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Appendix A

Weighted transverse integration

A.1 Description of Weighted Transverse Integration

in Cartesian Geometry

As the weighted transverse integration approach is adopted in this work in order to

develop a practical transverse leakage approximation, the derivation, as in principle

described in (Ougouag and Raji¢ (1988)) is given in quite some detail here. The

development produced here does di�er somewhat from that which is proposed by

Ougouag, since the method was formulated with side-averaged current moments as

primary unknowns, where we will build the solution around the traditional ANM

structure in which node-averaged �uxes, or in this case, node-averaged �ux moments,

are the primary unknowns. Further, this appendix serves to introduce notation needed

for use in the remainder of this thesis.

As stated before, transverse integration requires that eq. (2.2) is integrated over

the two transverse directions, in order to produce a one-dimensional equation in the

third direction. This process is repeated for all three directions. To achieve this for a

weighted transverse integration approach, it is again convenient to adopt the notation

of three arbitrary directions (u, v, w), with u representing the direction of choice and

v and w the transverse directions. To produce the set of transversely integrated,

one-dimensonal, higher-order nodal equations, eq. (2.2) is multiplied by Legendre

polynomials in both transverse directions, of order l and k, respectively. We let l and

k range from 0 to M for all combinations of (l, k), where M denotes the order of the

method. Note that M = 0 denotes the standard lower order equations. Furthermore,

I will denote the maximum source expansion order used to formulate the source terms

in the one-dimensional equations. Hence, a speci�c higher-order solution is classi�ed

by both indices (M, I). Note that we drop, in this appendix, both the group index g
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and the node index n for simplicity. After multiplication then, the resulting equation,

−D
(
52φ(u, v, w)

) 2k + 1

hw
Pk(

2w

hw
)
2l + 1

hv
Pl(

2v

hv
)+ (A.1)

σremφ(u, v, w)
2k + 1

hw
Pk(

2w

hw
)
2l + 1

hv
Pl(

2v

hv
)

= Q(u, v, w)
2k + 1

hw
Pk(

2w

hw
)
2l + 1

hv
Pl(

2v

hv
) ,

is integrated over w and then v. Eq. (A.1) is bulky, and we proceed to perform the

transverse integration term by term. E.g. the removal term yields, after integration

over w,

σrem 2l + 1

hv
Pl(

2v

hv
)
2k + 1

hw

∫
hw

φ(u, v, w)Pk(
2w

hw
)dw

= σrem 2l + 1

hv
Pl(

2v

hv
)φwk (u, v) (A.2)

with

φwk (u, v) =
2k + 1

hw

∫
hw

φ(u, v, w)Pk(
2w

hw
)dw . (A.3)

Here we identi�ed φwk (u, v) as the two-dimensional (u, v) kth semi-moment of the

three-dimensional �ux. As convention, we shall denote the direction over which a

quantity has been integrated via the superscript (w), and the order of the Legendre

Polynomial (in that direction) with which it has been folded in the integral, by the

corresponding subscript (k). This de�nition would allow us to express

φ(u, v, w) =
∞∑
k=0

φwk (u, v)Pk(
2w

hw
) ≈

M∑
k=0

φwk (u, v)Pk(
2w

hw
). (A.4)

We may complete the transverse integration process by subsequent integration of eq.

(A.2) over v to yield:

σrem 2l + 1

hv

∫
hv

φwk (u, v)Pl(
2v

hv
)dv = σremφ

vw
lk (u) (A.5)

with the double-index (l, k), one-dimensional (u) - �ux semi-moment de�ned as

φvwlk (u) =
2k + 1

hv

∫
hv

φwk (u, v)Pl(
2v

hv
)dv . (A.6)
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Note that the notation has been expanded to indicate that φvwlk (u) has been integrated

over both w and v. Similarly to eq. (A.4), we may write

φwk (u, v) ≈
M∑
l=0

φvwlk (u)Pl(
2v

hv
). (A.7)

The process applied to term 2 above may be analogously applied to the source term

to yield

2l + 1

hv

2k + 1

hw

∫
hv

∫
hw

Q(u, v, w)Pk(
2w

hw
)Pl(

2v

hv
)dwdv (A.8)

= χg
1

keff

G∑
h=1

φvw,hlk (u)νσhfis +
G∑

h=1,h6=g

φvw,hlk (u)σhscat(h→ g).

A.1.1 Higher-order transverse leakage terms

The leakage term in eq. (A.1) is somewhat more involved, and we begin by integrating

it in over w to yield

−D
(
52
uvφ

w
k (u, v)

) 2l + 1

hv
Pl(

2v

hv
)−D2k + 1

hw

(∫
hw
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Pk(
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hw
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)
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hv
Pl(

2v

hv
)

(A.9)

where 52
uv = ∂2

∂u2 + ∂2

∂v2 . The integral in the second term needs to be reduced to

quantities which are expressible from the solution of the one-dimensional equation (to

be formulated later), and we will aim to express all quantities in terms of moments

of the side-averaged current, the side-averaged �ux or the one-dimensional �ux itself.

We apply partial integration (twice) to the integral:

∫
hw

∂2φ(u, v, w)
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hw
)dw =
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−hw
2

+
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2w

hw
)dw.

(A.10)

The integral in eq. (A.10) contains second order derivatives of Legendre polynomials

and we express:
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P ′′k (
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with
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These integrals may be expressed via a recurrence relationship by utilizing partial

integration to write (for simplicy in dimensionless coordinate ξ)

λξtk =
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We notice that, due to the orthogonality of Legendre polynomials (and the fact that

k ≥ t−2), that

∫ 1

−1

P ′′t (ξ)Pk(ξ)dξ = 0 and as such we may use eq. (A.14) to eliminate

the term

∫ 1

−1

P ′k(ξ)P
′
t(ξ)dξ from eq. (A.13). This yields, after reverting back to the

original coordinate system:

λwtk =

(
2

hw

)2(
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2

)(
k(k + 1)− t(t+ 1)

2

)(
1 + (−1)k+t

)
(A.15)

and thus we may consider the λwtk moments known up to an arbitrary order (k − 2).

If we now replace eqs. (A.11) and (A.12) into eq. (A.10) into and eq. (A.10) into

eq. (A.9), we obtain
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with currents de�ned as
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and

Jw(u, v,−hw
2

) = +D
∂

∂w
φ(u, v,−hw

2
).

Here we have used the Legendre polynomial properties:

Pk(1) = 1 , Pk(1) = (−1)k.

Similarly, for the derivative of Legendre polynomials, we apply

P ′k(
2w

hw
)

∣∣∣∣∣
hw
2

=
2

hw

k(k + 1)

2

and

P ′k(
2w

hw
)

∣∣∣∣∣
−hw

2

=
2

hw

k(k + 1)

2
(−1)k+1

to yield

2l + 1

hv
Pl(

2v

hv
)

{
−D52

uv φ
w
k (u, v) +

[
2k + 1

hw

(
Jw(u, v,

hw
2

) + (−1)kJw(u, v,−hw
2

)

)]
+

(A.17)

D(2k + 1)k(k + 1)

h2
w

(
φ(u, v,

hw
2

) + (−1)kφ(u, v,−hw
2

)

)

−D
k−2∑
t=0

2k + 1

2t+ 1
λwtkφ

w
t (u, v)

}
.

Eq. (A.17) represents the weighted leakage term integrated over w. In order to pro-

ceed with the v integration, and manage the large resulting equation, we rewrite the

transversely integrated leakage term obtained thus far. We will introduce the more

traditional transverse leakage notation, but extend it somewhat to handle the multi-

dimensionality of the quantities. Three, comma separated, superscripts may be used.

The �rst denotes the directions over which a given quantity has been integrated, the

second the direction for which a given quantity is applicable, and the third (if present)

denotes a term descriptor used largely for breaking large expression into smaller sep-

arate components. The subscripts still denote the indices of the chosen orders of the

Legendre polynomials over which quantities have been folded. Hence, the transversely

integrated leakage term may be expressed as:

2l + 1

hv

2k + 1

hw

∫
hv

Pl(
2v

hv
)

∫
hw

−D52 φ(u, v, w)Pk(
2w

hw
)dwdv (A.18)
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=
2l + 1

hv

∫
hv

Pl(
2v

hv
)
(
−D52

uv φ
w
k (u, v) + Lw,wk (u, v)

)
dv

where we de�ne

52φ(u, v, w) =
(
52
u +52

v +52
w

)
φ(u, v, w),

52
uv = 52

u +52
v

with

Lw,wk (u, v) = Lw,w,cur
k (u, v) + Lw,w,flux

k (u, v)− Lw,w,mom
k (u, v),

Lw,w,cur
k (u, v) =

2k + 1

hw

(
Jw(u, v,

hw
2

) + (−1)kJw(u, v,−hw
2

)

)
,

Lw,w,flux
k (u, v) =

D(2k + 1)k(k + 1)

h2
w

(
φ(u, v,

hw
2

) + (−1)kφ(u, v,−hw
2

)

)
and

Lw,w,mom
k (u, v) = D

k−2∑
t=0

2k + 1

2t+ 1
λwtkφ

w
t (u, v).

Here we have broken the transverse leakage contribution from w to (u, v) into three

components, based on contributions from side currents, side �uxes and explicit �ux

moments, respectively. If we now perform the v integration in eq. (A.18), we �nd:

2l + 1

hv

2k + 1

hw

∫
hv

∫
hw

−D52 φ(u, v, w)Pk(
2w

hw
)Pl(

2v

hv
)dwdv (A.19)

=
(
−D52

u φ
vw
lk (u) + Lvw,wlk (u) + Lvw,vlk (u)

)
with

Lvw,wlk (u) = Lvw,w,cur
lk (u) + Lvw,w,flux

lk (u)− Lvw,w,mom
lk (u),

Lvw,vlk (u) = Lvw,v,cur
lk (u) + Lvw,v,flux

lk (u)− Lvw,v,mom
lk (u),

and

Lvw,w,cur
lk (u) =

2k + 1

hw

(
Jv,wl (u,

hw
2

) + (−1)kJv,wl (u,−hw
2

)

)

Lvw,w,flux
lk (u) =

D(2k + 1)k(k + 1)

h2
w

(
φv,wl (u,

hw
2

) + (−1)lφv,wl (u,−hw
2

)

)
156



Lvw,w,mom
lk (u) =

2l + 1

hv

∫
hv

D
k−2∑
t=0

2k + 1

2t+ 1
λwtkφ

w
t (u, v)Pl(

2v

hv
)dv

= D
k−2∑
t=0

2k + 1

2t+ 1
λwtkφ

wv
tl (u).

Here, as an example of the newly introduced notation, Lwv,w,cur
kl (u) denotes the (w, v)-

integrated transverse leakage contribution from w to u, and then speci�cally the

current(cur) contribution to the full leakage term.

We now proceed to the contribution of the v−component of the Laplacian term.

The contribution from v to the transverse leakage ( Lwv,vkl (u)) retains the form of the

w contribution (Lwv,wkl (u)) which is explicitly given above, and takes the form

Lwv,v,cur
kl (u) =

[
2l + 1

hv

(
Jw,vk (u,

hv
2

) + (−1)lJw,vk (u,−hv
2

)

)]
(A.20)

with

Jw,vk (u,±hv
2

) = ∓D ∂

∂v
φwk (u,±hv

2
),

Lwv,v,flux
kl (u) =

D(2l + 1)l(l + 1)

h2
v

(
φw,vk (u,

hv
2

) + (−1)lφw,vk (u,−hv
2

)

)
(A.21)

and

Lwv,v,mom
kl (u) = D

l−2∑
t=0

2l + 1

2t+ 1
λvtlφ

vw
tk (u) (A.22)

This expression completes the transverse integration process, and yields a u- depen-

dent, one-dimensional ordinary, inhomogeneous di�erential equation, with double-

index �ux moments in u-direction as unknowns. If we assemble all relevant terms,

the �nal equation therefore is

−D d

du2
φvwlk (u) + σremφvwlk (u) = χg

ν

keff

G∑
h=1

φvw,hlk (u)σhfis+ (A.23)

G∑
h=1,h6=g

φvw,hlk (u)σhscat(h→ g)− Lvw,wlk (u)− Lvw,vlk (u)

with

Lvw,wlk (u) =
2k + 1

hw

(
Jv,wl (u,

hw
2

) + (−1)kJv,wl (u,−hw
2

)

)
+

D(2k + 1)k(k + 1)

h2
w

(
φv,wl (u,

hw
2

) + (−1)kφv,wl (u,−hw
2

)

)
−D

k−2∑
t=0

2k + 1

2t+ 1
λwtkφ

vw
lt (u)
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and

Lvw,vlk (u) =
2l + 1

hv

(
Jw,vk (u,

hv
2

) + (−1)lJw,vk (u,−hv
2

)

)
+

D(2l + 1)l(l + 1)

h2
v

(
φw,vk (u,

hv
2

) + (−1)lφw,vk (u,−hv
2

)

)
−D

l−2∑
t=0

2l + 1

2t+ 1
λvltφ

vw
tk (u).

A.1.2 Solution of the one-dimensional higher-order equations

At this point we make the observation that eq. (A.23) has assumed the same form

as eq. (2.5), and as such will assume the same form of solution described in Section

2.3.2.1. Nevertheless, for the sake of completion, we repeated some of the steps here.

Equation (A.23) becomes, in dimension coordinates ξ:

d

dξ2
φvwlk (ξ) + (βnm)2 φwvkl (ξ) = Qvw

lk (ξ), (A.24)

(βmn)2 =

(
hu
2

)2
σrem

−D
with

Qvw
lk (ξ) = − 1

D

(
hu
2

)2
(
χ
νg

keff

G∑
h=1

φvw,hlk (ξ)σhfis +
G∑

h=1,h6=g

φvw,hlk (ξ)σhscat(h→ g)

−Lvw,wlk (ξ)− Lvw,vlk (ξ))

Lvw,wlk (ξ) =
2(2k + 1)

h2
w

(
Jv,wl (ξ, 1) + (−1)kJv,wl (ξ,−1)

)
+

D(2k + 1)k(k + 1)

h2
w

(
φvl (ξ, 1) + (−1)kφvl (ξ,−1)

)
−D

k−2∑
t=0

2k + 1

2t+ 1
λwtkφ

vw
lt (ξ)

and

Lvw,vlk (ξ) =
2(2l + 1)

h2
v

(
Jw,vk (ξ, 1) + (−1)lJw,vk (ξ,−1)

)
+

D(2l + 1)l(l + 1)

h2
v

(
φwk (ξ, 1) + (−1)lφwk (ξ,−1)

)
−D

l−2∑
t=0

2l + 1

2t+ 1
λvtlφ

vw
tk (ξ).

In order to solve eq. (A.24), it is useful to express the right hand side in terms of

a Legendre expansion. This requires that each of the �ssion, scattering and leakage

sources are individually expressed in terms of a u-dependent Legendre expansion.

158



The detail hereof will be handled in A.1.3, and we assume for the moment that

Qvw
lk (ξ) =

I∑
i=0

duvwilk Pi(ξ) is known. Here we have limited the source expansion to order

I. The analytic solution of eq. (A.24) may be expressed as

φvwlk (ξ) = Alkcosh(|βnm| ξ) +Blksinh(|βnm| ξ) +
I∑
i=0

buvwilk Pi(ξ). (A.25)

We have expressed the moments of the particular solution (bi) in terms of the moments

of the source (di) via the following recurrence relation:

bI = 1
(|βnm|)2 (hu

2
)2D−1dI

bI−1 = 1
(|βnm|)2 (hu

2
)2D−1dI−1

bi = 1
(|βnm|)2

[
(hu

2
)2D−1di −

I∑
m=i+2

aimbm

]
, i = I − 2, . . . 1, 0

(A.26)

with

aim =
2i+ 1

4

[
1 + (−1)i+m

]
[m(m+ 1)− i(i+ 1)] ,

which is obtained by utilizing the orthogonality of Legendre polynomials. Note that

in eq. (A.26) we have dropped the superscripts (uvw) and subscripts (ilk) for clarity.

A.1.3 Source moments of the one-dimensional equation

The higher-order source moments (dwvuilk ), which consist of contributions from the

higher-order �ssion source moments, higher-order scattering source moments and

higher-order leakage moments are typically expressed in terms of higher-order mo-

ments of the �ux, current and side-�ux from the previous iteration.

A.1.3.1 Higher-order �ux moments

Legendre moments have to be developed for one-dimensional double index higher-

order �uxes. These higher-order �ux moments are similar in form to zero-order mo-

ments in the standard nodal methods, and thus may be calculated as

φvwlk (ξ) =
I∑
i=0

φuvwilk Pi(ξ), (A.27)
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with

φuvwilk =
2i+ 1

2

∫ 1

−1

φvwlk (ξ)Pi(ξ)dξ (A.28)

=
2i+ 1

2

(
Alk

∫ 1

−1

cosh(|βnm| ξ)Pi(ξ)dξ +Blk

∫ 1

−1

sinh(|βnm| ξ)Pi(ξ)dξ + buvwilk

)
.

(A.29)

Each of the integrals in eq. (A.29) are solvable via recurrence relations and we

write

φuvwilk =
2i+ 1

2

(
Alkf

cos
i +Blkf

sin
i + buvwilk

)
with the expressions for f cos

i and f sin
i derived in Appendix C. These �ux moments

are the needed constituents for expressing the higher-order (and lower-order for that

matter) �ssion source and higher-order scattering source moments in eq. (A.24). It

now remains to express the transverse leakage source Legendre expansion in terms of

available quantities.

A.1.3.2 Higher-order transverse leakage source moments

We express the higher-order transverse leakage source in terms of a Legendre expan-

sion as

Lvw,wlk (ξ) =
I∑
i=0

Luvw,wilk Pi(ξ)

and

Lvw,vlk (ξ) =
I∑
i=0

Luvw,vilk Pi(ξ).

Fully expanded, this yields

Luvw,wilk =
2(2k + 1)

h2
w

(
Juv,wil (+1) + (−1)kJuv,wil (−1)

)
+ (A.30)

D(2k + 1)k(k + 1)

h2
w

(
φuv,wil (+1) + (−1)kφuv,wil (−1)

)
−D

k−2∑
t=0

2k + 1

2t+ 1
λwtkφ

uvw
ilt

and
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Lwvu,vkli =
2(2l + 1)

h2
v

(
Jwu,vki (+1) + (−1)lJwu,vki (−1)

)
+ (A.31)

D(2l + 1)l(l + 1)

h2
v

(
φwu,vki (+1) + (−1)lφwu,vki (−1)

)
−D

l−2∑
t=0

2l + 1

2t+ 1
λvltφ

uvw
itk .

We may notice that we need higher-order moments of the current from the transverse

directions (Juv,wil (±1) and Jwu,vki (±1)), higher-order moments of side-�ux from the

transverse directions (φuv,wil (±1) and φwu,vki (±1)) and �nally higher moments of the �ux

(φuvwilt and φuvwitk ). Higher-order �ux moments were constructed in Section A.1.3.1, and

thus it remains to resolve the needed expressions for the higher-order net current and

higher-order side-�uxes. To achieve this, we construct a two node problem in order

to determine the higher-order interface �uxes and higher-order interface currents, in

an analogous way to the procedure followed in the case of the zero order quantities,

as described in Section 2.3.2.2.

A.1.4 Higher-order balance equation

In solving the two node problem on each surface, with the aim of determining the

higher-order side-current and higher-order side-�ux moments, the node-averaged value

of the higher-order �ux moments are required (see eq. (2.19) when applied to the

higher-order equations). The node-averaged higher-order �ux moments are typically

determined via the solution of the set of coupled higher-order balance equations. The

set of higher-order balance equations, with triple index �ux moments as primary un-

knowns, are generated by multiplying eq. (A.23) with Pi(u) and integrating it over

u. The resulting set of equations contain higher-order node averaged �ux moments,

side-�ux moments and side-current moments and techniques analogous to those de-

scribed in Section 2.3.2.2 are used to eliminate two of these in favour of the other. As

we do not require the formulation of the higher-order balance equations, as discussed

in Chapter 3 in this development, their explicit form is not assembled here.
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Appendix B

Additional benchmark problem

results

This appendix contains detailed results and information regarding each of the bench-

mark problems discussed in this work. In particular, relative power density reference

results are provided for each problem, as well as error distributions for selected cases.

Where applicable �ux results are also provided.

B.1 3D MOX C5 Benchmark Problem

For the 3D MOX C5 problem, the assembly averaged distributions provide a good

indicator for the error distributions. The reference and error related results are thus

presented in Table B.1, for brevity, for assembly averaged quantities only. The table

contains results for relative power density, fast �ux and thermal �ux distributions

and shows SQLA and CQLA errors in terms of associated databars. Flux results are

normalized to a total reactor power of 1.
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Table B.1: Reference results for the 3D MOX C5 benchmark, with SQLA and CQLA
percentage errors indicated in databar format in each cell.

Assembly Averaged Fast Flux

1.225E-04 8.013E-05 7.418E-06

C 0.13 0.04 0.87

0.19 0.07 0.24

8.013E-05 4.207E-05 3.613E-06

B 0.04 0.44 0.50

0.07 0.04 0.35

7.418E-06 3.613E-06 4.094E-07

A 0.87 0.50 12.55

0.24 0.35 2.51

Reference

Relative assembly power dens. SQLA % error Assembly Averaged Thermal Flux
CQLA % error

1.3380 1.0950 2.537E-05 6.666E-06 7.104E-06

C 0.03 0.15 0.00 0.08 0.86

0.16 0.08 0.15 0.13 0.33

1.0950 0.4712 6.666E-06 8.979E-06 3.827E-06

B 0.15 0.60 0.08 0.63 0.05

0.08 0.06 0.13 0.08 0.59

7.104E-06 3.827E-06 5.699E-07

A 0.86 0.05 13.21

0.33 0.59 0.86

1 2 3 1 2 3

B.2 2D IAEA LWR Benchmark Problem

The reference relative power density distribution for this problem, as calculated with

HOTR in FHO6 mode is given in Table B.2. Included in the table, as databars below

each reference value, are the SQLA and CQLA percentage relative power density

errors.
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Table B.2: Reference relative power density results for the 2D IAEA LWR benchmark,
with SQLA and CQLA percentage errors indicated with in databar format in each
cell.

0.7549 0.7357 0.6922 Reference
H 0.15 0.40 0.54 SQLA % error

0.03 0.07 0.04 CQLA % error

0.9343 0.9503 0.9750 0.8462 0.5972

G 0.00 0.02 0.08 0.46 0.91

0.00 0.00 0.09 0.06 0.02

0.9351 1.0360 1.0700 0.9064 0.6855 0.5850

F 0.01 0.11 0.01 0.19 0.77 0.20

0.02 0.00 0.04 0.03 0.16 0.09

0.6100 1.0700 1.1790 0.9670 0.4706 0.6855 0.5972

E 0.07 0.09 0.07 0.06 0.22 0.77 0.91

0.05 0.05 0.01 0.02 0.01 0.16 0.02

1.2110 1.3150 1.3450 1.1930 0.9670 0.9064 0.8462

D 0.36 0.25 0.06 0.08 0.06 0.19 0.46

0.04 0.04 0.03 0.03 0.02 0.03 0.06

1.4540 1.4800 1.4690 1.3450 1.1790 1.0700 0.9750 0.6922

C 0.54 0.27 0.18 0.06 0.07 0.01 0.08 0.54

0.05 0.06 0.01 0.03 0.01 0.04 0.09 0.04

1.3100 1.4350 1.4800 1.3150 1.0700 1.0360 0.9503 0.7357

B 0.48 0.39 0.27 0.25 0.09 0.11 0.02 0.40

0.07 0.04 0.06 0.04 0.05 0.00 0.00 0.07

0.7456 1.3100 1.4540 1.2110 0.6100 0.9351 0.9343 0.7549

A 0.06 0.48 0.54 0.36 0.07 0.01 0.00 0.15

0.08 0.07 0.05 0.04 0.05 0.02 0.00 0.03

1 2 3 4 5 6 7 8

The fast and thermal reference �ux distribution and associated SQLA and CQLA

percentage �ux errors are given in Tables B.3 and B.4. The total power of the reactor

is set to the total fuel volume.
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Table B.3: Reference fast �ux results for the 2D IAEA LWR benchmark, with SQLA
and CQLA percentage errors indicated with in databar format in each cell.

3.370E+00 3.220E+00 2.438E+00 7.106E-01 Reference
0.32 0.29 0.06 5.70 SQLA % error

I 0.06 0.16 0.42 0.49 CQLA % error

2.033E+01 1.985E+01 1.666E+01 5.952E+00 2.421E+00 5.717E-01
0.10 0.29 0.28 0.21 1.67 8.12

H 0.01 0.04 0.05 0.23 0.42 0.73

2.941E+01 2.984E+01 2.909E+01 2.259E+01 1.444E+01 3.994E+00 6.411E-01
0.03 0.07 0.07 0.35 0.56 0.19 9.89

G 0.00 0.00 0.00 0.04 0.12 0.40 0.24

2.994E+01 3.273E+01 3.370E+01 2.850E+01 2.076E+01 1.402E+01 3.994E+00 5.717E-01
0.02 0.12 0.02 0.17 0.71 0.05 0.19 8.12

F 0.02 0.03 0.02 0.01 0.10 0.12 0.40 0.73

2.656E+01 3.422E+01 3.721E+01 3.090E+01 2.039E+01 2.076E+01 1.444E+01 2.421E+00
0.16 0.07 0.04 0.05 0.16 0.71 0.56 1.67

E 0.03 0.03 0.00 0.00 0.00 0.10 0.12 0.42

3.870E+01 4.154E+01 4.245E+01 3.768E+01 3.090E+01 2.850E+01 2.259E+01 5.952E+00 7.106E-01
0.33 0.25 0.08 0.07 0.05 0.17 0.35 0.21 5.70

D 0.04 0.05 0.04 0.02 0.00 0.01 0.04 0.23 0.49

4.588E+01 4.670E+01 4.637E+01 4.245E+01 3.721E+01 3.370E+01 2.909E+01 1.666E+01 2.438E+00
0.48 0.28 0.21 0.08 0.04 0.02 0.07 0.28 0.06

C 0.04 0.04 0.04 0.04 0.00 0.02 0.00 0.05 0.42

4.189E+01 4.533E+01 4.670E+01 4.154E+01 3.422E+01 3.273E+01 2.984E+01 1.985E+01 3.220E+00
0.42 0.39 0.28 0.25 0.07 0.12 0.07 0.29 0.29

B 0.04 0.04 0.04 0.05 0.03 0.03 0.00 0.04 0.16

3.247E+01 4.189E+01 4.588E+01 3.870E+01 2.656E+01 2.994E+01 2.941E+01 2.033E+01 3.370E+00

0.10 0.42 0.48 0.33 0.16 0.02 0.03 0.10 0.32

A 0.08 0.04 0.04 0.04 0.03 0.02 0.00 0.01 0.06

1 2 3 4 5 6 7 8 9
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Table B.4: Reference thermal �ux results for the 2D IAEA LWR benchmark, with
SQLA and CQLA percentage errors indicated with in databar format in each cell.

7.968E+00 7.579E+00 5.840E+00 2.803E+00 Reference
I 0.30 0.25 0.74 1.74 SQLA % error

0.01 0.04 0.11 0.86 CQLA % error

5.592E+00 5.450E+00 5.127E+00 1.243E+01 6.031E+00 2.232E+00

H 0.15 0.40 0.55 0.77 0.93 1.28

0.03 0.06 0.05 0.06 0.30 0.90

6.921E+00 7.039E+00 7.222E+00 6.268E+00 4.424E+00 8.327E+00 2.554E+00

G 0.00 0.03 0.08 0.46 0.90 0.57 1.52

0.01 0.00 0.09 0.07 0.01 0.03 1.14

6.926E+00 7.675E+00 7.929E+00 6.714E+00 5.078E+00 4.334E+00 8.327E+00 2.232E+00

F 0.02 0.12 0.03 0.19 0.76 0.19 0.57 1.28

0.01 0.02 0.00 0.03 0.16 0.08 0.03 0.90

4.519E+00 7.924E+00 8.735E+00 7.163E+00 3.486E+00 5.078E+00 4.424E+00 6.031E+00

E 0.08 0.07 0.09 0.06 0.22 0.76 0.90 0.93

0.06 0.02 0.01 0.02 0.01 0.16 0.01 0.30

8.969E+00 9.740E+00 9.964E+00 8.836E+00 7.163E+00 6.714E+00 6.268E+00 1.243E+01 2.803E+00

D 0.34 0.24 0.07 0.07 0.06 0.19 0.46 0.77 1.74
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B.3 3D IAEA LWR Benchmark Problem

This section provides additional results and comparisons for the 3D version of the

IAEA LWR benchmark problem. As discussed in Section 5.3.2, some doubt exists

regarding the convergence of the original published reference results as found in (Lee,

1977). In order to clarify this, we present in Tables B.5 - B.21, a complete nodal power

density comparison between the originally published reference result and the HOTR

FHO6 result (which we employ as reference in this work). In order to con�rm that

the HOTR-FHO6 is indeed the true reference, the following was taken into account:

• Published results from full higher order codes support the HOTR keff of 1.02907

(as compared to 1.02903 from (Lee, 1977));

• An independent full higher order calculation, using a 3D version of the CASTOR

code as described in Toma²evi¢ and Larsen (1993), con�rmed that the HOTR

result correctly produced the full sixth order calculational result; and
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• An independent �ne mesh calculation with the OSCAR-4 (Stander et al., 2008)

code, utilizing SQLA with an 8 times re�ned nodal mesh, con�rmed the HOTR

result to within 0.2%, which is much smaller than the obtained di�erences as

compared to the published reference.

Tables B.5 - B.21 then provide layer by layer (18 to 2 numbered bottom to top) refer-

ence results for the nodal power density distribution between the originally published

reference, the HOTR FHO6 result and the HOTR CQLA result. In these tables only

the one-eight symmetry segment is shown. It can be seen that the original �ne-mesh

�nite-di�erence reference solution has nodal power errors of close to 2% distributed

throughout the top and bottom layers of the problem.
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Table B.5: Comparison for IAEA 3D LWR benchmark between published reference,
HOTR reference and CQLA power density results for axial layer 18.
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Table B.6: Comparison for IAEA 3D LWR benchmark between published reference,
HOTR reference and CQLA power density results for axial layer 17.
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Table B.7: Comparison for IAEA 3D LWR benchmark between published reference,
HOTR reference and CQLA power density results for axial layer 16.
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Table B.8: Comparison for IAEA 3D LWR benchmark between published reference,
HOTR reference and CQLA power density results for axial layer 15.
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Table B.9: Comparison for IAEA 3D LWR benchmark between published reference,
HOTR reference and CQLA power density results for axial layer 14.
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Table B.10: Comparison for IAEA 3D LWR benchmark between published reference,
HOTR reference and CQLA power density results for axial layer 13.
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Table B.11: Comparison for IAEA 3D LWR benchmark between published reference,
HOTR reference and CQLA power density results for axial layer 12.
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Table B.12: Comparison for IAEA 3D LWR benchmark between published reference,
HOTR reference and CQLA power density results for axial layer 11.
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Table B.13: Comparison for IAEA 3D LWR benchmark between published reference,
HOTR reference and CQLA power density results for axial layer 10.
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Table B.14: Comparison for IAEA 3D LWR benchmark between published reference,
HOTR reference and CQLA power density results for axial layer 9.
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Table B.15: Comparison for IAEA 3D LWR benchmark between published reference,
HOTR reference and CQLA power density results for axial layer 8.
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Table B.16: Comparison for IAEA 3D LWR benchmark between published reference,
HOTR reference and CQLA power density results for axial layer 7.
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Table B.17: Comparison for IAEA 3D LWR benchmark between published reference,
HOTR reference and CQLA power density results for axial layer 6.
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Table B.18: Comparison for IAEA 3D LWR benchmark between published reference,
HOTR reference and CQLA power density results for axial layer 5.
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Table B.19: Comparison for IAEA 3D LWR benchmark between published reference,
HOTR reference and CQLA power density results for axial layer 4.
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Table B.20: Comparison for IAEA 3D LWR benchmark between published reference,
HOTR reference and CQLA power density results for axial layer 3.
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Table B.21: Comparison for IAEA 3D LWR benchmark between published reference,
HOTR reference and CQLA power density results for axial layer 2.
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B.4 KOEBERG Benchmark Problem

This section provides some additional results for the KOEBERG 2D 6-group bench-

mark problem. In particular, six-group �ux distributions are given, with SQLA and

CQLA errors quanti�ed, in Tables B.22 - B.27. Fluxes are normalized to a core power

of 2.75 GW.
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Table B.22: Group 1 �ux results for the 2D KOEBERG benchmark, with SQLA and
CQLA percentage errors indicated in databar format in each cell.
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Table B.23: Group 2 �ux results for the 2D KOEBERG benchmark, with SQLA and
CQLA percentage errors indicated in databar format in each cell
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Table B.24: Group 3 �ux results for the 2D KOEBERG benchmark, with SQLA and
CQLA percentage errors indicated in databar format in each cell
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Table B.25: Group 4 �ux results for the 2D KOEBERG benchmark, with SQLA and
CQLA percentage errors indicated in databar format in each cell
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Table B.26: Group 5 �ux results for the 2D KOEBERG benchmark, with SQLA and
CQLA percentage errors indicated in databar format in each cell
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Table B.27: Group 6 �ux results for the 2D KOEBERG benchmark, with SQLA and
CQLA percentage errors indicated in databar format in each cell.
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Finally, Figure B.1 represents a SQLA error distribution for the KOEBERG

benchmark problem.

Figure B.1: SQLA power density error distribution for the KOEBERG benchmark
problem.

B.5 SAFARI-1 Benchmark Problem

The SAFARI-1 benchmark problem represents a realistic 3D 6-group snapshot of the

SAFARI-1 reactor which operates at Necsa, in South Africa. The assembly-averaged

power density reference solution, with percentage errors from the SQLA and CQLA

solutions, is presented in Table
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Table B.28: Reference assembly-averaged power density distribution for the 3D 6-
group SAFARI-1 benchmark, with SQLA and CQLA percentage errors indicated
with in databar format in each cell.
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Appendix C

Recurrence relationships for Legendre

moments of hyperbolic functions

We �rst derive recurrence relationship for integrals of exponential-polynomial form.

Il =

∫ 1

−1

eawPl(w)dw = −2l − 1

a
Il−1 + Il−2, a 6= 0 (C.1)

with

I0 =
2

a
sinh(a) , I1 =

2

a
(cosh(a)− sinh(a)

a
), a 6= 0

Utilizing the relationships

cosh(β) =
1

2

(
eβ + e−β

)
and sinh(β) =

1

2

(
eβ − e−β

)
moments of one-dimensional �ux are separately calculated in their cosh, sinh and

particular solution components. Let us de�ne �rstly the hyperbolic cosine moments,

which exist only for l even:

f cosl =

∫ 1

−1

cosh(|βnm|w)Pl(w)dw =
1

2

(
−2l − 1

|βnm|
Icos,+l−1 + Icos,+l−2 +

2l − 1

|βnm|
Icos,−l−1 + Icos,−l−2

)
(C.2)

Icos,+0 =
2

|βnm|
sinh(|βnm|) , Icos,+1 =

2

|βnm|
(cosh(|βnm|)− sinh(|βnm|)

|βnm|
)

Icos,−0 =
2

βnmn
sinh(βnmn ) , Icos,−1 =

−2

βnmn
(cosh(βnmn )− sinh(|βnm|)

|βnm|
)
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Icos,+l = −2l − 1

|βnm|
Icos,+l−1 + Icos,+l−2

Icos,−l =
2l − 1

|βnm|
Icos,+l−1 + Icos,+l−2

f cos0 =
1

2

(
Icos,+0 + Icos,−0

)
f cos1 =

1

2

(
Icos,+1 + Icos,−1

)
for

l = 0, 2, 4, ......

Similarly de�ne :

f sinl =

∫ 1

−1

sinh(|βnm|w)Pl(w)dw =
1

2

(
−2l − 1

|βnm|
Isin,+l−1 + Isin,+l−2 − 2l − 1

|βnm|
Isin,−l−1 − Isin,−l−2

)
(C.3)

Isin,+0 =
2

|βnm|
sinh(|βnm|) , Isin,+1 =

2

|βnm|
(cosh(|βnm|)− sinh(|βnm|)

|βnm|
)

Isin,−0 =
2

|βnm|
sinh(|βnm|) , Isin,−1 =

−2

|βnm|
(cosh(|βnm|)− sinh(|βnm|)

|βnm|
)

Isin,+l = −2l − 1

|βnm|
Isin,+l−1 + Isin,+l−2

Isin,−l =
2l − 1

|βnm|
Isin,−l−1 + Isin,−l−2

f sin0 =
1

2

(
Isin,+0 − Isin,−0

)
f sin1 =

1

2

(
Isin,+1 − Icos,−1

)
for

l = 1, 3, 5, ......
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