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Appendix A

Weighted transverse integration

A.1 Description of Weighted Transverse Integration
in Cartesian Geometry

As the weighted transverse integration approach is adopted in this work in order to
develop a practical transverse leakage approximation, the derivation, as in principle
described in (Ougouag and Raji¢ (1988)) is given in quite some detail here. The
development produced here does differ somewhat from that which is proposed by
Ougouag, since the method was formulated with side-averaged current moments as
primary unknowns, where we will build the solution around the traditional ANM
structure in which node-averaged fluxes, or in this case, node-averaged flux moments,
are the primary unknowns. Further, this appendix serves to introduce notation needed
for use in the remainder of this thesis.

As stated before, transverse integration requires that eq. (2.2) is integrated over
the two transverse directions, in order to produce a one-dimensional equation in the
third direction. This process is repeated for all three directions. To achieve this for a
weighted transverse integration approach, it is again convenient to adopt the notation
of three arbitrary directions (u, v, w), with u representing the direction of choice and
v and w the transverse directions. To produce the set of transversely integrated,
one-dimensonal, higher-order nodal equations, eq. (2.2) is multiplied by Legendre
polynomials in both transverse directions, of order [ and k, respectively. We let [ and
k range from 0 to M for all combinations of (I, k), where M denotes the order of the
method. Note that M = 0 denotes the standard lower order equations. Furthermore,
I will denote the maximum source expansion order used to formulate the source terms
in the one-dimensional equations. Hence, a specific higher-order solution is classified

by both indices (M, I). Note that we drop, in this appendix, both the group index g
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and the node index n for simplicity. After multiplication then, the resulting equation,

2k +1 2w 20+1 _ 2v
p. (2L v
™ /c(hw) P l(hv)Jr

—D (/°¢(u, v, w)) (A.1)

2k+1P 2w 2l+1 5 20

7o v.0) == PG SR

2k+1 _ 2w 2l4+1 _ 2v
(=)= —FRi(5-)
is integrated over w and then v. Eq. (A.1) is bulky, and we proceed to perform the

= Q(u,v,w)

transverse integration term by term. E.g. the removal term yields, after integration

over w,
201 20 2k +1 2w
rem hv Pl(h_v) hw /}l/wgb(u’ v, w)Pk<E)dw
2l 1 2
—0 B () (A.2)
hy hy
with okt 1 5
w + w
op (u,v) = - (b(u,v,w)Pk(h—)dw ) (A.3)
w hw w

Here we identified ¢¥(u,v) as the two-dimensional (u,v) k' semi-moment of the
three-dimensional flux. As convention, we shall denote the direction over which a
quantity has been integrated via the superscript (w), and the order of the Legendre
Polynomial (in that direction) with which it has been folded in the integral, by the

corresponding subscript (k). This definition would allow us to express

o) =Y S PG & 3w RGE). (Ad)

We may complete the transverse integration process by subsequent integration of eq.
(A.2) over v to yield:

21

rem
o

1 2
b | G AG o = 0 () (A5)

with the double-index (I, k), one-dimensional (u) - flux semi-moment defined as

ow 2k +1 w 20
1k (U) = h, /hvﬁbk (%U)Pl(h_

)dv . (A.6)

v
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Note that the notation has been expanded to indicate that ¢;’(u) has been integrated

over both w and v. Similarly to eq. (A.4), we may write

i, (u, v) Z¢ (A.7)

The process applied to term 2 above may be analogously applied to the source term

to yield

2l+12k:—|—1/ 2w

, Qu,v, W)Pk(hw)Pz( =)duwdy (A.8)

B

Z¢UWh Vaﬁs+ Z (bvwh scat(h‘_>g>

h=1,h+g

_Xk;

A.1.1 Higher-order transverse leakage terms

The leakage term in eq. (A.1) is somewhat more involved, and we begin by integrating

it in over w to yield

-D (Vivgbg (uu v

~—

20+1 20 2k +1 Po(u,v,w) 2w 20+1 20
LT pEypfE T CR W p 2y Y
)=, Rl (/h gur Gt ) = R G

hv) Py
(A.9)
where 2, = 8‘9—; + g—;. The integral in the second term needs to be reduced to
quantities which are expressible from the solution of the one-dimensional equation (to
be formulated later), and we will aim to express all quantities in terms of moments
of the side-averaged current, the side-averaged flux or the one-dimensional flux itself.

We apply partial integration (twice) to the integral:

O p(u,v,w) B 2w, 0 2 0 , 2w
/hw ) Py = [Pk(a)a—wgb(u,v,w)}h; —/hw (v, w) PG
2w, 9 E2 2 E2 2
w ? / w ? /! _w
- [RG ot )] e PG o) R G

(A.10)
The integral in eq. (A.10) contains second order derivatives of Legendre polynomials

and we express:
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w

2w 2 2w

P/( hw) A Pr(— P ) (A.11)
t=0
with 2t+1 2w 2
+ w
AL = —/ P/’ P, dw. A.12
tk hw e k(hw> t(hw) ( )

These integrals may be expressed via a recurrence relationship by utilizing partial

integration to write (for simplicy in dimensionless coordinate &)
1
%= [ Riop©i = RoREL - [ ROR@OE ()
-1 —1

- (MDY (- o - [ Romerde

for t < k+ 2. Similarly we express, by considering:

[ pron@ie= ("5 0= o) - [ romoe (a)

1
We notice that, due to the orthogonality of Legendre polynomials (and the fact that
1
k > t—2), that / P/(§)Py(€)d¢ = 0 and as such we may use eq. (A.14) to eliminate
-1

1
the term P(&)P/(&)d¢ from eq. (A.13). This yields, after reverting back to the

original coordlnate system:

N — (%)2 <2t2+1> (k(k+1)2—t(t+ 1)) (14 (1)) (A.15)

and thus we may consider the A\ moments known up to an arbitrary order (k — 2).
If we now replace egs. (A.11) and (A.12) into eq. (A.10) into and eq. (A.10) into
eq. (A.9), we obtain
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Here we have used the Legendre polynomial properties:

).

P.(1) =1, P,(1) = (—1)".

Similarly, for the derivative of Legendre polynomials, we apply

2w |2 k(k+1)
Pk(E)Lw P
and
2w 2 k(k+1), .,
Pl(— = — 1)kt
Go| =t
to yield
A 41 2 . 2 W I )
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03 B et |
Eq. (A.17) represents the weighted leakage term integrated over w. In order to pro-
ceed with the v integration, and manage the large resulting equation, we rewrite the
transversely integrated leakage term obtained thus far. We will introduce the more
traditional transverse leakage notation, but extend it somewhat to handle the multi-
dimensionality of the quantities. Three, comma separated, superscripts may be used.
The first denotes the directions over which a given quantity has been integrated, the
second the direction for which a given quantity is applicable, and the third (if present)
denotes a term descriptor used largely for breaking large expression into smaller sep-
arate components. The subscripts still denote the indices of the chosen orders of the
Legendre polynomials over which quantities have been folded. Hence, the transversely

integrated leakage term may be expressed as:

2l+12k+1/
Iy P

w

2 / DV o0, w) P )dwdy (A18)
ha h
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Here we have broken the transverse leakage contribution from w to (u,v) into three
components, based on contributions from side currents, side fluxes and explicit flux

moments, respectively. If we now perform the v integration in eq. (A.18), we find:

2 12 1 2 2
lh+ k+ / / -D V2 o(u, v, w)Pk(h—w)B(h—U)dwdv (A.19)
= (=D v ¢y (u) + Ly (u) + Ly (u))
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Here, as an example of the newly introduced notation, L;,"""“" (u) denotes the (w,v)-
integrated transverse leakage contribution from w to u, and then specifically the
current(cur) contribution to the full leakage term.

We now proceed to the contribution of the v—component of the Laplacian term.
The contribution from v to the transverse leakage ( L;,""(u)) retains the form of the

w contribution (L;,""(u)) which is explicitly given above, and takes the form

peer) = |25 (0 4 0 =) )
with h : h
T (£ 57) = FD -0 (u, £ 27,
o) = P (o By oo =) an
and
Lz“’“’m"%):DZgiﬂ Nuol (u) (222

This expression completes the transverse integration process, and yields a u- depen-
dent, one-dimensional ordinary, inhomogeneous differential equation, with double-
index flux moments in wu-direction as unknowns. If we assemble all relevant terms,

the final equation therefore is

d

D vl (u)of A+ (A.23)

)+ " :

Z ¢UU} a scat(h — g) L;)];UﬂU(u) - L;);Uﬂ}(u)

h=1,h#g
with 2% +1 h h
vw,w + VW w v,W w
st = 258 (e <u,—7>)+
DREk+1k(k+1) [ vw, he o o 2k +1
y 0, ) (C1pgrn =) - DY 2 L
w =0



and

VW,V 21+1 w,v h/u w,v
() = 250 (g )+ 0= ) +

-2

DAV [ s, o T 2+ 1
g (e ) e 5)) - Y S e

v

A.1.2 Solution of the one-dimensional higher-order equations

At this point we make the observation that eq. (A.23) has assumed the same form
as eq. (2.5), and as such will assume the same form of solution described in Section
2.3.2.1. Nevertheless, for the sake of completion, we repeated some of the steps here.

Equation (A.23) becomes, in dimension coordinates &:

d vw nm\2 Jwv _ yow
ag2 Ok (&) + (B™)" o’ (&) = Qi (£), (A.24)

with

weo--5 (5 )( wah ot 3 Bt o)

h=1,h#g

— Ly () = Ly (6))

rip(e) = 22D (e )+ (1R 1) +
D(2k k(k 2k
S (e 0+ (1Pt DZQtf_ll NG (€)
and
sy = 220D (e 1)+ (e 1) +
DQRI+1DI(+1), ., w 20+1
= (61 (& 1) + (=D)'ep( DZ%H 2 ().

In order to solve eq. (A.24), it is useful to express the right hand side in terms of
a Legendre expansion. This requires that each of the fission, scattering and leakage

sources are individually expressed in terms of a u-dependent Legendre expansion.
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The detail hereof will be handled in A.1.3, and we assume for the moment that
I
) = Zdi“l",;wPi(f) is known. Here we have limited the source expansion to order

=0
I. The analytic solution of eq. (A.24) may be expressed as

1
i (€) = Ancosh(|5™"|€) + Businh(|5""|€) + Y _ Ui Fi(€)- (A.25)

i=0
We have expressed the moments of the particular solution (b;) in terms of the moments

of the source (d;) via the following recurrence relation:

br = gz (3D ds
b1 = <_|/an1m\>2(%”)2D T (A.26)
I
_ 1 hu\2 -1 _ . . _
b= e | (5D i = Y ambn |, i=1-2,...1,0

m=1i+2

with

i = 2 [ (—1)) o+ 1) — i+ 1)

which is obtained by utilizing the orthogonality of Legendre polynomials. Note that
in eq. (A.26) we have dropped the superscripts (uvvw) and subscripts (ilk) for clarity.

A.1.3 Source moments of the one-dimensional equation

The higher-order source moments (d@¢"), which consist of contributions from the

higher-order fission source moments, higher-order scattering source moments and
higher-order leakage moments are typically expressed in terms of higher-order mo-

ments of the flux, current and side-flux from the previous iteration.

A.1.3.1 Higher-order flux moments

Legendre moments have to be developed for one-dimensional double index higher-
order fluxes. These higher-order flux moments are similar in form to zero-order mo-

ments in the standard nodal methods, and thus may be calculated as

1
W€ =) s Ri(e), (A.27)
=0
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with

Dit” = s 1/ O )dé (A.28)

2Z + 1 ! nm ! 3 nm UvVW
=2 ([ commmOR(©de + B | sinb(m R (€ + 0
-1
(A.29)
Each of the integrals in eq. (A.29) are solvable via recurrence relations and we
write
wow 20+ 1

ik = 5 (Awf + Bufi™ + bip®)

with the expressions for f£° and f$™ derived in Appendix C. These flux moments

are the needed constituents for expressing the higher-order (and lower-order for that
matter) fission source and higher-order scattering source moments in eq. (A.24). It
now remains to express the transverse leakage source Legendre expansion in terms of

available quantities.

A.1.3.2 Higher-order transverse leakage source moments

We express the higher-order transverse leakage source in terms of a Legendre expan-

sion as
I
L (&) =) Ly Pi(§)
i=0
and
I
Lpo(&) =) L Bi(9).
i=0
Fully expanded, this yields
uvw,w 2(2k+ 1) UV, w uv,w
Ly, = 2 (T (+1) + (=D)F T (=1) + (A.30)
12 (63" (+1) + (=1)fey"" (1)) — DZ 2% + 1 Ak @it

w

and
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We may notice that we need higher-order moments of the current from the transverse
directions (J;;""(£1) and J;;“"(£1)), higher-order moments of side-flux from the
transverse directions (¢;;"" (£1) and ¢, ’(£1)) and finally higher moments of the flux
(pu and ¢4%"). Higher-order flux moments were constructed in Section A.1.3.1, and
thus it remains to resolve the needed expressions for the higher-order net current and
higher-order side-fluxes. To achieve this, we construct a two node problem in order
to determine the higher-order interface fluxes and higher-order interface currents, in
an analogous way to the procedure followed in the case of the zero order quantities,
as described in Section 2.3.2.2.

A.1.4 Higher-order balance equation

In solving the two node problem on each surface, with the aim of determining the
higher-order side-current and higher-order side-flux moments, the node-averaged value
of the higher-order flux moments are required (see eq. (2.19) when applied to the
higher-order equations). The node-averaged higher-order flux moments are typically
determined via the solution of the set of coupled higher-order balance equations. The
set of higher-order balance equations, with triple index flux moments as primary un-
knowns, are generated by multiplying eq. (A.23) with P;(u) and integrating it over
u. The resulting set of equations contain higher-order node averaged flux moments,
side-flux moments and side-current moments and techniques analogous to those de-
scribed in Section 2.3.2.2 are used to eliminate two of these in favour of the other. As
we do not require the formulation of the higher-order balance equations, as discussed

in Chapter 3 in this development, their explicit form is not assembled here.
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Appendix B

Additional benchmark problem
results

This appendix contains detailed results and information regarding each of the bench-
mark problems discussed in this work. In particular, relative power density reference
results are provided for each problem, as well as error distributions for selected cases.

Where applicable flux results are also provided.

B.1 3D MOX C5 Benchmark Problem

For the 3D MOX C5 problem, the assembly averaged distributions provide a good
indicator for the error distributions. The reference and error related results are thus
presented in Table B.1, for brevity, for assembly averaged quantities only. The table
contains results for relative power density, fast flux and thermal flux distributions
and shows SQLA and CQLA errors in terms of associated databars. Flux results are

normalized to a total reactor power of 1.
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Table B.1: Reference results for the 3D MOX C5 benchmark, with SQLA and CQLA
percentage errors indicated in databar format in each cell.

Assembly Averaged Fast Flux

1.225E-04 | 8.013E-05 | 7.418E-06
C 0.13 0.04 0.87
0.19 0.07 0.24

8.013E-05 | 4.207E-05 | 3.613E-06
B 0.04] 0.44 0.50
0.07, 0.04 0.35,

7.418E-06 | 3.613E-06 | 4.094E-07
A 0.87 0.0l 12.55
0.24 0.35 2.51]

Relative assembly power dens.

0.60

0.06

Reference
satA % error] Assembly Averaged Thermal Flux
CQLA % error|
2.537E-05 6.666E-06 | 7.104E-06
0.00 0.08| 0.86,
0.15, 0.13 0.33]
6.666E-06 | 8.979E-06 | 3.827E-06
0.08 0.63] 0.05,
0.13) 0.08| 0.59
7.104E-06 3.827E-06 | 5.699E-07
0.86 0.05 |l 13.21
0.33 0.59 0.86,
1 2 3

B.2 2D IAEA LWR Benchmark Problem

The reference relative power density distribution for this problem, as calculated with
HOTR in FHOg mode is given in Table B.2. Included in the table, as databars below
each reference value, are the SQLA and CQLA percentage relative power density

eIrrors.
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Table B.2: Reference relative power density results for the 2D TAEA LWR benchmark,
with SQLA and CQLA percentage errors indicated with in databar format in each
cell.

0.7549 | 0.7357 L 0.6922 Reference
H 0.15|¥ 0.40p0 0.54 SQLA % error|
0.03] 0.07] 0.04] CQLA % error|
0.9343 0.9503 0.9750 0.8462 0.5972
G 0.00 0.02 0.0l 0.46llN 0.91
0.00) 0.00) 0.09 0.06] 0.02
0.9351 1.0360 1.0700 0.9064 0.6855 0.5850
F 0.01 0.11 0.01 0. 19l 0.77 0.20
0.02 0.00) 0.04] 0.03] 0.16] 0.09)
0.6100 1.0700 1.1790 0.9670 0.4706 0.6855 0.5972
E 0.07] 0.09) 0.07 0.06 0.22Jll 0.77 il 0.91]
0.05 0.05] 0.01 0.02) 0.01] 0.16] 0.02
0.9670 0.9064 0.8462
0.06] 0.19 0.46,
0.02) 0.03 0.06
1.1790 1.0700 0.9750 0.6922
0.07, 0.01] 0.08f 0.54
0.01 0.04) 0.09 0.04)
1.0700 1.0360 0.9503 0.7357
0.09 0.11] 0.02 0.40
0.05 0.00) 0.00 0.07]
0.6100 0.9351 0.9343 0.7549
0.07, 0.01] 0.00 0.15
0.05, 0.02] 0.00 0.03
5 6 7 8

The fast and thermal reference flux distribution and associated SQLA and CQLA
percentage flux errors are given in Tables B.3 and B.4. The total power of the reactor

is set to the total fuel volume.
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Table B.3: Reference fast flux results for the 2D TAEA LWR benchmark, with SQLA
and CQLA percentage errors indicated with in databar format in each cell.

3.370E+00 | 3.220E+00 | 2.438E+00 ll 7.106E-01 Reference
0.32] 0.29 0.06] 5.70] SQLA % error]
1 0.06] 0.16] 0.42 0.49) CQLA % error]
2.033E+01 | 1.985E+01 | 1.666E+01 | 5.952E+00 | 2.421E+00 | 5.717E-01
0.10| 0.29 0.28] 0.21 1.e7r|III\H 8.12
H 0.0 0.04] 0.05 0.23] 0.42] 0.73]
2.941E+01 | 2.984E+01 | 2.909E+01 | 2.259E+01 | 1.444E+01 | 3.994E+00 | 6.411E-01
0.03] 0.07 0.07] 0.35] 0.56] 0. 19l 9.89
G 0.00] 0.00) 0.00) 0.04) 0.12] 0.40) 0.24]
2.994E+01 | 3.273E+01 | 3.370E+01 | 2.850E+01 | 2.076E+01 | 1.402E+01 | 3.994E+00 | 5.717E-01
0.02 0.12 0.02 0.17 0.71 0.05 0.19]il 8.12
F 0.02] 0.03 0.02 0.01] 0.10) 0.12) 0.40) 0.73
2.656E+01 | 3.422E+01 | 3.721E+01 | 3.090E+01 | 2.039E+01 | 2.076E+01 | 1.444E+01 | 2.421E+00
0.1 0.07 0.04 0.05) 0.16] 0.71] 0.56) 1.67
0.03] 0.03 0.00) 0.00) 0.00) 0.10) 0.12 0.42]
3.768E+01 | 3.090E+01 | 2.850E+01 | 2.259E+01 | 5.952E+00 | 7.106E-01
0.07] 0.05] 0.17, 0.35 0.21|M 5.70)
0.02] 0.00) 0.01 0.04 0.23 0.49)
3.721E+01 | 3.370E+01 | 2.909E+01 | 1.666E+01 | 2.438E+00
0.04) 0.02) 0.07] 0.28] 0.06]
0.00) 0.02) 0.00) 0.05) 0.42]
3.422E+01 | 3.273E+01 | 2.984E+01 | 1.985E+01 | 3.220E+00
0.07 0.12 0.07] 0.29) 0.29)
0.03] 0.03 0.00) 0.04) 0.16]
2.656E+01 | 2.994E+01 | 2.941E+01 | 2.033E+01 | 3.370E+00
0.16] 0.02) 0.03 0.10] 0.32]
vo3| 0.02) 0.00) 0.01] 0.06]
5 6 7 8 9
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Table B.4: Reference thermal flux results for the 2D TAEA LWR benchmark, with
SQLA and CQLA percentage errors indicated with in databar format in each cell.

7.968E+00 | 7.579E+00 | 5.840E+00 | 2.803E+00 Reference
| 0.30) 0.25§ 0.74§ll 1.74 SQLA % error]
0.0 0.04) 0.11)) 0.86) CQLA % error]
5.592E+00 | 5.450E+00 | 5.127E+00 6.031E+00 | 2.232E+00
H 0.15) 0.40| 0.55)F 0.778 0.931 1.28I
0.03 0.06] 0.05] 0.06) 0.30) 0.90)
6.921E+00 | 7.039E+00 | 7.222E+00 | 6.268E+00 | 4.424E+00 | 8.327E+00 | 2.554E+00
G 0.00 0.03 0.08} 046}l 0.90 0.57Jill 1.52]
0.01] 0.00) 0.09) 0.07] 0.01 0.03}} 1.14
6.926E+00 | 7.675E+00 | 7.929E+00 | 6.714E+00 | 5.078E+00 | 4.334E+00 | 8.327E+00 | 2.232E+00
F 0.02] 0.12] 0.03] 0.19 0.76] 0.19) 0.57J8 1.28]
0.01 0.02] 0.00] 0.03 0.16] 0.08] o.oar]\ 0.90)
4.519E+00 | 7.924E+00 | 8.735E+00 | 7.163E+00 | 3.486E+00 | 5.078E+00 | 4.424E+00 | 6.031E+00
E 0.08 0.07] 0.09) 0.06] 0.22 0.76] 0.90j 0.93
0.06] 0.02] 0.01] 0.02 0.01 0.16 0.01] 0.30)
8.969E+00 | 9.740E+00 | 9.964E+00 | 8.836E+00 | 7.163E+00 | 6.714E+00 2.803E+00
D 0.34 0.24) 0.07] 0.07 0.06 0.19 0.46] 0.77jl 1.74
0.03 0.03] 0.04) 0.02 0.02 0.03] 0.07] 0.06) 0.86)
9.964E+00 | 8.735E+00 | 7.929E+00 | 7.222E+00 | 5.127E+00 | 5.840E+00
c 0.07 0.09) 0.03] 0.08} 0.55| 0.74
0.04) 0.01 0.00) 0.09) 0.05 0.11
9.740E+00 | 7.924E+00 | 7.675E+00 | 7.039E+00 | 5.450E+00 | 7.579E+00
B 0.24] 0.07] 0.12] 0.03] 0.40) 0.25
0.03 0.02 0.02] 0.00] 0.06) 0.04]
8.969E+00 | 4.519€+00 | 6.926E+00 | 6.921E+00 | 5.592E+00 | 7.968E+00
A 0.06] 0.34 0.08| 0.02] 0.00] 0.15 0.30)
0.08| 0.03 0.06] 0.01] 0.01] 0.03 0.01
4 5 6 7 8 9

B.3 3D IAEA LWR Benchmark Problem

This section provides additional results and comparisons for the 3D version of the
IAEA LWR benchmark problem. As discussed in Section 5.3.2, some doubt exists

regarding the convergence of the original published reference results as found in (Lee,

1977). In order to clarify this, we present in Tables B.5 - B.21, a complete nodal power

density comparison between the originally published reference result and the HOTR

FHOg result (which we employ as reference in this work). In order to confirm that

the HOTR-FHOg is indeed the true reference, the following was taken into account:

e Published results from full higher order codes support the HOTR kg of 1.02907
(as compared to 1.02903 from (Lee, 1977));

e Anindependent full higher order calculation, using a 3D version of the CASTOR
code as described in Tomagevi¢ and Larsen (1993), confirmed that the HOTR

result correctly produced the full sixth order calculational result; and
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e An independent fine mesh calculation with the OSCAR-4 (Stander et al., 2008)
code, utilizing SQLA with an 8 times refined nodal mesh, confirmed the HOTR
result to within 0.2%, which is much smaller than the obtained differences as

compared to the published reference.

Tables B.5 - B.21 then provide layer by layer (18 to 2 numbered bottom to top) refer-
ence results for the nodal power density distribution between the originally published
reference, the HOTR FHOgq result and the HOTR CQLA result. In these tables only
the one-eight symmetry segment is shown. It can be seen that the original fine-mesh
finite-difference reference solution has nodal power errors of close to 2% distributed

throughout the top and bottom layers of the problem.
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Table B.5: Comparison for TAEA 3D LWR benchmark between published reference,

HOTR reference and CQLA power density results for axial layer 18.
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Table B.6: Comparison for TAEA 3D LWR benchmark between published reference,

HOTR reference and CQLA power density results for axial layer 17.
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Table B.7: Comparison for TAEA 3D LWR benchmark between published reference,

HOTR reference and CQLA power density results for axial layer 16.
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Table B.8: Comparison for TAEA 3D LWR benchmark between published reference,

HOTR reference and CQLA power density results for axial layer 15.
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Table B.9: Comparison for TAEA 3D LWR benchmark between published reference,

HOTR reference and CQLA power density results for axial layer 14.
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Table B.10: Comparison for IAEA 3D LWR benchmark between published reference,

HOTR reference and CQLA power density results for axial layer 13.
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Table B.11: Comparison for IAEA 3D LWR benchmark between published reference,

HOTR reference and CQLA power density results for axial layer 12.
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Table B.12: Comparison for IAEA 3D LWR benchmark between published reference,

HOTR reference and CQLA power density results for axial layer 11.
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Table B.13: Comparison for IAEA 3D LWR benchmark between published reference,

HOTR reference and CQLA power density results for axial layer 10.
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Table B.14: Comparison for IAEA 3D LWR benchmark between published reference,

HOTR reference and CQLA power density results for axial layer 9.

8 L 9 S v € [4 T
£0°0 200 fooo 900 200
€00 LT0 £€°0 Mloso Jloso : il
0€CT'T 098€'T 0T8E'T 6€68°0 02¢9.L'T
600 200 €00 Jooo
200 110 ST0 wlvvo
0v60°'T 00TV'T 00€S'T 089S'T
€00 800 00 200
020 ffoto 020 650
06¢0°T 09vv'T 018S'T 00€L'T
S0°0 S0°0 €00
500 1440 0 330
0SS¢C'T 06€EE'T 0Tev'T 0SvL'T
€00 710 100
910 10 910
LS88°0 0STO'T 8€69°0
10113 % V10D Joto
JIP % §oY “land ST0
}9d Y10H T/498°0

177



Table B.15: Comparison for IAEA 3D LWR benchmark between published reference,

HOTR reference and CQLA power density results for axial layer 8.
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Table B.16: Comparison for IAEA 3D LWR benchmark between published reference,

HOTR reference and CQLA power density results for axial layer 7.
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Table B.17: Comparison for IAEA 3D LWR benchmark between published reference,

HOTR reference and CQLA power density results for axial layer 6.
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Table B.18: Comparison for IAEA 3D LWR benchmark between published reference,

HOTR reference and CQLA power density results for axial layer 5.
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Table B.19: Comparison for IAEA 3D LWR benchmark between published reference,

HOTR reference and CQLA power density results for axial layer 4.
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Table B.20: Comparison for IAEA 3D LWR benchmark between published reference,

HOTR reference and CQLA power density results for axial layer 3.
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Table B.21: Comparison for IAEA 3D LWR benchmark between published reference,

HOTR reference and CQLA power density results for axial layer 2.
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B.4 KOEBERG Benchmark Problem

This section provides some additional results for the KOEBERG 2D 6-group bench-
mark problem. In particular, six-group flux distributions are given, with SQLA and

CQLA errors quantified, in Tables B.22 - B.27. Fluxes are normalized to a core power
of 2.75 GW.
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Table B.22: Group 1 flux results for the 2D KOEBERG benchmark, with SQLA and

CQLA percentage errors indicated in databar format in each cell.
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Table B.23: Group 2 flux results for the 2D KOEBERG benchmark, with SQLA and

CQLA percentage errors indicated in databar format in each cell
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Table B.24: Group 3 flux results for the 2D KOEBERG benchmark, with SQLA and

CQLA percentage errors indicated in databar format in each cell
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Table B.25: Group 4 flux results for the 2D KOEBERG benchmark, with SQLA and

CQLA percentage errors indicated in databar format in each cell
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Table B.26: Group 5 flux results for the 2D KOEBERG benchmark, with SQLA and

CQLA percentage errors indicated in databar format in each cell
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Table B.27: Group 6 flux results for the 2D KOEBERG benchmark, with SQLA and

CQLA percentage errors indicated in databar format in each cell.
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Finally, Figure B.1 represents a SQLA error distribution for the KOEBERG

benchmark problem.

Figure B.1: SQLA power density error distribution for the KOEBERG benchmark
problem.

B.5 SAFARI-1 Benchmark Problem

The SAFARI-1 benchmark problem represents a realistic 3D 6-group snapshot of the
SAFARI-1 reactor which operates at Necsa, in South Africa. The assembly-averaged
power density reference solution, with percentage errors from the SQLA and CQLA

solutions, is presented in Table
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Table B.28: Reference assembly-averaged power density distribution for the 3D 6-

group SAFARI-1 benchmark, with SQLA and CQLA percentage errors indicated

with in databar format in each cell.
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Appendix C

Recurrence relationships for Legendre
moments of hyperbolic functions

We first derive recurrence relationship for integrals of exponential-polynomial form.

! 20 — 1
I - / e Pi(w)dw = —=—— Iy + T, a £ 0 (C.1)
-1
with
2 2 inh
I = Zsinh(a) , I = 2(cosh(a) — S2D) o g
a a a

Utilizing the relationships

cosh(f) = % (¢’ +e7?) and sinh(B) = % (e —e?)

moments of one-dimensional flux are separately calculated in their cosh, sinh and
particular solution components. Let us define firstly the hyperbolic cosine moments,

which exist only for [ even:

! 1 20 — 1 20 —1 _ _
= [ o Rd = (< e S )
1 2\ [ |67
(C.2)
2 2 sinh(|5"™|)
I = s (J5™]) , 7 = = (cosh(|m) — SR )
cos,— 2 : Anm. cos,— —2 Anm Sinh(‘ﬁan
I = —=sinh(8™) , ;""" = —(cosh(f}™) — W)
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20— 1 o5+

IZCOSF’_ = |ﬁnm’ -1 [lcog+
2l —
Ilcos,f o Icos ,+ Icos,+
g !
cos 1 cos ,+ cos,—

]' COS COS,—
‘ 5([ )

for
1=0,2,4, ..
Similarly define :
1
sin : nm 1 201 sin sin 20 -1 sin,— sin,—
l :/lsmh(’ﬁ | w) Py (w)dw = 5( |Bnm|[l 1+ + I 2+ |ﬁnm|[l—17 — Iy )
(C.3)
4 2 . 2 sinh(|5"™|)
Lt = ——_sinh(|8™]) , "™ = ——(cosh(|g™]) — Tm_U)
|Bnm’ 1 |ﬁnm| |Bnm|
o2 - sinh(|5™])
I = sinh(|g™™]) , ;'™ = (cosh(|ﬁ"m|) )
’ |57 ' lﬁ | |67
sin, 21 1 sin, sin,
Il + |6nm|jl 1+ Il 2+
sin,— 201 sin,— sin,—
I = W[l—l + 1,2
sin 1 sin, sin,—
0o - ) (Io - Iy )

j 1 sin coS,—
; §(1 R

for
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