time dt , is given by 

 comds Rd . (B.5) 

The instantaneous velocity of the rolling element’s center of mass, ballv , can be calculated by taking 

the time derivative of coms : 

 ballv R  . (B.6) 

Noting that    and that ballR r r  , where ballr  represents the radius of the ball, eq. (B.6) can be 

rewritten as  

  ball ballv r r  . (B.7) 

Having obtained instantaneous linear velocity of the ball, its translational kinetic energy, ,ball transK  

can be calculated: 

 2
,

1
2ball trans ball ballK m v . (B.8) 

Using eq. (B.7), the previous equation can be rewritten as 

  2 2
,

1
2ball trans ball ballK m r r    (B.9) 
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In order to obtain the rotational kinetic energy of the ball as a function of  , the variables   and   

must be related. Note that the ball rotates with angular speed   in a time interval dt  while a point on 

the surface moves through a distance ds . These variable are related by the equation 

 ballds r dt . (B.10) 

Using eq. (B.4), together with the previous equation the angular speeds   and   are related: 

 
ball

r
r

  . (B.11) 

The rotational kinetic energy of the ball, ,ball rotK , may now be calculated using the equation 

 2
.

1
2ball rot ballK I  . (B.12) 

For a spherical roller the polar moment of inertia about its COM is given by 

 22
5ball ball ballI m r . (B.13) 

Using eqs. (B.11) and (B.13), the rotational kinetic energy of the ball is given by 

 2 2
.

1
5ball rot ballK m r  . (B.14) 

For the total rotational energy of a single ball we thus have, from eqs. (B.9)and (B.14), 

  2 2 21 2
2 5ball ball ball ballK m r r m r 
 
     

 (B.15) 

We can now express the total kinetic energy in a convenient form, by using (B.3) and (B.15) to rewrite 

(B.2) as 

  2 2 21 2
2 5IR ball ball ballK I n m r r m r 
   
            

. (B.16) 

From this equation, the total bearing polar moment of inertia, as defined in (B.1), can be determined: 

  2 22
5b IR ball ballI I nm r r r

 
      

. (B.17) 
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Appendix C  

ROTOR-BEARING CONTACT IN THREE DIMENSIONS 

In order to successfully handle contact in the three-dimensional simulation model, contact detection 

is addressed as well as calculation of the contact forces’ magnitudes and directions. These and other 

related issues are addressed in this appendix to the main text. 

C.1 Contact detection in three dimensions 

The contact detection scheme used in the 2-D model assumes circular rotor and bearing boundaries. 

This is possibly not valid for contact detection in three dimensions. Recall that the rotor and bearing 

centerlines need not be parallel in the 3-D model. The rotor boundary can therefore become elliptical 

in the contact planes. Put another way, the intersection curves of the rotor and contact planes can be 

elliptical. This is illustrated in Figure 64. 

Contact detection requires that it be possible to find the minimum distance between the rotor and 

each bearing. Figure 65 shows the boundaries of the rotor and bearing in the contact plane Z=a. It is 

seen that the clearance between the rotor and bearing is smallest at point C. C is also the point on the 

rotor boundary that is furthest from the bearing centerline. Notice that contact will occur when 

Figure 64: Intersection of a rotor and an axial plane z=a. 
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bearing diameter

2
AC  . (C.1) 

It was found that calculation of the minimum clearance is considerably more complicated in three 

dimensions than in two. Although it is possible to derive an exact analytical solution, it is not 

practically programmable. Finding the minimum clearance therefore becomes an optimization 

problem that has to be solved at each simulation time step. If B represents an arbitrary point on the 

rotor boundary ellipse then the minimum clearance exists where AB  attains its minimum value. 

C.2 Variation of Hertzian contact stiffness 

The Hertzian model of point contact can be used to describe the force-displacement relation in the 

case of rotor-bearing contact. It is described by eqs. (4.16) - (4.21). Of importance in the present 

analysis is the dependence of the stiffness parameter k  on the contact angle   via the following 

equations: 

 
3 2
D

E

K
k

C
  (C.2) 
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1 1 1 1
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r b r b
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 (C.3) 

 

2 2

' ' ' '

1 1 1 1 1 1 1 1
cos 2 cos2

1.5
D

r b r br b r b

K

R R R RR R R R
 

                                             
. (C.4) 

Figure 65: Rotor and bearing interaction boundaries in the axial plane z=a. 
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In the above equations the subscripts “r” and “b” denote the rotor and bearing respectively. 

Figure 66 illustrates the contact configuration for which the contact angle   at B will be a maximum. 

In order to understand this configuration, visualize the following: 

 the rotor lies in the bottom of the bearings (gravity acceleration is into the paper); 

 the left end is moved up the inner race until the maximum deflection in the plane of the 

paper is attained. 

Using the illustration, the maximum contact angle is calculated as follows: 

 
2


    (C.5) 

where 

 arctan
AC
CB

  . (C.6) 

C.3 Significance analyses 

It is seen from the preceding sections that contact calculations in three dimensions are much more 

involved than in the 2-D case. Computer implementation of the ideas thus far presented will also be 

computationally expensive. Firstly, contact detection requires solution of an optimization problem for 

each bearing location at every time step. Secondly, the contact stiffness parameter must be updated at 

each time step. The effects of stiffness variation and rotor ellipticity in the contact planes are now 

analysed to form an idea of their significance. 

Figure 66: Calculation of the variation of the contact angle. 
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C.3.1 Rotor ellipticity in the contact planes 

In order to gauge the significance of rotor ellipticity in the contact planes, an order-of-magnitude 

estimate of the maximum rotor deflection angle is performed. This angle is represented by   in 

Figure 67 which illustrates maximum deflection of a rotor in its bearings. The analysis proceeds as 

follows (note that   indicates equality to an order of magnitude): 

 
4

3
1

2 air gap 10
tan 10 .

rotor length 10

h
w








    

Since tan   for small angles, 

 310  rad.   (C.7) 

By using Figure 68 the ellipticity of the rotor, d , can be calculated for a given contact angle  . Note 

that the angle is identical to the one shown in Figure 67. The length of the major axis of the rotor 

Figure 68: Rotor ellipticity in the contact plane. 

Figure 67: Limit excursion of a rotor in its backup bearings. 
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boundary ellipse, a , can be calculated as follows: 

 
cos
d

a


 . (C.8) 

The ellipticity is thus given by 

 1
1 .

cos

d a d

d


  
      

 (C.9) 

Order-of-magnitude analysis of the ellipticity now follows: 

 
 

2 8
3

1 1
1 10 1 10  m

cos cos 10
d d


 



                  
  . 

This is a decidedly small length. However, the question is not whether it is small; the question is 

whether it is small relative to the air gap. The reason for this is that the significance of ellipticity lies in 

its influence on contact detection. It is emphasized that correct detection of contact transitions are 

important. Transitions are basically hard non-linearities that have a decisive influence on delevitation 

behaviour. The comparison is made as follows: 
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  . (C.10) 

It is thus concluded that this effect is negligible in systems which fit the above order-of-magnitude 

calculations*. 

C.3.2 Variation of Hertzian contact stiffness 

An order-of-magnitude analysis is also performed for the contact angle by using eqs. (C.5) and (C.6) 

(see Figure 66): 
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arctan arctan 10  rad.
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   (C.11) 

                                                           

* The analyses encompass virtually all practical systems. The reason for this is the variation allowed in order-of-magnitude 

analyses. “To estimate a quantity to an order of magnitude means that your estimate is roughly within a factor of 10 on either 

side” [50]. 
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 310
2 2 2
  

      . (C.12) 

and therefore 

 cos2 1  . (C.13) 

It will now be shown that this result, together with additional assumptions, afford substantial 

simplification of eqs. (C.3) and (C.4). 

Under the conditions where 
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eq. (C.3) may be simplified considerably to obtain 

 1.5D bK R . (C.15) 

Under the same conditions the following statements are valid: 
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and 
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By combining these statements, it can be seen that 
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Equation (C.4) can now be rewritten as follows by using the above statements: 
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By using eqs. (C.13) and (C.15) this equation can be further simplified to obtain 
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If additionally b rR R , the second term under the radical will dominate, giving 
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1
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R
R

   . (C.18) 

The corresponding value of   is then* 

 0.288   (C.19) 

so that the stiffness parameter in eq. (C.2) is given by 

 
3 20.288
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  (C.20) 

This simplification is afforded when 

 

'

'
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 (C.21) 

These conditions are all met in typical rotor delevitation systems†. Note that curvature radii 

encountered in most systems have the following orders of magnitude: 

 210  mrR
  

 '
rR   

 410  mbR
  

 ' 210  mbR
 . 

Additionally, rotors are very much longer than the length dimension of the air gap. With reference to 

Figure 66 typical values are as follows: 

 110  mBC   

 410  mAC  . 

                                                           

* Values of this variable are tabulated as a function of cosθ in Roark’s Formulas for Stress and Strain [53]. 

† These conditions will also be taken to define “typical rotor delevitation systems.” 
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It is thus concluded that variation of the Hertzian stiffness parameter is negligible in typical rotor 

delevitation systems. 

C.4 Conclusions 

From the significance analyses in the preceding section, it is concluded that the effects* discussed are 

negligible with respect to contact detection. This leads to the following significant conclusions: 

 contact detection is approached the same as with 2-d contact; the rotor boundary can thus be 

approximated as circular in the contact plane; 

 variation of the Hertzian stiffness parameter is negligible in typical systems. 

 

                                                           

* These effects are rotor ellipticity in the contact plane and variation of the Hertzian stiffness parameter. 



 

 

Appendix D  

MATHEMATICAL TREATMENT OF GENERAL RIGID BODY ROTATION 

This appendix presents some of the theory on general rigid body rotation. Throughout this section, 

the reader will often be referred to section 4.3.1 in which the reference frames used in the 3-D model 

is defined. These reference frames are illustrated in Figure 69. 

Note that the concepts presented here are well-known and established, all sorting under either 

classical mechanics or linear algebra. For this reason, no citations are given in this chapter. 

D.1 Derivatives of vectors in non-inertial reference frames 

From classical mechanics it is known that the derivative of a vector is generally not identical when 

observed from different reference frames (or equivalently coordinate systems). Note that the body 

frame (p123), defined in section 4.3.1, only rotates with respect to the local frame (xyz). The following 

operator relation therefore holds: 

 xyz p123D D    (D.1) 

where D  represents differentiation with respect to time. 

Figure 69: Definition of reference frames for mathematical treatment of general rigid body rotation. 
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D.2 Description of orientation in three dimensions 

Whereas a scalar value suffices for the description of orientation and rotation in 2 dimensions, three-

dimensional representation is more involved. In order to describe the configuration of a rigid body 

relative to a coordinate system the following is needed: three translations to describe the location of 

the COM, and a minimum of three parameters to specify the orientation of the body. 

One way in which the orientation of a rigid body may be specified is by fixing a set of Cartesian 

coordinate axes in it. Knowing the orientation of the body axes at a certain instant then constitutes 

knowledge of the body’s orientation. Note that any set of principal axes of a body forms such a 

reference. 

Consider the 3x3 matrix 

 1,xyz 2,xyz 3,xyzˆ ˆ ˆ, ,      P p p p  (D.2) 

of which the column vectors are the basis vectors of p123 expressed with respect to xyz (see Figure 

69). At a given instant [ ]P  fully determines the orientation of the rigid body in which it is fixed. 

D.3 Rotation in three dimensions 

In order to facilitate numerical calculation of rigid body rotation, it is useful to obtain a relation for 

the derivative of the matrix P*, defined as the 3x3 matrix 

 
1,xyz 2,xyz 3,xyzˆ ˆ ˆ

, ,
d d dd

dt dt dt dt

 
      
  

p p p
P  (D.3) 

such that  
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1

2 1

t

t

d
dt

dt
           P P P . (D.4) 

By using the transformation of eq. (D.1), the column vectors of [ ]P  may be expressed as 

 ,xyz ,p123ˆ ˆ ˆ  , 1,2,3i i i
d d

i
dt dt

   p p p  (D.5) 

                                                           

* Rotation can be defined as change of orientation. 
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where   is the angular velocity of p123 relative to xyz. Note that the unit basis vectors, ˆip , do not 

change with respect to an observer in the p123 reference frame. Therefore 

  p123
ˆ  , 1,2,3i

d
i

dt
 p 0 . (D.6) 

Eq. (D.5) therefore simplifies to 

 ,xyzˆ ˆ  , 1,2,3i i
d

i
dt

  p p . (D.7) 

By using this result, the orientation derivative matrix  P , defined in eq. (D.3), can be expressed as 

      1 2 3ˆ ˆ ˆ, ,        P p p p    . (D.8) 

D.4 Angular momentum of rigid bodies 

The total angular momentum, L , of a system of particles is defined as 

  i i i
i

m L R R  (D.9) 

where iR  represents the position vector of the i-th particle and im  its mass. 

For a continuous body, A, with uniform density, the above equations can be considered in the limit—

meaning that A is considered to consist of infinitely many particles. The above equation then becomes 

  
A

dm L R R . (D.10) 

In order to calculate the angular momentum of a body relative to its COM, the appropriate position 

vector should be used in eq. (D.10). Recall that xyz was defined to be located at the COM of the body 

under consideration. In order to calculate angular momentum relative to xyz, the following equation 

must be used: 

  COM
A

dm L r r  (D.11) 

where r  represents the position vector of a particle in the body with respect to xyz. In most texts on 

classical mechanics it is shown that the above equation can be written in the form 

 COM
   L I   (D.12) 
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where [ ]I  is the inertia tensor and   the angular velocity of p123 (the body frame) relative to the xyz 

(the local frame). The inertia tensor (or more specifically, the matrix associated with the inertia tensor) 

is a 3x3 matrix that has the form 

 
xx xy xz

yx yy yz

zx zy zz

I I I

I I I

I I I

 
 
      
 
  

I . (D.13) 

If the position vector in eq. (D.11) is expressed as 

 1 1 1
ˆ ˆ ˆx y z  r i j k , (D.14) 

the elements of [ ]I are given by the following equations: 
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and 
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,  

,  
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yz zy yz
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A

I xydm I I

I yzdm I I

I zxdm I I

  

  

  







 (D.16) 

As can be seen from the above, [ ]I  is dependent on the location as well as the orientation of the body 

relative to xyz. It is always possible to find a real Cartesian coordinate system in which [ ]I  is diagonal 

[48]. The axes comprising such a coordinate system are termed the principal axes of the body. The 

corresponding diagonal elements of [ ]I is similarly termed the body’s principal moments of inertia. 

D.5 Transformation of the inertia tensor between reference frames 

A familiar relation between angular momentum and torque is given by the equation 

 com com
d
dt

L T  (D.17) 
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where comT  represents the resultant torque exerted on the body. By using eq. (D.12) together with the 

previous one the following can be written: 

  com
d
dt

           T I I I   . (D.18) 

It is seen that a time-invariant inertia tensor will significantly simplify the above equation. Recall that 

p123 was defined to coincide with the principal axes of the body under consideration. This implies 

that the inertia tensor will be time-invariant to an observer in that frame. In order to exploit the 

convenience of a constant inertia tensor, one therefore has to do calculations in the body frame. This 

may not be convenient in a computing environment. 

In order to facilitate computation in the local frame, it is sought to determine a transformation under 

which  xyzI , the inertia tensor in xyz, may be obtained from  p123I , the time-invariant inertia tensor 

in p123. Stated otherwise, the matrix  xyzI  is sought such that 

 xyz xyzxyz
   L I   (D.19) 

where xyz 1 1 2 1 3 1
ˆ ˆ ˆL L L  L i j k  and xyz 1 1 2 1 3 1

ˆ ˆ ˆ    i j k . This transformation is determined 

by applying principles of linear algebra. 

Note that, according to the algebraic properties of matrix operations, 

              I x y I x I y  

and 

  a           I x I x I y  

for any 3x1 vectors x  and y  and any scalar a . This implies that  I  can be interpreted as the matrix 

associated with a linear transformation, 3 3:I   . Theorem 1 can now be applied to the present 

case: both  1 1 1
ˆ ˆ ˆxyz = , ,i j k  and  1 2 3ˆ ˆ ˆp123 , , p p p  are bases for 3 . The transition matrix from 

p123 to xyz is 

 1,xyz 2,xyz 3,xyzˆ ˆ ˆ, ,      P p p p .* 

For the linear transformation, 3 3:I   , we thus have 

                                                           

* Note that this is conveniently also the orientation matrix—the matrix that describes the orientation of p123 relative to xyz. 
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1

p123 xyz

              I P I P . 

By solving this equation for  xyzI , we obtain 

 
1

xyz p123

              I P I P . (D.20) 

This equation relates the inertia matrix WRT xyz with the time-invariant inertia matrix WRT p123. 

Once the inertia matrix has been calculated in the body frame, it can thus be transformed to the local 

frame by using eq. (D.20). 

 

Theorem 1: 

Let  1 2, ,..., nB  u u u  and  1 2, ,..., nC  v v v  be bases for the n-dimensional vector 

space V, and let :T V V  be a linear transformation. Also let [ ]Y  be the transition 

matrix from C to B, defined as 

    1,B 2,B ,B[ ] [ , ,..., ]nY v v v , 

where ,Biv  represents the i-th basis vector of C  with respect to the basis B , such that 

         
[ ]B C x Y x . 

If 1[ ]Q  is the matrix of T with respect to B and if 2[ ]Q  is the matrix of T with respect to C, 

then 

  

1
2 1

              Q Y Q Y . 



 

 

Appendix E  

DETAIL OF SENSORS USED IN THE EXPERIMENTAL SYSTEM 

Sensor details are given in the tables below as follows: 

 accelerometers--Table 21; 

 SKF proximity probes—Table 22; 

 µε proximity probes—Table 23. 

 

Table 21: Accelerometer detail. 

Model CTC (AC292-2C) 

Type PZT Ceramic (Shear mode) 

Dynamic range ±80 g 

Frequency response (±5 %) 10-2000 Hz 

Frequency response (±10 %) 1-10000 Hz 

 

Table 22: Detail of SKF eddy current proximity probes. 

Model SKF (CMSS 65) 

Type Ferromagnetic/Non-ferromagnetic target 

Frequency response DC-10 kHz 
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Table 23: Detail of µε eddy current proximity probes. 

Model µε (DT3701-U1) 

Type Non-ferromagnetic target 

Frequency response (±3 dB) 10 kHz 
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EXPERIMENTALLY-OBSERVED ROTOR ORBITS 

F.1 0 r/min 
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F.2 1000 r/min 

 



1000 R/MIN  189 
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F.3 2000 r/min 

 

 

 



5000 R/MIN  191 
 

 

 

F.4 5000 r/min 

 

 



192 EXPERIMENTALLY-OBSERVED ROTOR ORBITS 
 

F.5 6000 r/min 

 

 

 



7000 R/MIN  193 
 

 

F.6 7000 r/min 

 

F.7 8000 r/min 

 

F.8 9000 r/min 

 

 





 

 

Appendix G  

DATA CD CONTENTS 

This section lists the content of the data CD according to main folders. 

G.1 Dissertation 

The dissertation is given in pdf format. 

G.2 2D code 

The formatted source code of the 2-D simulation model is given in pdf format. 

G.3 3D code 

The formatted source code of the 3-D simulation model is given in pdf format. 
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